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Abstract
It is commonly believed that ion-acoustic solitons can only exist above the critical Mach number
in a plasma system. A new class of ion-acoustic solitons that can exist below the critical Mach
number is reported for the first time in a three-component plasma consisting of hot Maxwellian
electrons, and two counterstreaming ion beams. The analysis is based on the Sagdeev
pseudopotential technique, and considers a simple case of two counterstreaming proton beams
with equal density and streaming velocity. Linear stability analysis shows that the slow ion-
acoustic modes become unstable due to ion beam instability when the beam velocity normalized
with the ion acoustic speed, U0, is in the range of 0.55�U0�1.14. It is shown that when the
normalized streaming velocity is below or at a threshold value, Uth=1.14, only the regular
solitons having Mach numbers greater than critical Mach number can exist. However, when the
streaming velocity exceeds the threshold value (all modes are stable), both regular and the new
class of ion-acoustic solitons can exist. A special case of unequal ion densities and unequal
streaming velocities of the counterstreaming beams is considered in appendix, and similar effects
are found. Hence, the new class of slow ion-acoustic solitons can exist in the parametric regime
where the system is stable to counterstreaming ion beams instability. The results could be useful
in the interpretation of slow electrostatic solitary waves (ESWs) observed in the magnetosphere.

Keywords: slow ion-acoustic solitons, electrostatic solitary waves, nonlinear ion-acoustic waves,
multi-ion plasma system

(Some figures may appear in colour only in the online journal)

1. Introduction

Sagdeev [1] and Washimi and Taniuti [2] were the first to
investigate ion-acoustic solitons in plasmas. A great interest
in the theoretical studies of ion-acoustic solitons and double
layers [3–31] was generated by the observations of electro-
static solitary waves (ESWs) in the Earth’s magnetosphere by
several spacecrafts, like S3-3 [32], Viking [33, 34], Geotail
[35], Polar [36–39] and FAST [40, 41], Cluster [42], Wind
[43], etc. In these studies, ion-acoustic solitons and double
layers were investigated in multi-component unmagnetized as
well as magnetized plasmas, and various plasma species were
treated either as fluids or having Maxwellian particle dis-
tributions. There are several studies dealing with the ion-

acoustic solitary waves with highly energetic kappa-dis-
tributed electrons or nonthermal electrons with Cairns type
distributions [44–52].

The general features of the ion-acoustic solitons, from the
above studies, are: (i) the solitons exist when the Mach
number, M, is greater than the critical Mach number, M0, and
(ii) the soliton amplitude increase with increase of M till
maximum Mach number, Mmax, is reached, and no ion-
acoustic solitons can exist beyond it, (iii) under certain con-
ditions ion-acoustic solitons go over to the double layer at
M=MDL=Mmax. (iv) In multi-species (three or more)
plasma, and under specific conditions,‘super solitons’ with
Mach number greater than MDL can exist [23, 28, 53–58].

Several laboratory experiments [3, 59–63] and simulation
studies [64–69] on ion-acoustic solitons confirm the above
findings based on fluid theories.
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It is important to point out that near Mmax ion-reflection
may occur at the ion-acoustic solitons turning them into the
ion-acoustic shocks [1, 70]. Interestingly the existence
domain of such ion-acoustic shock extends beyond Mmax of
ion-acoustic solitons. However, the ion reflection at the soli-
ton is a kinetic process, and thus, it cannot be studied by the
fluid theory used here. One must employ the kinetic theory to
study ion-reflection at the soliton [70]. Since the focus of
study is not the ion-acoustic shocks due to ion reflection
which occur near Mmax, but rather the new class of slow ion-
acoustic solitons which can exist below critical Mach number
M0, the ion-reflection is not expected to be important and,
therefore, the use of fluid theory is justified.

Here, we discuss a new class of ion-acoustic solitons
which are supported by multispecies plasma containing ion
beams. These solitons exist in the the Mach number range of
Mmin<M<M0 , i.e, below the critical Mach number, M0,
but above a certain minimum Mach number, Mmin. The
amplitudes of these solitons increase with decrease of the
Mach number till Mmin, and no solitons can exist below it.

