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ABSTRACT
We have studied the evolution of ion acoustic solitary waves (IASWs) in pulsar wind. The pulsar wind is modelled by considering
a weakly relativistic unmagnetized collisionless plasma comprised of relativistic ions and superthermal electrons and positrons.
Through fluid simulations, we have demonstrated that the localized ion density perturbations generated in the polar wind plasma
can evolve the relativistic IASW pulses. It is found that the concentration of positrons, relativistic factor, superthermality of
electrons, and positrons have a significant influence on the dynamical evolution of IASW pulses. Our results may provide insight
to understand the evolution of IASW pulses and their role in astrophysical plasmas, especially in the relativistic pulsar winds
with supernova outflow, which is responsible for the production of superthermal particles and relativistic ions.
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1 IN T RO D U C T I O N

Numerous theoretical and experimental corroborations have eluci-
dated the formation of different kinds of non-linear ion acoustic
solitary waves (IASWs) in various space and astrophysical plasma
environments (Bharuthram & Shukla 1986; Cairns et al. 1996; Shukla
& Mamun 2002; Gill, Kaur & Saini 2003; Kakad et al. 2016). These
non-linear solitary wave excitations are evolved due to the equipoise
between dispersion and non-linearity in the given plasma system.
Many plasma physicists have well described the dynamics of small
and arbitrary amplitude solitary waves by employing the reductive
perturbation theory (Washimi & Taniuti 1966) and Sagdeev theory
(Sagdeev 1966), respectively. In last few decades, the researchers
have explored a great variety of low-frequency IASWs in electron-
positron-ion (e-p-i) plasmas having different thermal/non-thermal
velocity distributions (Tajima & Taniuti 1990; Shukla & Stenflo
1993). It is discerned that there are abundance of electrons and
positrons in accretion discs (Shukla, Yu & Tsintsadze 1984; Popal,
Vladimirov & Shukla 1995), pulsar magnetosphere (Goldreich & Ju-
lian 1969), solar atmosphere (Tandberg-Hansen & Emshie 1988), and
active galactic nuclei (Miller & Witta 1987). The admixture electron-
positron (e-p) plasmas with fraction of ions has been confirmed
by Advanced Satellite for Cosmology and Astrophysics (ASCA) in
various astrophysical regions (Michel 1982; Kotani et al. 1996).
Moreover, the positron can be produced by exploding the positronium
atom in Tokamak e-i plasma (Surko et al. 1986; Tinkle 1994; Greaves
& Surko 1995). Surko & Murphy (1990) described that annihilation
time of positron in the plasma is more than 1 s. Therefore, a variety of
low-frequency ion acoustic (IA) waves are generated in e-p-i plasmas
that otherwise cannot exist in e-p plasmas. The impact of positron
density in plasma can considerably alter the dynamics of solitary
waves. Hence, the investigation of e-p-i plasmas become more
essential to study the characteristic features of space/astrophysical
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and laboratory plasmas. Numerous investigations have been reported
to study the different kinds of non-linear structures in e-p-i plasmas in
the frame work of Maxwellian/non-Maxwellian velocity distribution
of charged particles (Chatterjee & Ghosh 2011; Saini, Chahal &
Bains 2013; Ghosh & Banerjee 2016; Singh, Kaur & Saini 2017;
Sarma, Misra & Adhikary 2018; Halder, Mukta & Mamun 2019;
Haque 2020).

Various spacecraft measurements have shown that the superther-
mal particle distributions that are effectively modelled by the κ

distribution are frequently observed in the solar wind (Formisano,
Moreno & Palmiotto 1973; Livadiotis, Desai & Wilson 2018), Jupiter
(Leubner 1982), and Saturn’s plasma environments (Armstrong et al.
1983; Masters et al. 2016). These superthermal distributions have
significant impact on the characteristics of non-linear waves gen-
erated in these plasma environments. These ubiquitous population
of superthermal charged particles have mean velocity larger than
mean thermal velocity. Vasyliunas (1968) modelled the solar data
obtained from OGO 1 and OGO 2 spacecrafts and characterized the
superthermality of particles by the parameter κ (spectral index). The
one-dimensional κ-distribution function to model the superthermal
plasma can be as (Summers & Thorne 1991; Hellberg et al. 2009)

Fκ (vj ) = nj0√
πκv2

κ

�(κ)

�(κ − 1
2 )

(
1 + v2

j

κv2
κ

)−κ

, (1)

