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Abstract
Large amplitude parallel propagating electric field structures of nonlinear electron-acoustic waves are examined in an un-
magnetized magnetosheath plasma. Based on the observations and simulations by Ergun et al. (2016), the plasma in the
magnetosheath side of the ion diffusion layer is modeled by a 3-component adiabatic fluid dynamic plasma consisting of
cold magnetospheric (MSP) electrons, magnetosheath electrons, and background ions. Using the Sagdeev pseudopotential
technique, for the plasma parameters recorded by the Magnetospheric Multiscale (MMS) mission in the magnetosheath side
of the ion diffusion region, existence regime of the nonlinear electrostatic solitary wave structures is obtained with the pos-
sibilities of stopbands (forbidden gap region). Stopbands or the forbidden gap region exists even when the drift velocity of
the cold electron beam is zero. The forbidden gap region becomes wider and the Mach numbers of the regions supporting
solitary structures become larger by an increase in the drift velocity of the cold electron beam. The results are in agreement
with the magnetosheath electrostatic waves having amplitudes of 100s mV/m and frequencies up to 3.2 kHz observed by the
MMS.

1 Introduction

The Earth’s magnetosheath is a region between the magne-
topause and the bow shock. This region is predominantly
occupied by high plasma fluctuations and turbulence due
to several acceleration mechanisms, such as magnetic re-
connection (Hui et al. 2020; Huang 2022). Magnetospheric
Multiscale (MMS) mission has shown that the broadband
electrostatic solitary waves (ESWs) are the consequence
of symmetric and asymmetric magnetic reconnection pro-
cesses in the diffusion region of the Earth’s magnetopause
(Ergun et al. 2016; Graham et al. 2018; Argall et al. 2018)

and the magnetotail (Lotekar et al. 2020; Dillard et al. 2018;
Vasko et al. 2017; Kamaletdinov et al. 2021). In general,
electrostatic solitary waves (ESWs) are the most common
interpretations for the plasma turbulence and fluctuations
observed in different regions of the Earth’s magnetosphere
such as auroral region (Temerin et al. 1982; Bostrom et al.
1989; Ergun et al. 1998), polar cup boundary layer (Tsuru-
tani et al. 1998), plasma sheet boundary layer (Matsumoto
et al. 1994; Tong et al. 2018), magnetosheath (Pickett et al.
2003, 2004, 2005), magnetopause (Graham et al. 2015),
Earth’s radiation belts (Mozer et al. 2015; Vasko et al. 2018;
Lotekar et al. 2019), and the solar wind and Earth’s bow
shock (Goodrich et al. 2018; Vasko et al. 2020; Mozer et al.
2021; Wang et al. 2021).

A large number of theoretical approaches to study the
ESWs have been done. Apart from the Bernstein-Greene-
Kruskal (BGK) mode of kinetic electron/ion phase space
holes (Bernstein et al. 1957; Schamel 1972; Omura et al.
1994; Muschietti et al. 1999; Hutchinson 2017), the fluid dy-
namics approach (Berthomier et al. 1998; Kakad et al. 2007;
Lakhina et al. 2009, 2011a,b, 2018, 2021; Maharaj et al.
2012a,b; Rubia et al. 2016a,b; Rufai et al. 2012, 2014; Rufai
2015; Rufai and Bharuthram 2016, 2019; Bharuthram et al.
2022; Singh et al. 2011) has been helpful and widely used
to study the nonlinear electrostatic solitary waves (ESWs)
phenomena in space plasmas. This fluid approach gives a
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simple physical assessment and interpretation of the broad-
band plasma wave spectrum. In this case, each plasma com-
ponent is treated as mobile species by using the set of
equations, such as, continuity equation, momentum equa-
tion and equation of state. In a four-component plasma,
Lakhina et al. (2008) predicted the possibilities of having
three types of solitary structures, namely, slow ion-acoustic,
ion-acoustic and electron-acoustic solitons depending on
the Mach number values. The large-amplitude multi-fluid
plasma model considered has cold background electrons and
ions, a hot electron beam and a hot ion beam. In a later paper,
Lakhina et al. (2011a) predicted another three sets of soli-
tary waves named by ion-acoustic, slow and fast electron-
acoustic soliton/double layer in a multi-component unmag-
netized plasma consisting of background electrons, counter-
streaming electron beams and ions. Exploiting the Cluster
spacecraft data in the Earth’s northern plasma sheet bound-
ary layer (PSBL) region, Kakad et al. (2016) revealed the co-
existence of slow and fast ion-acoustic waves and electron-
acoustic waves in a four-component multi-fluid model con-
sisting of a cold electron, hot electron, cold proton, and hot
proton species, respectively. Using the reductive perturba-
tion technique which leads to a modified Korteweg-de Vries
(mKdV) equation of small but finite amplitude electrostatic
structures, Rufai et al. (2021a) studied the existence of non-
linear high-frequency electron-acoustic solitons in the elec-
tron diffusion region. They considered a plasma model com-
posed of a hot trapped electrons having vortex-like veloc-
ity distribution and a warm fluid adiabatic electrons. The
model is later extended by Rufai et al. (2022) to include
a cold electron beam to investigate large-amplitude paral-
lel electric field structures in the diffusion region of the
Earth’s magnetopause, using the Sagdeev pseudopotential
technique. They predicted the possibilities of slow electron-
acoustic and beam modes as the consequences of the asym-
metry magnetic reconnection in the ion diffusion region of
the Earth’s magnetopause observed by the MMS satellite.