Summary: For the first time, existence of a new class of
ion acoustic solitons below critical Mach number is shown in
three-component plasma composed of hot Maxwellian elec-
trons and two counterstreaming ion beams. Linear stability
analysis shows that the slow ion-acoustic modes become
unstable due to ion beam instability in a certain range of beam
velocities for the plasma parameters considered. Two special
cases: 1. Equal ion beam densities and equal velocities of the
counterstreaming ion beams, and 2. Unequal ion densities and
unequal velocities of the counterstreaming ion beams are
considered. For both the cases, the new class of slow ion-
acoustic solitons can occur only when the system becomes
stable against the ion beam instability. Though existence of
new class of slow ion-acoustic solitons is shown for two
special cases only, they can occur over a wide range of ion
beam densities, temperatures, and streaming velocities of the
counterstreaming ion beams.

A theoretical model for ion-acoustic solitons is presented
in the next section, whereas a special case of counter-
streaming proton beams is given in section 3. The results are
summarized in section 4.

2. Model for ion-acoustic solitons

We consider a three-component magnetized plasma consist-
ing of hot Maxwellian electrons with density, Ne and temp-
erature, Te, and two fluid proton beams with densities N1 and
N2, temperatures T1 and T2, and beam speeds along the
ambient magnetic field, B0=B0x, as V1 and V2, respectively.
Here, subscripts 1 and 2 refer to the parameter of proton beam
1 and proton beam 2, respectively. To maintain charge neu-
trality in the equilibrium state, we take Ne=N1+N2. We
consider the electrostatic waves propagating parallel to the
magnetic field B0.

Since the hot electrons follow the Maxwellian distribu-
tion, their normalized number density in the presence of

ion-acoustic waves with potential f can be written as [30]

f=n exp 1e ( ) ( )

The dynamics of proton beams is governed by following
fluid equations [71]:

¶

¶
+

¶

¶
=

n

t

n v

x
0 2

j j j( )
( )

f¶

¶
+

¶

¶
+

¶

¶
+

¶
¶

=
v

t
v

v

x n

P

x x

1
0 3

j
j

j

j

j ( )

¶

¶
+

¶

¶
+

¶

¶
=

P

t
v

P

x
P

v

x
3 0 4

j
j

j
j

j ( )

where j=1 and 2 for the proton beams 1 and 2, respectively,
and the adiabatic index γj=3. Here, the number densities are
normalized by the equilibrium number density of electrons,
N0=Ne=N1+N2, velocities are normalized with the ion-
acoustic speed, =C T m ;a e p mp is the mass of the proton,
lengths are normalized with the electron Debye length,
l p= T N e4 ;de e 0

2 e is the electronic charge, time is nor-
malized with the inverse of the proton plasma frequency,
w p= N e m4pp p0

2 and electrostatic potential, f is normal-
ized with Te/e, and the thermal pressure Pj with NeTe.
Similarly, s = T Tj j e, =n N Nj j

0
0 and =U V Cj j a are the

normalized temperature, equilibrium number density, and
drift speed of the jth species.

The above basic set of equations is closed by the Pois-
son’s equation:
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2.1. Linear stability

Before doing the nonlinear analysis for the ion-acoustic
waves, we shall investigate the linear stability of the system
briefly. The linear dispersion relation can be derived by lin-
earizing equations (1)–(5) and it can be written in unnorma-
lized form as:
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where w p= N e m4p p1,2 1,2
2 , =v T mt p1,2 1,2 . In general,

equation (6) is a 4th order in ω and has four roots corresp-
onding to two fast ion-acoustic (having higher frequencies
and phase velocities) and two slow ion-acoustic modes (with
smaller frequencies and phase velocities). However, for the
special case of V1=V2=0 and vt1=vt2=vt, it becomes
quadratic in ω and has the solution:
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which represents two fast ion-acoustic waves, one with ω > 0
propagates along x and the other with ω < 0 propagates along
-x direction. For ¹v vt t1 2, equation (6) has the following
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The±sign corresponds to fast and slow ion acoustic modes
[30]. In the limit of lk de

2 2  1, above equation (8) reduces to
that derived by Mahmood and Ur-Rehman(2013) [29] and
Ur-Rehman et al (2014) [31] for the case of ions having equal
masses and for adiabatic index γ=3. It is to be noted that
equation (17) of Sreeraj et al (2016) [72] reduces to the above
equation for γ=3, Maxwellian electrons (k  ¥) and two
protons having different temperatures.