where vκ =
√

((κ − 3/2)/κ)
(
2kBTj/mj

)
is the characteristic speed,

T is the temperature of species, and kB is the Boltzmann constant.
The κ index describes slope of the tail of superthermal distribution.
In the limit κ → ∞, the distribution function approaches the
Maxwellian distribution. A large number of investigations for the
study of different kinds of non-linear structures in the frame work of
superthermal distribution have been done in different space plasma
environments (Saini, Kourakis & Hellberg 2009; Baluku et al. 2010;
Sultana, Sarri & Kourakis 2012; Bains, Li & Xia 2014; Saini, Singh
& Bains 2015; Lotekar, Kakad & Kakad 2016, 2017; Singh, Sethi &
Saini 2018; Singh & Saini 2019).
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The relativistic effects become influential as the streaming velocity
of particles is in the order of the speed of light. The weak relativistic
effects come into picture as the energy of ions/electrons is in
the range of MeV, for more specific description of plasma. Such
kind of relativistic plasmas are abundant in space/astrophysical
environments (Ikezi, Taylor & Baker 1970; Arons 1979; Grabbe
1989; Coroniti 2017). The high-velocity streaming ions having
energy range from 0.1 to 100 MeV are usually found in the various as-
trophysical/space regions. As we consider the energy of ion depends
on its kinetic energy, the ions get relativistic velocity. Thus, where the
ion streaming speed is Vd = 0.1c, one can consider the relativistic
ions for the study of IASWs in plasma. The relativistic ions are
crucial for the study of IASWs propagating in various astrophysical
plasma environments (Nejoh 1992). Earlier studies revealed that
superthermally distributed pair of electrons and positrons are created
by relativistic pulsar wind comprised of relativistic ions (Becker
1986). It is also evident that plasma waves are much stronger to
accelerate ions with relativistic speed only if Mϑ � 1, where mass
ratio M(= me/mi) and dimensionless parameter ϑ = eE/meωc. In
relativistic pulsar wind, the value of ϑ = 1011 (Gunn & Ostriker
1971; Chian 1982). The primary goal of our present investigation is
in the pulsar wind plasma, where superthermal electron-positron
pair is created by relativistic streaming ions. The superthermal
electrons and positrons are created because of stochastic heating
as the relativistic pulsar wind runs into the interaction with the
supernova outburst of the pulsar magnetosphere (Arons 2009; Blasi
& Amato 2011; Shah & Saeed 2011; Coroniti 2017). Lazar, Stockem
& Schlickeiser (2010) explained that only weakly relativistic effects
are considered if the thermal parameter μ(= mc2/KBTi) is greater than
unity (i.e. μ > 1). A plasma with weakly relativistic temperature
is predominantly populated by low energetic ions. In most of the
astrophysical environments (e.g. pulsar wind and gamma-ray burst),
for ions, KBTi ∼ 1 keV and μ ∼ 50−100. Since ions are much
heavier, it would probably be realistic to resume only to the weakly
relativistic effects (Piran 2004). This plasma model is well justified
by numerous investigations (Shah & Saeed (Arons 2009; Shah &
Saeed 2011; Saini & Singh 2016). Therefore, this exquisite example
is well founded to explore the non-linear IA waves in the pulsar wind
having weakly relativistic ions and superthermal electrons-positrons
pair. Many researchers illustrated the characteristics of non-linear
IA waves in a relativistic plasma environments (Gill, Bains & Saini
2009; Saeed, Shah & Noaman-ul-Haq 2010; Pakzad 2011; Sarma,
Misra & Adhikary 2018)

In the recent past, Saini & Singh (2016) investigated the inter-
action of solitary waves in a relativistic superthermal multicom-
ponent plasma having superthermal electrons and positrons with
small dust impurity. However, all the primary findings of these
theoretical plasma models are taken by employing perturbative or
non-perturbative methods with different assumptions to obtain the
analytical solution that represents the IA wave structure. These
techniques are not competent to provide the generation mechanisms
of the non-linear solitary waves. To tackle these limitations, com-
puter simulation technique is the supportive tool to understand the
evolution of the non-linear solitary waves. Kakad, Omura & Kakad
(2013, 2014, 2016) employed the fluid simulations to describe the
dynamics of IASWs in a non-relativistic electron-ion fluid plasma.
Using initial Gaussian-type density perturbations under the short-
and long-wavelength regimes, their simulations have successfully
validated with the non-linear fluid theory. Later, Lotekar, Kakad
& Kakad (2019) developed an efficient poisson solver by adopting
the successive over relaxation method in numerical simulation of
plasma composed of κ distributed electrons (Lotekar et al. 2016,

2017). In this study, we use the similar schemes and techniques in
the development of the relativistic fluid code to model IASWs in
pulsar wind plasma.

The objective of this study is to investigate the evolution of IASWs
and explore the effect of superthermality and density of positrons on
their evolution in pulsar wind. To the best of our knowledge, no fluid
simulation of the generation of IASWs in a weakly relativistic plasma
composed of relativistic inertial ion fluid, superthermal electrons
and positrons have been reported so far. This paper is structured as
follows. The fluid equations and numerical methods employed in
this simulation have been illustrated in Section 2. In Section 3, the
simulation results are described. The comparison of characteristics of
IASWs in relativistic and non-relativistic plasma is given in Section 4.
The results are concluded in Section 5.

2 PLASMA MODEL

We assume that the pulsar relativistic wind encounters a head-
on collision with the ejecta of supernova explosion surrounding
the pulsar, producing superthermal electrons and positrons due to
the stochastic heating process (Arons 2009; Blasi & Amato 2011;
Shah & Saeed 2011; Coroniti 2017). We perform the simulation for
such a region by considering an unmagnetized plasma comprising
of superthermal electrons as well as positrons, and relativistic ion
fluid to examine the evolution of IASWs. The quasi-neutrality is
yielded as ne0 = ni0 + np0, where n0 for ( = i, e, p) are unperturbed
density for plasma species, respectively. In the present plasma model,
pressure and relativistic factor of ions are taken into consideration.
The characteristic features of non-linear relativistic IA waves are
governed by basic set of fluid equations as follows:

∂ni

∂t
+ ∂(niui)

∂x
= 0, (2)

∂(γ ui)

∂t
+ ui

∂(γ ui)

∂x
+ qi

mi

∂φ

∂x
+ 1

mini

∂Pi

∂x
= 0, (3)

∂Pi

∂t
+ ui

∂Pi

∂x
+ νPi

∂(γ ui)

∂x
= 0, (4)

ε0
∂2φ

∂x2
= −e(ni − ne + np), (5)

where ni and ui are the density and velocity of the ions in the x-
direction, respectively. φ is the electrostatic potential, and qi (mi) is
the charge (mass) of the ions. In equation (4), i.e. the equation of
state, we have assumed ions to be adiabatic with with adiabatic index
ν = 3. The relativistic factor γ = (1 − β2)−1/2, where β = Vd/c and
c is speed of light. From the κ distribution function, the expressions
of superthermal electron and positron densities are written as

ne = ne0

(
1 + qeφ

(κe − 3
2 )kBTe

)−κe+ 1
2

, (6)

and

np = np0

(
1 + qpφ

(κp − 3
2 )kBTp

)−κp+ 1
2

, (7)

In the equation above, Te(p) is the temperature of the elec-
trons(positrons) and qe = −e and qp = +e are the basic electronic
charges on electron and positron, respectively.