In space and astrophysical plasmas, singularities can be
observed in the broadband plasma wave phenomena due to
wave discontinuities or breaks in the linear or nonlinear dis-
persion properties (Bulanov et al. 2012a,b). Physically, sin-
gularities may appear as surges or stopbands with respect to
some continuous physical parameters, such as, density, pres-
sure, temperature, velocity, electric field, etc. These could
be observed during the magnetic reconnection process in
the magnetosphere. Using THEMIS parameters, Rufai et al.
(2021b) revealed the possibilities of wave singularities as-
sociated with the Sagdeev potential structures in a four-
component suprathermal plasma consisting of a fluid cold
singly-charged oxygen ions, hot protons, and two distinct
groups of electrons with the latter three having kappa veloc-
ity distributions for an obliquely propagation low-frequency
electrostatic fluctuations in the magnetopause and plasma

sheet regions of the Earth’s magnetosphere. The coexistence
of electrostatic compressive (positive potential) and rarefac-
tive (negative potential) solitons limited by a double layer
formation as the upper band limit of the nonlinear struc-
tures have been presented by Rufai et al. (2016), for the
auroral region plasma parameters observed by Viking satel-
lite. For the lunar wake plasma parameters, Rubia et al.
(2018) studied nonlinear solitary waves and double layer
in a four-component plasma consisting of hot protons, hot
heavier ions (He++), electron beam, and suprathermal (κ-
distribution) electrons. They showed that both slow and fast
ion-acoustic modes support a “forbidden gap”, the region
in which the soliton ceases to propagate. The stopbands
region in nonlinear fast ion-acoustic soliton structures in
multi-component plasmas have been discussed by Maharaj
and Bharuthram (2020) and, later by Verheest and Hellberg
(2020).

In our previous paper (Rufai et al. 2022), we study the
large-amplitude electrostatic solitary waves (ESWs) during
the magnetosphere and magnetosheath events of the ion dif-
fusion region at the Earth’s magnetopause for the parame-
ters used in the simulation of electron-acoustic mode by Er-
gun et al. (2016). Moreover, in the absence of hot electron
species, the Vlasov simulation presented from the data set
in Fig. 3(f) of Ergun et al. (2016) depicted the possibilities
of the electrostatic solitary waves with two electron distribu-
tions (cold MSP and warm magnetosheath electrons) in the
magnetosheath side of the ion diffusion region. This event
is best described by a beam mode (Ergun et al. 2016). In
the magnetosheath side, Rufai et al. (2022) obtained posi-
tive potential soliton structures only corresponding to a low
value of the cold electron number density (nc0 = 0.007) and
higher drift velocity (vdc = 101). Here, we further our in-
vestigation on the large-amplitude ESWs during the magne-
tosheath event of the ion diffusion region (Ergun et al. 2016)
by undertaking a detailed analysis of the existence domain
as well as the characteristics of the electron-acoustic solitons
(beam mode) over a broad parametric range of cold electron
densities and their drift velocities. Not only we find exis-
tence of negative solitons and double layers in the magne-
tosheath, but we also discover the phenomenon of a stop-
band or forbidden gap where no solitons/double layers can
propagate. In Sect. 2, the plasma model and derivation of the
Sagdeev pseudopotential for the localized nonlinear struc-
tures are presented. The numerical results are presented in
Sect. 3. Lastly, the discussion and conclusion of the findings
are given in Sect. 4.