The dispersion relation (6) can be studied numerically,
and it is found that for a given set of plasma parameters, the
system becomes unstable for a certain range of ion beam
velocities. In figures 1(a)–(d), we have shown variation of
normalized frequency ω/ωpp with normalized wave number,
kλde, obtained from the solution of equation (6) for the
counterstreaming ion beams moving with equal and opposite
velocity, U0, and having equal density and temperature.
The curves 1 and 4 are for the fast ion acoustic modes and
the curves labeled as 2 and 3 are for the slow ion-acoustic
modes. For U0=0.0 (see panel a of figure 1), it is seen that
fast ion-acoustic modes (cf curves 1 and 4) have real roots.
The curve 1 is for the fast ion-acoustic mode having ωr>0
(positive phase velocity), and it is propagating along B0. The
curve 4 is for the fast ion-acoustic mode having ωr < 0
(negative phase velocity) and it propagates anti-parallel to B0.
Note that ωr for curves 1 and 4 have equal and opposite
values due to symmetry in the system. The slow ion-acoustic
modes do not exist in this case. Therefore, the system is
stable. From panel b of figure 1, it is noticed that for
U0=0.5, the system is stable as the fast ion-acoustic modes
(curves 1 and 4) as well as slow ion-acoustic modes have real
roots. One fast ion-acoustic mode (curve 1) and one slow ion-
acoustic mode (curve 2) propagate along B0, and the other fast
mode (curve 4) and slow ion-acoustic mode (curve 3) prop-
agate anti-parallel to B0. For U0=1.0 (see panel c of
figure 1), it is seen that the fast ion-acoustic modes (curves 1
and 4) have real roots whereas the slow ion-acoustic modes
have purely imaginary roots (see solid curves 2 and 3) for
0<kλde<0.6. The solid curve 2 has positive values
corresponding to the growing mode. The solid curve 3 has
negative values and is a damped mode. For kλde>0.6, these
roots have real values, as seen from the dashed curves 2 and
3, and the system becomes stable. For U0=1.5 (see panel d
of figure 1), all the roots are real and the system is stable. For
this system, our numerical computations show that the ion
beam instability occur for 0.55�U0�1.14 (not shown).

It should be noted that due to the symmetry in the system
for this special case, the real frequencies of the parallel and

anti-parallel propagating modes are equal and opposite for
both fast and slow ion-acoustic modes. For unequal beam
densities or beam velocities, the parallel and anti-parallel
modes would have different ωr and phase velocities as dis-
cussed in the appendix. Although not shown in the appendix,
having unequal ion-beam temperatures can also introduce
asymmetry in the system, and can produce unequal phase
velocities of parallel and anti-parallel propagating ion-
acoustic modes.

2.2. Nonlinear analysis

In order to study the properties of ion-acoustic solitons, the
set of equations (2)–(5) is transformed into a stationary frame
moving with phase velocity, V of the electrostatic solitary
wave, i.e., x = -x Mt( ), where =M V Ca is the Mach
number. In such a reference frame, all variables, e.g., den-
sities, fluid velocities and pressure tend to their undisturbed
values, and the electrostatic potential f=0, and df/dξ=0
at x  ¥. Then, from equations (2)–(4) we can get the
following expressions for the densities of the proton beams
[15, 18, 30]:
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On substituting ne, n1 and n2 in the transformed Poisson’s
equation (5), multiplying it with df/dξ and integrating with
the boundary conditions that f= 0, df/dξ= 0 at x  ¥,
we get the energy integral [18, 30, 71]
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The above equation (11) describes the motion of a pseudo-
particle of unit mass in a pseudopotential S(f, M), where, f
and ξ play the role of displacement from the equilibrium and
time, respectively. The Sagdeev pseudopotential, S(f, M), is
given by [30, 51, 52, 71]
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Please note that equation (12) is written in symbolic form
where the operation of a square root on a squared expression
returns the same expression, e.g., s s = M Mj j

2( ) ( ).
Please note that in the absence of drift speed of proton beams,
i.e., U1=U2=0, the results of Lakhina et al (2014) [30] and
Rubia et al (2016)[49] (in the limit k  ¥) can be obtained.