In this fluid simulation, we compute the numerical solution of
equations (2)–(7) into a discrete system (equidistance in space and
time) and every plasma quantity is also computed on these grid points.
The spatial derivatives in the above equations (2)–(4) are computed
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using the fourth-order central finite-difference scheme (Kakad et al.
2014, 2016; Lotekar et al. 2016, 2017, 2019), which is given by

∂F̃�

∂x
= F̃�−2 − F̃�+2 + 8(F̃�+1 − F̃�−1)

12
x
+ O(
x4). (8)

Here, F̃� denotes the any plasma quantity at � grid points. This
method is accurate up to the fourth power of 
x. In the time leap-
frog method (accuracy is 
t2) is employed to carry out the time
integration of equations (2)–(4). The high-frequency numerical noise
arises due to the discretization of space and time in solving equations
(2)–(4). Thus, fourth-order compensating filter is used to eliminate
these numerical errors (Kakad et al. 2014; Lotekar et al. 2019):

F̃ �
� = 10F̃� + 4(F̃�+1 + F̃�−1) − (F̃�+2 + F̃�−2)

16
. (9)

Here, F̃ �
� represents the filtered quantity at grid points (�). We have

developed a fluid simulation code with periodic boundary conditions.
In the simulation, 
t and 
x are considered in such a way that the
Courant–Friedrichs–Lewy (CFL) condition (i.e. c(
t/
x) ≤ 1) is
always fulfilled for the convergence of the finite difference scheme.
For all simulation runs, ui = Vd at t = 0 and no electric field (i.e. φ

= 0). The background densities of electron, positron, and ion are ni0

+ np0 = ne0. The Gaussian-type initial density perturbation (IDP) is
used in the equilibrium ion density to perturb the plasma as (Lotekar
et al. 2019)

ni = ni0 + 
n exp

[
−
(

x − xc

l0

)2
]

, (10)

where 
n and l0 denote the amplitude and width of the IDP, ni0 is
the equilibrium density of relativistic ions, and xc is the centre point
of the simulation system.

The algorithm of this relativistic fluid code is as follows: Initially,
Gaussian perturbation in the equilibrium density of relativistic ions
is given by equation (10). The initial values of the plasma variables
(ni, ui, and Pi) are used to compute the variables in the next time-step
by using equations (2)–(4). One has to evaluate the superthermal
electron and positron densities because there are no time-dependent
equations for them that can be used to upgrade their numerical
values in every time-steps. The superthermal electrons and positrons
density equations (equations 6–7) are function of the superthermal
indices (κe and κp) and electrostatic potential (φ). First, we have
discretized the Poisson equation (5) using second-order central finite-
difference scheme, and then applied the successive-over-relaxation
(SOR) method as described in Lotekar et al. (2019) to get the values
of potential at J th grid as follows:

φ̄R+1
j = ζφR+1

j + [1 − ζ ]φR
j , (11)

where the discretized expression of φR+1
j is obtained as

φR+1
j = 1

2

⎡⎣
x2

⎡⎣ni − ne0

(
1 + qeφ

R

(κe − 3
2 )kBTe

)−κe+(1/2)

+np0

(
1 + qpφ

R

(κp − 3
2 )kBTp

)−κp+ 1
2
⎤⎦

j

+ φR
j+1 + φR+1

j−1

⎤⎦ . (12)

Here, J and R are the grid point and iteration number, and ζ is a
relaxation parameter of SOR method. After performing the test for
various values of ζ , we found that the code gives best performance
for ζ = 0.9. Therefore, we have taken ζ = 0.9 for all the simulation
runs. The approximate value of the solution is improvised to φ̄R+1

j is
upgraded by using the weighted mean of iterations of previous (φR

j )

and current values of potential (φR+1
j ). The termination criteria to

stop the iteration process in the simulation is given as

max |φR − φR+1| < τ. (13)

To achieve the better numerical stability, we have used the tolerance
τ = 10−10 for all simulations runs. Initially, the value of electrostatic
potential at previous time-step is a guess that is substituted in
equation (5), and then solved for the electrostatic potential. After
every iteration, the new value of φ will be considered as new guess,
and the procedure will be repeated until the termination criteria as
mentioned in equation (13) is achieved. The charge separation arise
due to the superthermal distribution of electron and positron (i.e. the
left-hand side of equation (5) is non-zero). This charge separation
yields the evolution of a finite φ at every time-step.