2 Theoretical model

The present plasma model is guided by the energetic parti-
cle distributions observed during the magnetosheath event of



Nonlinear electrostatic structures and stopbands in a three-component magnetosheath plasma Page 3 of 10 35

the ion diffusion layer, generating beam instability recorded
by Ergun et al. (2016) (cf. Fig. 3(f)) from the MMS ob-
servations. These large-amplitude broadband electrostatic
solitary waves recorded in the magnetosheath side appear
to be primarily driven by two-electron populations. Based
on these observations, we consider propagation of large-
amplitude high-frequency waves in a three-component, ho-
mogeneous, collisionless and unmagnetized plasma system
composed of a cold magnetospheric (MSP) electrons (Nc,
Tc, Vdc) propagating parallel to the magnetic field with re-
spect to the warm magnetosheath electrons (Nw , Tw , Vdw)
drifting antiparallel, and background ions (Ni , Ti ). Where
the notations, Nj , Tj , Vdj represents the equilibrium values
of density, temperature and drift velocity of the species j ,
and j = c,w and i for the cold, warm electrons, and ions, re-
spectively. The magnetosheath plasma model are governed
by the following adiabatic fluid equations (i.e., continuity,
momentum, equation of state, and Poisson equation, respec-
tively) (Lakhina et al. 2009; Rufai et al. 2022):

∂nj

∂t
+ ∂(nj vj )

∂x
= 0, (1)

∂vj

∂t
+ vj

∂vj

∂x
+ 1

μjnj

∂Pj

∂x
+ Zj

μj

∂φ

∂x
= 0, (2)

∂Pj

∂t
+ vj

∂Pj

∂x
+ 3Pj

∂vj

∂x
= 0, (3)

∂2φ

∂x2
= −

∑

j

Zjnj . (4)

Here, nj , vj , Pj , and μj = mj/mi , density, velocity, pres-
sure, and mass ratio of the j th species and the ions, Zj (=
−1(+1)) for electrons (ions), respectively. The number den-
sities are normalized by the total equilibrium plasma density
nj0 = Nj/N0 such that nc0 +nw0 = ni0 = 1. The normaliza-
tions used are as follows, the temperatures are normalized by
the ion temperature Ti , time is normalized by the inverse of
ion plasma frequency, ω−1

pi = (4πN0e
2/mi)

−1/2, velocities

by the ion thermal velocity vti = (Ti/mi)
1/2, spatial lengths

by λdi = (Ti/4πN0e
2)1/2, electrostatic potential φ is nor-

malized by Ti/e, and the thermal pressures Pj by N0Ti . The
adiabatic index γ = 3 (for the case of a 1-D system) is justi-
fied for all the mobile species (e.g. cold, warm electrons and
ions) in the equation of state given by equation (3).

Analytically, we employ the Sagdeev pseudo-potential
technique (Sagdeev 1966) to derive the energy integral equa-
tion (which conserve the full complexity of the localized
nonlinear structures) for the large amplitude electrostatic
solitary waves. The derivation involved the transformation
of all the dependent variables in equations (1)-(4) to a single
independent variable in a moving frame of reference (Rufai
et al. 2022), i.e. ξ = x − Mt , where M = V/vti (V is the
wave phase speed – in the frame of background ions).