For the existence of soliton solutions, the Sagdeev pseu-
dopotential S(f, M) must satisfy the following conditions: (i) S
(f, M)=0, dS(f, M)/df=0, and f f <d S M d, 02 2( ) at
f=0, (ii) S(f, M)=0 at f=f0 (f0 is the amplitude of the
soliton), and (iii) S(f, M) < 0 for f f< <0 0∣ ∣ ∣ ∣.

The Sagdeev pseudopotential, S (f, M) given by
equation (12) and its first derivative with respect to f vanish
at f=0. Defining f f=F M d S M d,2 2( ) ( ) at f=0, we
have
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The soliton condition demands that F(M) < 0 must be
satisfied. The critical Mach numbers, M0 are the solution of
F(M0)=0. So far the ion-acoustic soliton cases discussed in

Figure 1.Dispersion relation for the ion-acoustic waves showing the frequency ω/ωpp versus wave number, kλde for the counterstreaming ion
beam case for the normalized parameters: = =n n 0.51

0
2
0 , σ1=σ2=σp=0.1. In Panels (a) to (d), the curves 1 and 4 correspond to fast

ion-acoustic modes and the curves 2 and 3 correspond to the slow ion-acoustic modes. The broken curves are for the real frequency, w wr pp,
and they follow the scale on left side of the panel. The solid curves are for the imaginary frequency, ωi/ωpp, and they follow the scale given
on the right side of the panel. The positive or negative values of ωi/ωpp represent, respectively, the growth rate or the damping rate of the
mode. Panel (a) is for the case of U0=0.0; slow ion-acoustic modes do not exist, and the roots corresponding to fast ion-acoustic modes
(cf curves 1 and 4) have real values, thereby showing that the system is stable as expected. Panel (b) is for U0=0.5, and it also shows that
the system is stable as all roots are real. Panel (c) is for U0=1.0, and here the fast ion-acoustic modes have real values (cf curves 1 and 4)
whereas the slow ion-acoustic mode 2 is unstable and slow mode 3 is damped for 0<kλde<0.6 (cf solid curves 2 and 3). For kλde>0.6,
slow ion-acoustic modes have real frequencies (cf broken curves 2 and 3). Panel (d) is for U0=1.5, and all roots are real showing that the
system is stable.
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the literature correspond to the situations where for M>M0,
the condition F(M) < 0 is satisfied. These solutions are the
familiar ion-acoustic solitons whose Mach numbers are larger
than the critical Mach numberM0. Here, we will show that the
soliton condition F(M) < 0, under certain plasma parameters
in the presence of counterstreaming ion beams, can be satis-
fied for M<M0. This corresponds to a new class of ion-
acoustic solitons that can exist below the critical Mach
number M0.

3. Special case of counterstreaming proton beams

To illustrate, we consider a special case of equal density
counterstreaming proton beams where = =n n 0.51

0
2
0 ,

T1=T2=Tp (i.e, σ1=σ2=σp), U1=−U0 and U2=U0.
For this special case, both the charge and current neutrality is
maintained in the equilibrium state. The critical Mach num-
ber, M0 is obtained by solving F(M0)=0 from equation (13)
either analytically or numerically. In the presence of beams,
there are four possible roots for M0, but all roots may not be
physical.

For U0=0, we get the critical Mach number M0=
s +1 3 p

1 2( ) . In what follows, we shall consider the posi-
tive root only as the soliton associated with the negative root
has the same properties except that it propagates in the
opposite direction.