3 SI MULATI ON R ESULTS

We demonstrate the results from the one-dimensional relativistic
fluid simulations of pulsar wind plasma by considering the periodic
boundary conditions. In each simulation run, we consider the grid
spacing 
x = 0.5, time interval 
t = 0.003, width of the IDP l0

= 20, and amplitude of IDP 
n = 0.2. mi/me = 100, me/mp =
1, Te/Ti = 10, and Te/Tp = 1. The values of plasma frequencies
in the system are ωpi = 0.094, ωpe = 1.0, and ωpp = 0.0316, and
the corresponding Debye lengths are λDi = 1.05, λDe = 3.16, and
λDp = 10, respectively. Here, ni0 + np0 = ne0 = n0 = 1. In this
paper, the parameter density is in units of [n0], time is in units of
[ω−1

pe ], electrostatic potential is in units of [miv
2
thi/e], and velocity is

in units of [ωpeλD]. Here, Debye length, λD =
√

ε0kBTi/n0e2. The
details of different input parameters used in all simulations runs are
given in Table 1. We consider an unmagnetized plasma composed
of relativistic streaming ions, superthermal electrons, and positrons,
and the IDPs are used to perturb the background density of relativistic
ions, which yields the charge separation that drives IASWs. Here,
we illustrate the evolution of relativistically drifting IASW structures
for simulation Run-1A (iii).

3.1 Evolution of stable relativistic IASWs

Fig. 1 shows the evolution of the relativistic IA solitary waves,
when the short-wavelength IDP is introduced in the background
relativistic ion density. The amplitude of the IDP used in the simu-
lation runs is 20 per cent of the equilibrium density. At equilibrium,
the electrostatic potential is zero due to quasi-neutrality. As the
electrons and positrons obey the superthermal distributions, the
initially applied perturbation in the equilibrium ion density yields
the finite electrostatic potential in next time-step during simulation.
Fig. 1(a) describes this potential pulse at the first time-step. It is
noticed that the amplitude of the potential pulse is decreased with
time. This drop in the potential stops after some time, and the pulse
starts splitting from its top while drifting towards the right-hand side
of the x-axis, as depicted in Figs 1(b)–(c). This further evolved into
two identical relativistic IA solitary wave pulses along with the one
smaller pulse (compare to other two pulses) at the centre as shown in
Fig. 1(d). The smaller wave pulse between the two identical solitary
pulses is evolved due to the presence of pressure gradient in the
equation of ions. This pulse may disappears if we unplug the ion
pressure/thermal effects from the fluid model equations (not shown
here). Further, Fig. 1(e) illustrates that the two identical solitary
wave pulses propagate with the different speeds towards right-hand
side of the boundary. These pulses are recognized as relativistic
IASW pulses. The amplitude of the relativistic IASW pulses slowly
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Table 1. Input parameters used in the 26 simulation runs for the different combination of β, np, κe , and κp.

Run β = Vd/c np κe κp

1 i 0.1
A 0.1 ii 0.2 3 4
B 0 iii 0.3

iv 0.4
2 i 2

A 0.1 0.3 ii 3 2
B 0 iii 4

iv 20
3 i 2

A 0.1 0.3 2 ii 3
B 0 iii 4

iv 20

4 A 0.1 0.3 20 20
B 0

Note. For all these simulation runs, we assume 
x = 0.5, 
t = 0.003, l0 = 20, 
n = 0.2, mi/me = 100, and me/mp = 1,
to investigate the evolution of IASWs in a relativistic plasma system.
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Figure 1. (Colour online) The figure shows the evolution of the relativistic IASWs in superthermal relativistic plasma for Run-1A (iii). Panel (a): formation of
finite electrostatic potential pulse at first time-step. Panels (b)–(c): splitting of electrostatic potential pulse into two IA solitary waves that are moving towards
the right-hand side of simulation boundary. Panel (d): formation of two IA solitary wave pulses. Panels (e)–(f): two stable IA solitary waves are propagating
toward the right-hand side of the boundary with different speed. The parameters used in this run are given in Table 1.

reduces, and small-amplitude IA oscillations are formed at the edge
of both pulses. The amplitude of the IA oscillations is much smaller
than the amplitudes of the relativistic IA solitary wave pulses.
The IA oscillations along with the IA wave pulses are shown in
Fig. 1(e). After this stage, the IA wave pulses move with the constant
amplitudes and speeds. These stable pulses are shown in Fig. 1(f),
which we termed as the relativistic IA solitons.

3.2 Spatio-temporal evolution of stable relativistic IASWs

We have explored the effect of the positron concentration and the
particle distributions on the evolution of IASW pulses through the
spatial and temporal evolution of their associated electrostatic poten-
tial in the simulation, which is illustrated, respectively, in Figs 2 and 3.
The IASW pulses propagating away from the centre of the simulation

system towards the right-hand side boundary, due to the drift velocity
(Vd). As the IASW pulses cross the right-hand side boundary, then
it reappear from the left-hand side boundary due to the periodic
boundary conditions considered in the simulation. One can see from
Figs 2 and 3 that the initially excited pulse evolved into the two
identical IASW pulses and one smaller pulse between them. These
two identical pulses get detached from pulse at the centre due to the
difference in their phase speeds. After a long time, both IASW pulses
move stably by preserving their shape and size in the system, which
is the main characteristic feature of the solitons in the plasma system.

3.2.1 Influence of positron concentration

The difference in the spatio-temporal characteristics of the elec-
trostatic potential is clearly seen in Figs 2(a)–(d) for the different
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Figure 2. Spatio-temporal evaluation of electrostatic potential for different values of positrons density (np) from Run-1 A(i–iv).

Figure 3. Spatio-temporal evaluation of electrostatic potential for different values of superthermal indices of electrons and positrons (κe and κp). Panel (a) is plot-
ted from Run-2A (i), panel (b) from Run-4A, panel (c) from Run-2A (iv), and panel (d) from Run-3A (iv). The plasma parameters of these runs are given in Table 1.

values of positron density (np). By comparing the Figs 2(a) and (d),
it seen that the increase in the concentration of positrons results in
the lower amplitudes of relativistic IASW pulses. It is noticed that
the phase velocity of the IASW pulses decrease with increase in the
concentration of positrons. Hence, more number of positrons in the
plasma means slow moving IASW pulses are generated.