Then, solving for the perturbed densities of cold, warm
electrons and ions in equations (1)-(3) above and substi-
tuting these expressions into the Poisson equation (4), and
assuming appropriate boundary conditions for the nonlin-
ear localized structures such as, nj → nj0, vj → vdj , φ =
dφ/dξ → 0, and Pj → Pj0 ∼ nj0Tj/Ti at ξ → ±∞, we
obtain the following energy integral (Schamel 1979; Singh
et al. 2001)

1

2

(
dφ

dξ

)2

+ S(φ,M) = 0, (5)

where the Sagdeev potential S(φ,M) is written as (Kakad
et al. 2016; Rufai et al. 2022)

S(φ,M) =
∑

j

nj0μj

6
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)3
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3δj
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−
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⎦

⎤

⎦ ,

(6)

where δj = Pj0
nj0μj

. Equation (5) describes the motion of a
pseudo-particle of unit mass in a Sagdeev pseudo-potential
S(φ,M) where φ and ξ are the displacement from the equi-
librium and time, respectively.

The energy integral (5) and the Sagdeev potential S(φ,

M) presented in equation (6) constitute the basic equations
for the analysis of the arbitrary large-amplitude electro-
static solitary waves (ESWs) through the Sagdeev pseudo-
potential technique (Sagdeev 1966). The criteria for soli-
tary wave solutions are: the Sagdeev potential S(φ,M)

must satisfies the following conditions: S(φ,M) = 0, dS(φ,

M)/dφ = 0, and d2S(φ,M)/dφ2 < 0 at φ = 0; S(φ,M) =
0 at φ = φm and S(φ,M) < 0 for 0 < |φ| < |φm|, where φm

is the maximum potential. For double layer (DL) solutions,
one more additional condition should be satisfied, namely,
dS(φ,M)/dφ = 0 at φ = φm (Lakhina et al. 2009).

The Sagdeev potential S(φ,M) and its first derivative
with respect to φ vanish at φ = 0. For the Mach number
domain, the condition d2S(φ,M)/dφ2 < 0 at φ = 0 is sat-
isfied provided M > M0, where the critical Mach number
M0 satisfies the following equation, i.e.,

d2S(φ,M)

dφ2 |φ=0 = f (M0)
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≡
∑

j

nj0

μj

(
(M0 − vdj )2 − 3δj

) = 0. (7)

Solving equation (7) numerically, it yields 4 roots as the
critical Mach numbers (M0) but only two are positive roots
with physical interpretations, which correspond to the two
nonlinear modes, namely, ion-acoustic mode and electron-
acoustic (beam) mode. Unlike, the case of four-component
plasma populations (cold magnetospheric (MSP) electrons,
warm magnetosheath electrons, a vortex-like hot electrons,
and background ions) studied earlier by Rufai et al. (2022)
which can yields up to 6 roots as the critical Mach number.
In that case, only 3 are positive roots which correspond to
the physical interpretation of three nonlinear modes of ion-
acoustic, slow electron-acoustic and fast electron-acoustic
modes. Moreover, it has been well established (Lakhina
et al. 2008, 2009, 2011a) that for a given set of plasma
parameters, any one, or both modes can satisfy the nonlin-
ear electrostatic solitary wave conditions given above. From
Eq. (7), it is seen that when the denominator of any of the
species becomes close to 0, it produces singularity and there
is no solution for critical Mach numbers. This condition
leads to the existence of stopbands or forbidden gaps. Fur-
thermore, when for a given parametric range, the roots of
Eq. (7) become complex, it can also lead to the occurrence
of the stopband or forbidden gap (Rubia et al. 2018).

Moreover, the value (positive or negative) of the third
derivative of the Sagdeev potential at φ = 0 determines the
polarity (positive or negative) of the nonlinear solitary struc-
tures (Verheest et al. 2006) and is given by

d3S(φ,M)

dφ3
|φ=0 = f ′(M0)

≡
∑

j

3Z3
j nj0

(
(M0 − vdj )

2 + δj

)

μ2
j

(
(M0 − vdj )2 − 3δj

)3
. (8)