Figure 2 shows the variation of the Sagdeev potential S
(f, M) versus the normalized electrostatic potential f for
various values of the Mach number for the ion-acoustic
solitons. In panel (a) the proton beam speed is U0=0.0. The
critical Mach number in this case occur at M0=±1.14. The
solitons occur for M>M0. A look at the curves 1–4 shows
that the ion-acoustic soliton amplitude increases with M from
1.2, 1.25 and 1.3 (cf. curves 1, 2, and 3). For the curve 4 for
M=1.31 and beyond, the solitons do not exist. Thus, these
solitons occur in the Mach number range M0<M<Mmax.
In panel (b), the proton beam speed is U0=1.0, and here two
real critical Mach numbers occur at M0=±1.91. The ion-
acoustic soliton amplitudes increase with M from 1.96, 1.98
and 2.0 (cf curve 1, 2 and 3) and solitons do not exist for
M=2.03 (cf curve 4) and beyond. In panels (c) and (d), the
protons beam speed is U0=1.5. Here there are four real roots
for critical Mach numbers at M0=±0.566 and±2.41. The
smaller critical Mach numbers corresponds to the slow ion-
acoustic mode and the larger ones to the fast ion-acoustic
mode [15, 30, 48, 71]. Panel (c) shows the results for the fast
ion-acoustic solitons. Here also, the soliton amplitude
increases with M from 2.48, 2.5 and 2.51 (cf curves 1,2 and
3), and for M=2.52 (curve 4) and beyond, the fast ion-
acoustic solitons do not exist. In panel (d), the results for the
new class of slow ion-acoustic solitons are shown. In contrast
to the cases shown in Panels (a), (b) and (c) where solitons
occur for M>M0, this new class of slow ion-acoustic soli-
tons occur for M<M0. Further, their amplitude increases as
M decreases from 0.52, 0.5 and 0.45 (cf curves 1, 2 and 3, and
for M=0.43 (cf curve 4) and lesser values, the slow ion-
acoustic solitons do not exist. Therefore, these solitons occur

in the Mach number range M0>M>Mmin. This behavior is
opposite to that of the regular (both fast and slow) ion-
acoustic solitons discussed in the literature [15, 30, 71] and
also shown in panels (a), (b) and (c).

To make sure that the new class of slow ion-acoustic
solitons satisfy the soliton condition, in figure 3, we have
shown the variation of F(M) versus M for proton beam speeds
of U0=0.0 (panel (a)), 1.0 (panel (b)) and 1.5 (panel (c)) for
the same plasma parameters as in figure 1. It is clear that

Figure 2. Sagdeev pseudopotential S(f, M) versus the potential f for
the ion-acoustic solitons for the normalized parameters: = =n n1

0
2
0

0.5, σ1=σ2=σp=0.1. Panel (a), ion-acoustic solitons for the
case of U0=0.0, and M=1.2, 1.25, 1.3, and 1.31 for the curves 1,
2, 3 and 4, respectively. Panel (b), fast ion-acoustic solitons for
U0=1.0, and M=1.96, 1.98, 2.0 and 2.03 for the curves 1, 2, 3
and 4, respectively. Slow ion-acoustic solitons do not exist. Panel (c)
fast ion-acoustic solitons for U0=1.5, andM=2.48, 2.5, 2.51, and
2.52 for the curves 1, 2, 3 and 4, respectively. Panel (d) slow ion-
acoustic solitons for U0=1.5, andM=0.52, 0.5, 0.45, and 0.43 for
the curves 1, 2, 3 and 4, respectively. These are new class of ion-
acoustic solitons that occur below the critical Mach number.
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critical Mach number occurs at the places where the F(M)
curve cut the M axis. In panel (a), the critical mach numbers
occur at M0=±1.14, and for >M M0, the F(M) curves go
below the M-axis, i.e., F(M) < 0, thus the soliton condition is
satisfied. In panel (b) for U0=1.0, there are two real critical
Mach numbers at M0=±1.91 (fast ion acoustic modes), and
two complex roots which correspond to slow ion-acoustic
modes. One of the slow ion-acoustic mode is growing while
the other is a damped mode. The instability of slow ion-
acoustic mode arises due to the counterstreaming ion beams,
and it occurs at long wavelengths [73] as the linear analysis
shows. Unfortunately, the Sagdeev pseudopotential technique

used here deals with the time stationary solutions of the fluid
equations and cannot handle the unstable or damped modes.
The unstable mode can produce ion-acoustic turbulence
which may affect the properties of the ion-acosutic soliton.
However, there is an experimental evidence that coherent ion-
acoustic solitons can coexist with the ion-acoustic turbulence
[63]. Now, coming back to the real roots corresponding to fast
ion-acoustic modes, it is observed from figure 3 (panel b) that
the F(M) curves go below the M-axis when M exceeds M0,
and the condition F(M)<0 is satisfied. In panel (c), there are
four real critical Mach numbers at M0=±0.566 (slow ion-
acoustic) and±2.41 (fast ion-acoustic). There are no
unstable modes in conformity with the the linear analysis. It is
clear that for the fast ion-acoustic modes, F(M) < 0 for
M > 2.41, whereas for slow ion-acoustic modes, the condition
F(M)<0 is satisfied for M < 0.566. Hence, the slow ion-
acoustic solitons are physical as they satisfy all the soliton
conditions.