3.2.2 Influence of superthermal distribution

Figs 3(a)–(d) show the spatio-temporal characteristics of the elec-
trostatic potential in the course of the evolution of IASW pulses
for the different values of superthermal indices of electron and
positron distributions (κe and κp). It is observed that the phase
speeds and amplitudes of IASW pulses in case of lower values of
the κ index are smaller as compared with higher κ index. This is

because the lower (higher) κ index corresponds to the presence of
considerably higher (lower) superthermal population. This indicates
that the system with more number of superthermal electrons and
positrons has smaller most probable thermal speed. Hence, for the
superthermal electrons/positrons (i.e. lower κe and κp), the wave
phase speed is lesser than the Maxwellian case (higher κe and κp)
by comparing Figs 3(a) and (d). Furthermore, it is seen that the
impact of superthermality of positrons is more significant than the
superthermality of electrons by comparing Figs 3(b) and (c).

3.3 Dispersion characteristics of relativistic IASWs

The free energy given initially in the form of IDP to the sys-
tem is transferred to the different wave modes. The dispersion
characteristics are useful in recognising the different waves evolved
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Figure 4. ω − k diagram for different values of positron density (np) from Run-1A (i–iv). The white dashed lines are plotted from the theoretical linear
dispersion of IA waves in each case.

in the plasma. The dispersion diagrams are obtained by employing
the fast Fourier transformation of the electrostatic potential over
space and time and compared them with the linear dispersion of
the IASWs. The linear dispersion relation of IASWs in relativistic
superthermal plasma is theoretically given by (Saini & Singh 2016)

ω

k
= Vd ±

⎧⎨⎩ 1

miγ

⎛⎝ ni0TeTp

ne0Tp( κe−0.5
κe−1.5 ) + np0Te( κp−0.5

κp−1.5 )
+ 3Ti

⎞⎠⎫⎬⎭
1/2

.

(14)

3.3.1 Influence of concentration of positrons

Figs 4(a)–(d) depict the dispersion diagram of relativistic IASWs
under the influence of positron density. In these figures, we can see
that the energy given in form of the IDP is transferred to the IA
modes. From the dispersion curve, one can obtained the phase speed
of IASW pulse (ω/k). This figure shows that the rise in the positrons
density lowers the phase speed of IASW pulses. Furthermore, we
plotted the linear dispersion equation (equation 14) for the parameters
considered in each panel. It is seen that the the dispersion relation
obtained from the four different simulation runs is exactly matches
with the linear dispersion relation (equation 14) shown by white
dashed curve.

3.3.2 Influence of superthermal distribution

Figs 5(a)–(d) illustrate the dispersion diagram of relativistic IASWs
for different κ index of the superthermal distribution of electrons and
positrons. From the dispersion plots of these four simulation runs:
Run-2A (i), Run-4A, Run-2A (iv), and Run-3A (iv), it is observed that
the increase in the κ indices results in the higher speed of the stable
IASW pulses. These observations of IASWs are consistent with the
observations from the spatio-temporal evolution plots. It is noticed
that the power distributed among the k (wavenumber) range is more
for nearly Maxwellian case (κe and κp = 20) than the superthermal
(κe and κp = 20). Figs 5(c)–(d) show that the spectra of smaller κp

has less power than the spectra of larger κp. It is observed that the
dispersion curves obtained from the simulations are exactly matches
with the linear dispersion curves obtained from the theory, which
are shown with the dashed curves. This confirms that the ion density
perturbations in the polar wind can excite the stable IASW pulses.

4 C HARACTERI STI CS O F IASWS I N
RELATI VI STI C AND NON-RELATI VI STIC
PLASMA

In this investigation, the peak amplitude and phase speed is calculated
in the stable region. The stable region is the time domain where the
generated solitary waves will not change their shape and size. In the
stability region, the IASW pulses propagate with constant amplitudes
and speeds; therefore, it is convenient to study their characteristics
in different simulation runs.

4.1 Influence of positron concentration

We have performed the simulations for relativistic (β = Vd/c = 0.1)
and non-relativistic (β = Vd/c = 0) case separately, for different
positron concentrations. Figs 6(a) and (b), respectively, depict the
variation of peak amplitude and phase speed of relativistic (red
curve) and non-relativistic (blue curve) IASW pulses for different
values of np. It is noticed that rise in the density of positrons reduces
the peak amplitude and phase velocity of both relativistic and non-
relativistic IASW pulses. The increase in positron concentration (i.e.
depopulation of ions) reduces the driving force provided by ion
inertia; consequently, the IASW pulses amplitude decreases (see
Fig. 2). It is observed that both peak amplitudes and velocities of
IASW pulses are larger for relativistic case than the non-relativistic
case. This is because an increase in relativistic factor (i.e. β) increases
the non-linearity, and enhances the amplitude of IASW pulses.
Fig. 6(c) shows the variation of peak amplitude with peak speed
for both relativistic and non-relativistic cases. Fig. 6(c) confirms
the KdV-like behaviour of IASWs, which means small-amplitude
solitary waves have lowest order of non-linearity and dispersion.
Such kinds of solitary wave pulses are governed by the well-known
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Figure 5. ω − k diagram for different values of superthermal indices of electrons and positrons (κe and κp). The white dashed lines are plotted from the
theoretical linear dispersion of IA waves in each case. Panel (a) is plotted from Run-2A (i), panel (b) from Run-4A, panel (c) from Run-2A (iv), and panel (d)
from Run-3A (iv). The plasma parameters of these runs are given in Table 1.
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Figure 6. The variation of (panel a) average peak amplitude <φm > of IASWs, (panel b) average phase velocity (<Vp >) of IASWs for different values of
positrons density (np), and (panel c) variation of average peak amplitude (<φm >) versus average phase velocity (<Vp >) of IASWs for fixed values of κe = 3
and κp = 4. The parameters of the relativistic [Run-1A (i–iv)](see Fig. 2) and non-relativistic [Run-1B (i–iv)] runs are given in Table 1.