3 Numerical results

In the magnetosheath side of the ion diffusion region, MMS
(Ergun et al. 2016) recorded the presence of cold mag-
netospheric plasma and warm magnetosheath plasma. Fig-
ure 1 show the existence domain for the electrostatic soli-
tary wave structures corresponding to the electron acoustic
mode as a function of equilibrium cold magnetosphere elec-
tron number density nc0. The fixed plasma parameters are,
warm electron drift velocity vdw = 0, mass ratio me/mi =
1/1836, cold electron temperature Tc = 0.5 eV, warm elec-
tron and ion temperature Tw = Ti = 100 eV, and total elec-
tron density N0 = 30.2 cm−3 which correspond to the data
set in Fig. 3(f) of Ergun et al. (2016). It is seen that there
are four distinct regions in the four panels of Fig. 1, namely,
negative potential solitons region (R1), negative solitons and

double layers region (R2), stopband or forbidden gap re-
gion (R3) and positive potential solitons and double layers
region (R4). For the case of the first (R1) region in panels
a − d , only negative potential (rarefactive) soliton solutions
are found with an upper limit of Mach number, (Mmax ), de-
termined by the cold electron density becoming unreal. In
the second (R2) region, negative potential (rarefactive) soli-
tons are found to exist with the upper Mach number values
determined by the formation of a double layer, represented
by MDL. The third (R3) region have no soliton or double
layer solutions and are forbidden regions. The existence of
nonlinear structures is discontinuous over the range in nc0 as
solitons/double layers are not supported in an intermediate
range of values of R3 regions. Beyond the forbidden region,
the solitary wave polarity switched for the existence of com-
pressive (positive potential) solitons with upper M-value de-
termined by the formation of a double layer, MDL, in the
last (R4) regions. In Fig. 1(a), the cold electron drift velocity
vdc = 0 gives the existence range of R1 (nc0: 0.100 – 0.299),
R2 (nc0: 0.300 – 0.427), R3 (nc0: 0.428 – 0.430), and R4
(nc0: 0.431 – 0.500). Figure 1(b) vdc = 6.50, R1 (nc0: 0.100
– 0.249), R2 (nc0: 0.250 – 0.395), R3 (nc0: 0.396 – 0.404),
and R4 (nc0: 0.405 – 0.500). For vdc = 10.0 in Fig. 1(c),
R1 (nc0: 0.100 – 0.249), R2 (nc0: 0.250 – 0.382), R3 (nc0:
0.383 – 0.391), and R4 (nc0: 0.392 – 0.500). In Fig. 1(d)
vdc = 20.0 gives, R1 (nc0: 0.100 – 0.249), R2 (nc0: 0.250 –
0.333), R3 (nc0: 0.334 – 0.344), and R4 (nc0: 0.345 – 0.500).
From Fig. 1, it is clear that the existence domains R1, R2, R3
and R4 get shifted towards higher Mach numbers and lower
values of the cold electron density whereas the forbidden re-
gion R3 gets wider when the cold electron drift velocity, vdc

is increased. Further, existence domains R1, R2 and R4 nar-
rows down with increase in cold electron drift velocity and
diminishing in cold electron number density.

For illustrations, a typical profile of the Sagdeev poten-
tial S(φ,M) against normalized electrostatic potential φ for
the fixed plasma parameters of Fig. 1(c) for nc0 = 0.15 and
nw0 = 0.85 in Region 1 (R1) is shown in Fig. 2, with the cor-
responding rarefactive (negative potential) solitons shown
in Fig. 2(b) and the bipolar parallel electric field profiles
in Fig. 2(c). Figure 3(a) represents the Sagdeev potential in
R2 for nc0 = 0.35 and nw0 = 0.65, with the corresponding
rarefactive (negative potential) solitons shown in Fig. 3(b).
It is important to mention the existence of a double layer
which forms the upper boundary of the Mach number range
MDL for the existence of soliton structures. Region R3 is
a stopband region with no soliton/double layer solutions.
Finally, Fig. 4(a) represents the Sagdeev potential in R4
for nc0 = 0.4 and nw0 = 0.6, with the corresponding com-
pressive (positive potential) soliton structures with an upper
boundary limited by a double layer formation as shown in
Fig. 4(b). Properties of electron acoustic solitons and dou-
ble layers corresponding to data of Fig. 1(a), (b) and (d) are
similar to that of Fig. 1(c) and not shown to preserve space.
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Fig. 1 Electron acoustic mode existence domain such as negative po-
tential solitons region, negative solitons and double layers region, sin-
gularities region and positive potential solitons and double layers re-

gion for electrostatic solitary waves. The fixed plasma parameters
are, vdw = 0, me/mi = 1/1836, Tc = 0.5 eV, Tw = Ti = 100 eV. (a)
vdc = 0.0; (b) vdc = 6.50; (c) vdc = 10.0; (d) vdc = 20.0