We would like to point out that due to the symmetry in
the system for this special case, the real critical Mach number
are equal and opposite for both fast and slow ion-acoustic
solitons. In general, for the case of unequal beam densities or
unequal beam velocities, the real critical Mach numbers for
both fast and slow ion-acoustic solitons would have different
values (in magnitude and sign). In appendix, one such special
case is discussed where the normalized parameters are:
σ1=σ2=σp=0.1, =n 0.71

0 , =n 0.32
0 , U1=−1.0, and

U2=0.5, 1.0, 1.5 and 2.0. For U2=0.5 and 1.0, only fast
ion-acoustic modes have real critical Mach numbers,
M0=(1.31 and −2.02) and (1.79 and −2.01), respectively,
and they correspond to regular solitons. The slow ion-acoustic
modes have complex conjugate roots, one is growing and the
other is damped. This is due to the excitation of the ion beam
instability of the slow ion-acoustic mode. All the four real
critical Mach number,M0, appear when U2>Uth=1.24 and
ion beam instability disappears. For U2=1.5, the real critical
Mach numbers occurring at M0=2.29 and −2.0 (both fast
ion-acoustic), 0.65 and 0.07 (both slow ion-acoustic). For
U2=2.0, the fast ion-acoustic modes occur at critical Mach
number M0=2.78 and −2.0, and slow ion-acoustic occur at
M0=1.19 and 0.032. Further, both type of fast ion-acoustic
modes, and one slow ion-acoustic mode associated with the
lowest positive critical M0=0.07 and 0.032 are regular
solitons, and the other slow acoustic modes are the new class
of ion-acoustic solitons.

4. Summary and discussion

We have reported for the first time a new class of slow ion-
acoustic solitons that occur below the critical Mach number in
a three-component plasma system consisting of hot Max-
wellian electrons and two counterstreaming ion beams. In
contrast to the familiar fast and slow ion-acoustic solitons
which exist in the Mach number range M0<M<Mmax, the
new class of slow ion-acoustic solitons occur in the Mach
number range M0>M>Mmin. We have discussed two
special cases: 1. Equal ion beam densities and equal velocities

Figure 3. Variation of F(M), the second derivative of the Sagdeev
pseudopotential fS M,( ) at f= 0, versus the Mach number M for
the normalized parameters: = =n n 0.51

0
2
0 , σ1=σ2=σp=0.1.

Panel (a), U0=0.0, and critical Mach numbers occur at
M0=±1.1402. Panel (b), U0=1.0, only two critical Mach
numbers (fast ion-acoustic) are real occurring at M0=±1.9124, the
other two roots are complex. Panel (c), U0=1.5, and there are four
real critical Mach numbers occurring at M0=±2.404 (fast ion-
acoustic) and±0.566 (slow ion-acoustic).
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of the counterstreaming ion beams, and 2. Unequal ion den-
sities and unequal velocities of the counterstreaming ion
beams. For both the cases, the new class of slow ion-acoustic
solitons can occur only when the ion beam streaming speed
exceeds some threshold value, Uth. For the parameters con-
sidered here, the threshold drift speed of the counterstreaming
ion beams is found to be Uth=1.14 for the case 1 (equal
densities and velocities, section 2.1) and 1.24 for the case 2
(both densities and velocities being unequal, appendix) from
the linear stability analysis. It is related to the disappearance
of complex roots of slow ion-acoustic modes, and appearance
of all four real roots of F(M)=0 (section 3 and appendix). In
other words, the new class of slow ion-acoustic solitons occur
when the system is stable to ion beam instability. Although
we have shown the existence of new class of slow ion-
acoustic solitons under two special cases only, they are
expected to occur over a wide range of ion beam densities and
streaming velocities of the counterstreaming ion beams.