KdV equation that is used to study the breaking of soliton into
multisolitons moving with different phase velocities and interaction
of solitons without changing its shape and size (Saini & Singh 2016).
Fig. 6(c) illustrates the KdV-like behaviour of IASW pulses in both
relativistic and non-relativistic plasmas.

4.2 Influence of superthermal distribution

In this section, the simulations for relativistic and non-relativistic
case are performed separately, for different κ index of electrons
and positrons. Figs 7(a), (b), (d), and (e) depict the variation of
peak amplitude and phase speed of relativistic (red curve) and non-
relativistic (blue curve) IASW pulses for different values of κe and

κp. It is found that both amplitude and speed of IASW pulses
are escalated with an increase in both κe and κp (i.e. decrease in
superthermality of electrons and positrons) for both relativistic and
non-relativistic cases. Physically, the increase in κe and κp increases
the non-linearity as a result the amplitude of IASW pulses increases
(see Fig. 3). The increase in κe and κp can also be interpreted
as increase in the electrons/positrons pressure, due to which the
restoring force increases, and ultimately the speed of the IASW
pulses enhances. It is observed that both peak amplitudes and phase
velocities are higher for relativistic case that the non-relativistic.
Figs 7(c) and (f) show the variation of average peak (<φm >) and
average peak velocities (<Vp >) for relativistic and non-relativistic
case, respectively. These figures explain the KdV-like behaviour of
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Figure 7. The variation of average peak amplitude <φm > and average phase velocity (<Vp >) of IASWs for different values of κe (panels a and b) and κp

(panels d and e). The variation of average peak amplitude (<φm >) versus average phase velocity (<Vp >) of IASWs for the respective case is shown in panels
(c) and (f) (see Fig. 3). Other parameters used in the simulation are given in Table 1. The upper panels are plotted from the data sets of simulation Run-2A (i–iv)
and Run-2B (i–iv), whereas the bottom panels are from Run-3A (i–iv) and Run-3B (i–iv). The parameters used in these runs are given in Table 1.

IASWs in given plasma system. Furthermore, it is seen that both
amplitudes and speeds of the IASW pulses are higher in the case
of varying electron density (ne) as compared to the case of varying
positron density (np). This shows that the non-thermality of electrons
play dominant role in producing the large-amplitude faster IASW
pulses as compared to the non-thermality of the positrons.

5 C O N C L U S I O N S

In this paper, we have presented the evolution and propagation of
the IASWs in a relativistic pulsar wind plasma composed of weakly
relativistic ions and superthermal electrons as well as positrons. Our
simulation shows that the time span required for the formation of
stable IASW pulses is lesser for the higher values of κ index (i.e. small
superthermality effect) and concentration of positrons (np). This
suggests that the IASWs are generated much faster in superthermal
and the positron populated pulsar wind plasma. It is observed that
the IASW pulses become stable and their characteristics features like
maximum amplitude, and speed (Vp) are constant after some time
span, which we named as the stable region. We have obtained the
characteristics of the stable relativistic IASW pulses in this region.
The dispersion characteristics of IASW pulses obtained from the
simulations are compared with the dispersion characteristics obtained
from the fluid theory, which is consistent with our simulation results
for both relativistic and non-relativistic cases. The peak amplitude
and phase speed of the IASW pulses are much higher in the relativistic
case than the non-relativistic case. The peak amplitude and phase
speed of the IASW pulses increases with the superthermal index,
whereas the positron concentration reduces the peak amplitude
and the phase speed of the IASW pulses. In this study, we have
considered the initial density perturbation with amplitude 
n and
width l0 for all simulation runs. However, one can use perturbations
with different amplitudes and widths to generate IASW pulses
in the simulation. It is expected that the different amplitude and
width of perturbations will generate IASW pulses with different
characteristics. This particular aspect is not discussed in our paper
as we focus on the effect of plasma parameters on the evolution of

IASW pulses in pulsar wind plasma. Our simulations conclude that
the plasma parameters including relativistic factor play very pivotal
role for the evolution of IASW pulses and have an influence on the
phase velocity and amplitude of IASW pulses in pulsar wind plasma.

In pulsar wind, the ejection of relativistic streaming ions can create
localized high-density regions accompanied by the localized electric
field structures (electric potentials), which propagates with acoustic
speed. It is known that the wave potentials associated with the
localized perturbations can trap the charged particles with energies
less than the electric potential energy, and get transported along with
the wave (Kakad et al. 2013). In such a case, the charged particles
confined by the electric potential accompanied by the solitary wave
get energy by the repetition of reflections that lead to the acceleration
of charged particles (Ishihara et al. 2018). Such a scenario of the
particle acceleration by IASWs in plasma is discussed by Ishihara
et al. (2018). Our study shows that the IASWs can be evolved
in pulsar wind plasma. Thus, proposed one of the possibilities of
the particle transport and particle accelerations through the IASWs.
In this way, the results of our investigation may shed the light on
particle acceleration and energy transportation by non-linear IASWs
in astrophysical plasmas, especially when relativistic pulsar winds
interacts with supernova outburst surrounding the pulsar (Arons
2009; Blasi & Amato 2011; Shah & Saeed 2011; Coroniti 2017).