4 Discussion and conclusions

We have studied the large-amplitude electron-acoustic soli-
tons and double layers in an unmagnetized magnetosheath
plasma consisting of cold MSP electron beam, warm mag-
netosheath electrons and ions. The model predicts positive
and negative potential electrostatic solitons and double lay-
ers, and stopbands or forbidden gap regions in the magne-
tosheath side of the ion diffusion region of the Earth’s mag-
netopause. An increase in the cold electron drift velocity,
vdc, leads to a wider stopband/forbidden gap (R3) region.

For the plasma parameters observed by MMS satellite
(Ergun et al. 2016) in the magnetosheath, we present in Ta-
ble 1 the properties of nonlinear electrostatic structures, as
a function of plasma parameters, such as the electric field
amplitude, width, velocities, and time duration.

Table 1 illustrates the characteristics of electron-acoustic
solitons and double layers in the magnetosheath side of the
ion diffusion region in terms of unnormalized electric field
amplitude, E, velocities, V , width, W , and time duration,
τ = W/V as a function of cold electron number density, nc0

respectively.
The nonlinear electrostatic structures can generate par-

allel electric field amplitude in the range of (0.26 – 407)
mV/m. From Table 1, for nc0 = 0.1 − 0.2, we observed a
negative potential solitons only representing R1 in Fig. 1(c),
the electric field amplitude, soliton width, wave velocities
and time duration increase with nc0. For nc0 = 0.3 repre-
senting R2 in Fig. 1(c), negative potential solitons limited
by the formation of double layer as an upper bound is ob-
served and there is a slight drop in the maximum electric
field amplitude due to the double layer formation. Positive
potential solitons with the upper bound limited by double



35 Page 6 of 10 O.R. Rufai et al.

Fig. 2 Typical characteristics of R1 solitons. (a) Sagdeev potential pro-
files for the cold electron drift velocity vdc = 10.0 and nc0 = 0.15,
other fixed plasma parameters are nw0 = 0.85, vdw = 0, me/mi =

1/1836, Tc = 0.5 eV, Tw = Ti = 100 eV; (b) the corresponding rar-
efactive electrostatic solitons; (c) corresponding bipolar parallel elec-
tric field structures

layer were obtained in R4 for nc0 = 0.4 − 0.5, the electric
field amplitude and wave velocity increase, but the soliton
width and time duration decreasing. The region correspond-
ing to 0.383 < nc0 < 0.391 is the forbidden region (R3), and
no solitons can exist in this region for the parameters of Ta-
ble 1.

The effect of the cold electron drift velocity on the prop-
erties of the nonlinear electrostatic structures are presented
in Table 2. For the fixed magnetosheath plasma parame-
ters as in Fig. 1 and for the cold electron number density
nc0 = 0.25 representing region R1 for vdc = 0 (ref. Fig-
ure 1(a)) and Region 2 (R2) for vdc = 6.50, 10.0 and 20.0
(ref. Figure 1(b), (c) and (d)). Electron-acoustic soliton/dou-
ble layer velocity and the minimum electric field amplitude
increase with the increase in the cold electron drift velocity,

vdc. The solitons/DLs width, pulse duration and the maxi-
mum electric field amplitude decrease by an increase in the
cold electron drift velocity, vdc.