Ion beams have been observed in the polar cusp, auroral
region and plasma sheet boundary layer of the Earth’s mag-
netosphere [74–78]. Recently, from the analysis of high
resolution data from the Magnetospheric Multiscale (MMS)
mission in the Earth’s magnetotail, Liu et al (2019) [79] have
reported intense electrostatic solitary waves (ESWs) gener-
ated by cold ion beams in the reconnection jet region. Earlier,
slow electrostatic solitary waves (ESWs) moving with speeds
of the order of ion thermal speed or ion-acoustic speed have
been observed at the reconnection sites [80, 81]. Later on,
slow electrostatic solitary waves (ESWs) moving earthward
with a speed close to 500 km s−1 in the plasma sheet
boundary layer have been reported [82]. The new class of
slow ion-acoustic solitons may be relevant in explaining the
observations of these slow ESWs.

It is hoped that the discovery of new class of slow ion-
acoustic solitons will generate enough interest in the plasma
physics community for their verification by laboratory
experiments, and also by computer simulations.
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Appendix. Unequal densities and velocities of the
ion beams

Here we shall briefly discuss the linear stability for the case
where both the densities and the velocities of the ion beams
are unequal. For simplicity the temperatures of the ion beams
are taken as equal.

A.1. Linear stability analysis

We consider a special case where s s s= = = 0.1p1 2 ,
=n 0.71

0 , U1=−1.0, =n 0.32
0 and consider the stability of

the system for different values of U2, the velocity of ion beam
2. The dispersion relation computed from equation (6) for
these parameters and for various values of U2 is shown in
Panels (a)–(d) of figure A1. In Panels (a) to (d) of figure A1,
the curves 1 and 4 correspond to fast ion-acoustic modes and
the curves 2 and 3 correspond to the slow ion-acoustic modes.
The broken curves are for the real frequency, ωr/ωpp, and
they follow the scale on left side of the panel. The solid
curves are for the imaginary frequency, ωi/ωpp, and they
follow the scale given on the right side of the panel. The
positive or negative values of ωi/ωpp represent, respectively,
the growth rate or the damping rate of the mode. Panel (a) for
U2=0.5 shows that the fast ion-acoustic modes (cf broken
curves 1 and 4) have real frequencies. But, the slow ion-
acoustic modes (curves 2 and 3) have complex conjugate
frequencies. For one of the slow ion-acoustic mode ωi/ωpp is
positive (cf solid curve 3), whereas for the other it is negative
(cf solid curve 2). Therefore the system is unstable to ion
beam instability. In Panel (b), which is for U2=1.0, the fast
ion-acoustic modes (broken curves 1 and 4) have real roots,
whereas the slow ion-acoustic mode 2 is damped and slow
mode 3 is unstable for 0 < kλde < 0.58 (cf solid curves 2 and
3). For kλde > 0.58, slow ion-acoustic modes have real fre-
quencies (cf broken curves 2 and 3). Hence, the system is
unstable to ion beam instability for 0 < kλde < 0.58, and
stable for kλde > 0.58. Panel (c) is for U2=1.5, both the fast
ion-acoustic modes (broken curves 1 and 4) and slow ion-
acoustic modes (broken curves 2 and 3) have real frequencies
only, and the system is stable against ion beam instability.
Panel (d), U2=2.0, again all modes have distinct real fre-
quencies (broken curves 1–4) showing a stable plasma sys-
tem. It is interesting to note that one of the slow ion-acoustic
mode (curve 3) in Panels (c) and (d) has initially positive
values for 0 < kλde<0.45, and then negative values for kλde
> 0.45. For the parameters considered here, we find
numerically that the ion beam instability exists for U2 values
in a range of 0.13 � U2 < 1.24 (not shown). Considering
different values of n1

0, n2
0, and U1 will change the unstable U2

range.
In contrast to figure 1, where both the fast and slow ion-

acoustic modes have exactly equal and opposite real fre-
quencies for the parallel and anti-parallel modes, here the real
frequencies do not have exactly equal values in magnitude
and sign. This is because the unequal densities as well as
unequal beam velocities break the symmetry in the system.
Although we have not shown here, ion beams having unequal
temperatures are also found to produce similar effects.

A.2. Critical Mach numbers for the case of Unequal densities
and ion beam velocities

In this section we shall show that the critical Mach numbers
M0, found from F(M0)=0. where F(M) is given by
equation (13), for the case of ion beams having unequal
densities and unequal streaming velocities have, in general,
different values (in magnitude and sign) from each other for
both fast and slow ion-acoustic mode. The new class of slow
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ion-acoustic solitons can exist in the parametric regime where
the system is stable to ion beam instability.