AC K N OW L E D G E M E N T S

KS thanks the Plasma Science Society of India (PSSI) for providing
the fellowship for collaborative research. KS is also grateful to
Professor D. S. Ramesh, Director, Indian Institute of Geomagnetism
(IIG) for the encouragement and support during his visit to IIG.
The model computations were performed on the High Performance
Computing System at IIG. NSS also acknowledges the support by
DRS-II (SAP) No. F 530/17/DRS-II/2015(SAP-I) UGC, New Delhi.

DATA AVAI LABI LI TY

The derived data generated in this research will be shared on
reasonable request to the corresponding author.

MNRAS 500, 1612–1620 (2021)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/500/2/1612/5944141 by  singh.kdeep07@
gm

ail.com
 on 24 N

ovem
ber 2020



1620 K. Singh et al.

RE FEREN C ES

Armstrong T. P., Paonessa M. T., Bell E. V. II, Krimigis S. M., 1983, J.
Geophys. Res., 88, 8893

Arons J., 1979, Space Sci. Rev., 24, 417
Arons J., 2009, in Becker W., ed., Astrophysics and Space Science Library,

Vol. 357, Neutron Stars and Pulsars. Springer, Berlin, p. 373
Bains A. S., Li B., Xia L. D., 2014, Phys. Plasmas, 21, 032123
Baluku T. K., Hellberg M. A., Kourakis I., Saini N. S., 2010, Phys. Plasmas,

17, 053702
Becker U., 1986, J. Phys. B, 19, 1347
Bharuthram R., Shukla P. K., 1986, Phys. Fluids, 20, 3214
Blasi P., Amato E., 2011, Astrophys. Space Sci. Proc., 2, 623
Cairns R. A., Mamun A. A., Bingham R., Shukla P. K., 1996, Phys. Scr., 63,

80
Chatterjee P., Ghosh U. N., 2011, Eur. Phys. J. D, 64, 413
Chian A. C. L., 1982, Plasma Phys., 24, 19
Coroniti F. V., 2017, ApJ, 850, 184
Formisano V., Moreno G., Palmiotto F., 1973, J. Geophys. Res., 86, 8157
Ghosh B., Banerjee S., 2016, Turkish J. Phys., 40, 1
Gill T. S., Kaur H., Saini N. S., 2003, Phys. Plasmas, 10, 3927
Gill T. S., Bains A. S., Saini N. S., 2009, Can. J. Phys., 87, 861
Goldreich P., Julian W. H., 1969, ApJ, 157, 869
Grabbe C. J., 1989, Geophys.Rev., 94, 17299
Greaves R. G., Surko C. M., 1995, Phys. Rev. Lett., 75, 3846
Gunn J. E., Ostriker J. P., 1971, ApJ, 165, 523
Haque Q., 2020, Results Phys., 18, 103287
Halder P., Mukta K. N., Mamun A. A., 2019, Int. J. Cosmol. Astron.

Astrophys., 1, 81
Hellberg M. A., Mace R. L., Baluku T. K., Kourakis I., Saini N. S., 2009,

Phys. Plasmas, 16, 094701
Ikezi H., Taylor R., Baker D., 1970, Phys. Rev. Lett., 25, 11
Ishihara H., Matsuno K., Takahashi M., Teramae S., 2018, Phys. Rev. D, 98,

123010
Kakad A., Omura Y., Kakad B., 2013, Phys. Plasms, 20, 062103
Kakad B., Kakad A., Omura Y., 2014, J. Geophys. Res.: Space Phys., 119,

5589
Kakad A., Kakad B., Anekallu C., Lakhina G., Omura Y., Fazakerley A.,

2016, J. Geophys. Res.: Space Phys., 121, 4452
Kakad A., Lotekar A., Kakad B., 2016, Phys. Plasmas, 23, 110702
Kotani T., Kawai N., Matsuoka M., Brinkmann W., 1996, PASJ, 48, 619
Lazar M., Stockem A., Schlickeiser R., 2010, Open Plasma Phys. J., 3, 138
Leubner M. P., 1982, J. Geophys. Res., 87, 6335

Livadiotis G., Desai M. I., Wilson L. B. III, 2018, ApJ, 853, 142
Lotekar A., Kakad A., Kakad B., 2016, Phys. Plasmas, 23, 102108
Lotekar A., Kakad A., Kakad B., 2017, Phys. Plasmas, 24, 102127
Lotekar A., Kakad A., Kakad B., 2019, Commun. Nonlinear Sci. Numer.

Simul., 68, 125
Masters A., Sulaiman A. H., Sergis N., Stawarz L., Fujimoto M., Coates A.

J., Dougherty M. K., 2016, ApJ, 826, 48
Michel F. C., 1982, Rev. Mod. Phys., 54, 1
Miller H. R., Witta P. J., 1987, Active Galactic Nuclei. Springer
Nejoh Y., 1992, Phys. Fluid B: Plasma Physics, 4, 2830
Pakzad H. R., 2011, Ap&SS, 334, 337
Piran T., 2004, Rev. Mod. Phys., 76, 1143
Popal S. I., Vladimirov S. V., Shukla P. K., 1995, Phys. Plasmas, 2, 716
Saeed R., Shah A., Noaman-ul-Haq M., 2010, Phys. Plasmas, 10, 3927
Sagdeev R. Z., 1966, Rev. Plasma Phys., 4, 23
Saini N. S., Singh K., 2016, Phys. Plasmas, 23, 103701
Saini N. S., Kourakis I., Hellberg M. A., 2009, Phys. Plasmas, 16, 062903
Saini N. S., Chahal B. S., Bains A. S., 2013, Ap&SS, 347, 129
Saini N. S., Singh M., Bains A. S., 2015, Phys. Plasmas, 22, 113702
Sarma R., Misra A. P., Adhikary N. C., 2018, Chin. Phys. B, 27, 105207
Shah A., Saeed R., 2011, Plasma Phys. Control. Fusion, 53, 095006
Shukla P. K., Mamun A. A., 2002, Introduction to Dusty Plasma Physics.