Related to the spacecraft observations, Magnetospheric
Multiscale (MMS) mission has reported the observations
of large parallel electric field structures with amplitude on
the order of 100 mV/m associated with magnetic reconnec-
tion at the magnetopause (Ergun et al. 2016) of the Earth’s
magnetosphere. The present theoretical study is applied to
examine the characteristics of the large-amplitude broad-
band electrostatic solitary waves observed by the MMS in
terms of nonlinear electron-acoustic solitons and double lay-
ers (DLs). For our typical computational plasma parameters,
the amplitudes of the electric fields associated with electron-
acoustic solitons/DLs fall in the range of (0.26-407) mV/m
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Fig. 3 Typical characteristics of R2 solitons and double layers. (a)
Sagdeev potential profiles for the cold electron drift velocity vdc =
10.0 and nc0 = 0.35, other fixed plasma parameters are nw0 = 0.65,

vdw = 0, me/mi = 1/1836, Tc = 0.5 eV, Tw = Ti = 100 eV; (b) the
corresponding rarefactive electrostatic solitons and double layers

Fig. 4 Typical characteristics of R4 solitons and double layers.
(a) Sagdeev potential profiles for the cold electron drift velocity vdc =
10.0 and nc0 = 0.4, other fixed plasma parameters are nw0 = 0.60,

vdw = 0, me/mi = 1/1836, Tc = 0.5 eV, Tw = Ti = 100 eV; (b) the
corresponding compressive electrostatic solitons and double layers

Table 1 Properties of electron-acoustic solitons (S) and double lay-
ers (DL) such as the velocity (V), electric field (E), width (W) and
pulse duration (τ ) in the magnetosheath side of the diffusion region as
functions of the cold electron density nc0, for vdc = 10.0, vdw = 0.0,

me/mi = 1/1836, Tc = 0.5, Tw = Ti = 100 eV. The corresponding
magnetosphere total electron density, N0 = 30.2 cm−3 (Ergun et al.
2016) yields Debye length, λdi = 13.5 m

nc0 polarity V (102kms−1) E(mV m−1) W(m) τ(ms)

0.1 −ve(S) 31.70 – 36.90 1.58 – 360 571 – 74 0.18 – 0.02

0.2 −ve(S) 39.70 – 43.40 1.30 – 407 813 – 103 0.20 – 0.024

0.3 −ve(S/DL) 45.80 – 46.50 1.00 – 110 1188 – 257 0.26 – 0.06

0.4 +ve(S/DL) 50.76 – 50.78 0.26 – 2.30 3321 – 3308 0.65 – 0.651

0.5 +ve(S/DL) 55.15 – 56.70 1.30 – 177 923 – 479 0.17 – 0.08
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Table 2 Properties of electron-acoustic solitons (S) and double layers
(DL) such as the velocity (V), electric field (E), width (W) and pulse
duration (τ ) in the magnetosheath side of the diffusion region as func-
tions of the cold electron drift velocity vdc , for vdw = 0.0, nc0 = 0.25,

nw0 = 0.75, me/mi = 1/1836, Tc = 0.5, Tw = Ti = 100 eV. The cor-
responding magnetosphere total electron density, N0 = 30.2 cm−3 (Er-
gun et al. 2016) yields Debye length, λdi = 13.5 m

vdc polarity V (102kms−1) E(mV m−1) W(m) τ(ms)

0.00 −ve(S) 36.00 – 39.50 0.30 – 381 1606 – 143 0.45 – 0.036

6.50 −ve(S/DL) 40.50 – 43.00 0.51 – 377 1283 – 114 0.32 – 0.027

10.00 −ve(S/DL) 43.00 – 44.80 0.66 – 362 1156 – 103 0.27 – 0.023

20.00 −ve(S/DL) 49.40 – 50.10 0.80 – 130 1031 – 166 0.21 – 0.033

(cf. Table 1) which are in good agreement with the elec-
trostatic waves having amplitudes of 100s mV/m observed
by the MMS (Ergun et al. 2016). The fast Fourier transform
(FFT) of the predicted electron-acoustic solitons/DLs would
produce broadband electrostatic waves having peak frequen-
cies near the inverse of pulse duration. Using the maximum
value of the pulse durations (cf. Table 1), the peak frequen-
cies of the broadband electrostatic waves would fall in the
range of (1.5–5.8) kHz which is in fair agreement with the
MMS observations of large amplitude electrostatic waves in
frequency range of ∼ 3.2 kHz. The existence of the stop-
band/forbidden gap region can be checked by performing
the data analysis for parametric space shown in R3 region of
Fig. 1. This is beyond the scope of the paper.
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