Figure A2 shows variations of F(M), the second deriva-
tive of the Sagdeev pseudopotential S(f, M) at f=0, versus
the Mach number M for the case of unequal beam densities
and beam velocities, but equal ion beam temperatures, for the
same parameters as for figure A1. From Panel (a) of figure A2
which is for U2=0.5, it is seen that two critical Mach
numbers (fast ion-acoustic) occur at M0=1.31 (R1) and
−2.02 (R4). Other two roots R2 and R3 corresponding to the
slow ion-acoustic modes are complex conjugate, where one
mode is growing, the other is damped. This happens due to
the excitation of slow ion-acoustic mode instability by the ion

beams. Further, it is seen that for the real roots R1 and R4, the
F(M) curves go below the M-axis when M exceeds M0, and
the soliton condition F(M)<0 is satisfied. Panel (b) of
figure A2 is for U2=1.0, here also only two critical Mach
numbers (fast ion-acoustic) are real occurring at M0=1.79
(R1) and −2.01 (R4), the other two roots corresponding to
slow ion-acoustic mode are complex conjugate. Therefore,
the system is unstable to ion beam instability. In this case also
for the roots R1 and R4, the F(M) curves go below the M-axis
when M exceeds M0, and the soliton condition F(M)<0 is
satisfied. It is seen from Panel (c) for U2=1.5, that there are
four real critical Mach numbers occurring at M0=2.29 (R1)
and −2.0 (R4) (both fast ion-acoustic), 0.65 (R2) and

Figure A1.Dispersion relation for the ion-acoustic waves showing the normalized frequency ω/ωpp versus normalized wave number, kλde for
the case of unequal beam densities and unequal beam velocities but equal ion beam temperatures. The normalized parameters are =n 0.71

0 ,
U1=−1.0, =n 0.32

0 and σ1=σ2=σp=0.1. In Panels (a) to (d), the curves 1 and 4 correspond to fast ion-acoustic modes and the curves
2 and 3 correspond to the slow ion-acoustic modes. The broken curves are for the real frequency, w wr pp, and they follow the scale on left
side of the panel. The solid curves are for the imaginary frequency, ωi/ωpp, and they follow the scale given on the right side of the panel. The
positive or negative values of ωi/ωpp represent, respectively, the growth rate or the damping rate of the mode. Panel (a) is for U2=0.5; the
fast ion-acoustic modes (cf broken curves 1 and 4) have real frequencies. The slow ion-acoustic modes (curves 2 and 3) have complex
conjugate frequencies. Panel (b) is for U2=1.0, the fast ion-acoustic modes (broken curves 1 and 4) have real roots, whereas the slow ion-
acoustic mode 2 is damped and slow mode 3 is unstable for 0 < kλde < 0.58 (cf solid curves 2 and 3). For kλde > 0.58, slow ion-acoustic
modes have real frequencies (cf broken curves 2 and 3). Panel (c) is for U2=1.5, both the fast ion-acoustic modes (broken curves 1 and 4)
and slow ion-acoustic modes (broken curves 2 and 3) have real frequencies only, and the system is stable. Panel (d), U2=2.0, all modes
have distinct real frequencies (broken curves 1-4), and the system is stable against the ion beam instability.
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0.07 (R3) (both slow ion-acoustic). This shows that the sys-
tem is stable which is consistent with the linear analysis
shown in figure A1. Panel (d) of figure A2 is for U2=2.0,
here all four roots are real. The fast ion-acoustic modes occur

at critical Mach number M0=2.78 (R1) and −2.0 (R4), and
slow ion-acoustic occur at M0=1.19 (R2) and 0.032 (R3).

It is worth point out that all four real critical Mach
number, M0, appear when U2>Uth=1.24 which is con-
sistent with the linear stability analysis discussed above. It is
interesting to note that in both the Panels (c) and (d) of
figure A2, for the real roots R1, R3 and R4, the soliton
condition F(M)<0 is satisfied forM>M0. However, for the
root R2 in Panels (c) and (d), it is seen that the the soliton
condition F(M)<0 is satisfied when M<M0. Therefore, the
new class of slow ion-acoustic solitons can exist in the
parametric regime where the system is stable against ion beam
instability.
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