Institute of Physics, Bristol
Shukla P. K., Stenflo L., 1993, Ap&SS, 209, 323
Shukla P. K., Yu M. M., Tsintsadze N. L., 1984, Phys. Fluids, 27, 327
Singh K., Saini N. S., 2019, Phys. Plasmas, 26, 113702
Singh K., Kaur N., Saini N. S., 2017, Phys. Plasmas, 24, 063703
Singh K., Sethi P., Saini N. S., 2018, Phys. Plasmas, 25, 033705
Sultana S., Sarri G., Kourakis I., 2012, Phys. Plasmas, 19, 012310
Summers D., Thorne R. M., 1991, Phys. Fluids B: Plasma Phys., 3, 1835
Surko C. M. et al., 1986, Rev. Sci. Instrum., 57, 1862
Surko C. M., Murphy T. J., 1990, Phys. Fluids B, 2, 1372
Tajima T., Taniuti T., 1990, Phys. Rev. A, 42, 3587
Tandberg-Hansen E., Emshie A. G., 1988, The Physics of Solar Flares.

Cambridge Univ. Press, Cambridge
Tinkle M. D., Greaves R. G., Surko C. M., Spencer R. L., Mason G. W., 1994,

Phys. Rev. Lett., 72, 352
Vasyliunas V. M., 1968, J. Geophys. Res., 73, 2839
Washimi H., Taniuti T., 1966, Phys. Rev. Lett., 17, 996

This paper has been typeset from a TEX/LATEX file prepared by the author.

MNRAS 500, 1612–1620 (2021)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/500/2/1612/5944141 by  singh.kdeep07@
gm

ail.com
 on 24 N

ovem
ber 2020

http://dx.doi.org/10.1029/JA088iA11p08893
http://dx.doi.org/10.1007/BF00172212
http://dx.doi.org/10.1007/978-3-540-76965-1_15
http://dx.doi.org/10.1007/978-3-540-76965-1_15
http://dx.doi.org/10.1063/1.4869464
http://dx.doi.org/10.1063/1.3400229
http://dx.doi.org/10.1088/0022-3700/19/9/015
http://dx.doi.org/10.1063/1.865839
http://dx.doi.org/10.1140/epjd/e2011-20155-7
http://dx.doi.org/10.1088/0032-1028/24/1/002
http://dx.doi.org/10.3847/1538-4357/aa984c
http://dx.doi.org/10.1063/1.1611486
http://dx.doi.org/10.1139/P09-046
http://dx.doi.org/10.1086/150119
http://dx.doi.org/10.1029/JA094iA12p17299
http://dx.doi.org/10.1103/PhysRevLett.75.3846
http://dx.doi.org/10.1086/150919
http://dx.doi.org/10.1063/1.3213388
http://dx.doi.org/10.1103/PhysRevLett.25.11
http://dx.doi.org/10.1103/PhysRevD.98.123010
http://dx.doi.org/10.1063/1.4810794
http://dx.doi.org/10.1002/2014JA019798
http://dx.doi.org/10.1002/2016JA022365
http://dx.doi.org/10.1063/1.4969078
http://dx.doi.org/10.1093/pasj/48.4.619
http://dx.doi.org/10.2174/1876534301003010138
http://dx.doi.org/10.1029/JA087iA08p06335
http://dx.doi.org/10.3847/1538-4357/aaa713
http://dx.doi.org/10.1063/1.4964478
http://dx.doi.org/10.1063/1.4991467
http://dx.doi.org/10.1016/j.cnsns.2018.07.041
http://dx.doi.org/10.3847/0004-637X/826/1/48
http://dx.doi.org/10.1103/RevModPhys.54.1
http://dx.doi.org/10.1063/1.860157
http://dx.doi.org/10.1007/s10509-011-0727-5
http://dx.doi.org/10.1103/RevModPhys.76.1143
http://dx.doi.org/10.1063/1.871422
http://dx.doi.org/10.1063/1.4963774
http://dx.doi.org/10.1063/1.3143036
http://dx.doi.org/10.1007/s10509-013-1502-6
http://dx.doi.org/10.1063/1.4935165
http://dx.doi.org/10.1088/1674-1056/27/10/105207
http://dx.doi.org/10.1088/0741-3335/53/9/095006
http://dx.doi.org/10.1007/BF00627453
http://dx.doi.org/10.1063/1.864628
http://dx.doi.org/10.1063/1.5119894
http://dx.doi.org/10.1063/1.4984996
http://dx.doi.org/10.1063/1.5020194
http://dx.doi.org/10.1063/1.3677265
http://dx.doi.org/10.1063/1.1139154
http://dx.doi.org/10.1063/1.859558
http://dx.doi.org/10.1103/PhysRevA.42.3587
http://dx.doi.org/10.1103/PhysRevLett.72.352
http://dx.doi.org/10.1029/JA073i009p02839
http://dx.doi.org/10.1103/PhysRevLett.17.996

