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ABSTRACT

Coherent bipolar electric field structures with negative unipolar potentials are widely observed in space plasmas. These bipolar structures are
often found to be ion Bernstein Greene Kruskal (BGK) modes or ion holes. Most theoretical models of ion holes assume them to be
stationary with respect to the background plasma that follows either Maxwellian or kappa-type distribution. In this paper, we present a new
theoretical model of ion holes where the structures are non-stationary, and electrons follow flat-topped distribution. We use the classical
BGK approach to derive the inequality separating allowed and forbidden simultaneous values of amplitude and spatial width of ion holes.
The model reveals that the parametric space for the existence of ion holes decreases with their speed. We applied the developed model to the
largest available dataset of ion holes obtained from the magnetospheric multiscale spacecraft observations in the Earth’s bow shock region.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0086613

I. INTRODUCTION

Numerous spacecraft have observed a single or train of isolated
electrostatic structures with the bipolar parallel electric field in space
plasma environments. * They are interpreted as electron phase-space
holes,” " i, solitary waves with positive electrostatic potential
formed in a nonlinear stage of various electron streaming instabil-
ities'> ' or ion phase-space holes,””'” i.e., solitary waves of negative
electrostatic potential formed due to ion streaming instabilities.””
Recently, Magnetospheric Multiscale Mission (MMS) reported the
observation of bipolar electrostatic structures with negative electro-
static potentials in the Earth’s bow shock region.”” These structures
were interpreted as ion phase-space holes or ion holes (IHs).

The ion or electron phase-space holes are generally addressed as
Bernstein Greene Kruskal (BGK) modes.'® >’ One can use the Sagdeev
pseudopotential approach,”** studied extensively by Schamel, or an
integral solution approach to study BGK modes.'”'” In the pseudopo-
tential approach, the trapped and passing particle distribution function
is assumed, and the Poisson equation is solved to obtain the poten-
tial.”* > In the integral solution approach, the BGK approach, the
form of the potential and the passing particle distribution, is assumed.
They are plugged into the Poisson equation and obtain the trapped
density, which can be expressed as an integral of the trapped particle

distribution function. Thus, from the solution of this integral equation,
we obtain the trapped particle distribution function.'””**** In this
study, we use the integral solution approach to model the ion BGK
modes.

Recently, Vasko et al.”* and Wang et al.®” have reported thou-
sands of the bipolar electric field structures with negative unipolar
potential in the Earth’s bow shock region. A detailed analysis by Wang
et al.” has shown that the observed structures cannot be solitons of any
type, because the structures with larger spatial scales tend to have
larger amplitudes, while in the case of solitons we would observe the
opposite trend.”’ Thus, they interpreted these structures in terms of
BGK ion holes. The majority of the theoretical models are incapable of
explaining these observations due to the theoretical restrictions on the
ion-to-electron temperature ratio. However, Aravindakshan et al’>»
have recently proposed the model for ion holes, which is applicable to
any case of the ion-to-electron temperature ratio.

Most theoretical models of ion holes assume that these structures
are stationary, and the background plasma follows either Maxwellian
or kappa-type distribution. In this paper, we present a theory of non-
stationary ion holes in a plasma where electrons follow flat-topped
type distribution and ions follow drifting Maxwellian distribution. The
paper is arranged as follows. Section II presents the theoretical model,
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Sec. 111 discusses the numerical results, Sec. I'V discusses the applica-
tion of the model to the ion hole observations in the Earth’s bow
shock, and the paper ends with concluding remarks in Sec. V.

Il. THEORETICAL MODEL

We consider plasma consisting of electrons and ions, wherein the
ions follow drifting Maxwell distribution and electrons follow flat-
topped distribution function. Due to any plasma process, let us assume
that a coherent bipolar electrostatic structure has been produced. Its
bipolar electric field is associated with a unipolar Gaussian electrostatic
potential with negative polarity. The electrostatic potential of the bipo-
lar structure is @, and the velocity of the structure in the rest frame of
background ions is U;. The spatial coordinate x is measured in units of
the electron Debye length /Ap, the velocities are in units of
(2T./m;)"/?, and the normalized electrostatic potential is ¢ = e®/T,,
while M = U,/(2T,/ mi)l/ % is the Mach number. Here, T, is the tem-
perature of electrons, m; is the mass of ions, and the denominator
(2T./m;)'"* is roughly comparable to the ion sound speed. Here, the
ion hole is assumed to propagate with velocity U; with respect to ions
and electrons, which will help us to understand the non-stationary
effects of ion holes. From an observational standpoint, MMS measures
the ion hole velocity, U}, and the plasma flow velocity, V;, in the
spacecraft rest frame. For the analysis, we convert it into the rest frame
of the plasma ions using the formula, U; = |U; — k - V;|. Here, k is
the unit vector along the ion hole propagation direction. Now, this
speed (Uy) is further used to compute the Mach number in the plasma
rest frame.”

g=1

scitation.org/journal/php

We consider the following form of the flat-topped distribution
function as the unperturbed electron velocity distribution function:****

<

noCr v? !
Fo(v? /) = === 1+(v—2) , 1)

() 0

where 1y is the equilibrium density,  is the spectral index, # is the fac-
tor that controls the flatness of the distribution function, v, is a scale
velocity related to the electron thermal velocity, (2T, / me)'/?, as given
in Eq. (3), and C, is the normalization constant defined as

r'©)

1 1)

The pictorial representation of the flat-topped distribution function is
given in Fig. 1. The top left panel shows the case of { = 1 and top right
panel shows the case of { = 2. The bottom left panel shows the case of
{ = 4 and bottom right panel shows the case for { = 9. The solid lines
represented by different colors shows the case for different values of n.
The dashed cyan colored line represents the case for Maxwell-
Boltzmann distribution function. The flat-topped electron distribution
function has two essential factors, n and {, which control its shape.
Here, n controls the flatness of the distribution function, whereas {
controls the height of the distribution function. The flatness of the dis-
tribution function commonly influences the average thermal energy of
the electrons.

CnC = (2)

g=2
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FIG. 1. The figure shows the form of flat-topped electron distribution function for various spectral indices. The dashed curve in cyan color represents the Maxwell-Boltzmann
distribution function. Here, for the case of flat-topped distribution, we have used v, as normalization factor and in the case of Maxwellian, the velocity is normalized with v.e.
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The relation between the electron temperature and parameter
v is
,B((—3/2n,3/2n)

T, = — T = maf 3
¢ = MU B Jam, 1jam) e e ®)

Here, B(x, y) is the Beta function defined as

_Tery)
N =Tty

In the presence of the bipolar electric field structure, the electron dis-
tribution function adjusts to the electrostatic potential. As a result, in
the Eq. (1) we substitute, v* — v* — 2eqp/m,,

F(v,x) = Fo(v* /0§ — 2eqp/m0}). (4)
Using the relation Egs. (3) and (4), we determined the perturbed den-
sity of electrons as

Fe(v,x) = Fo(v* /g — 2fup)- ®)

The perturbed density of electrons is determined as

+00

ne(¢) = J Fo(v* /v — 2fur@)dv.

—0o0

We can expand this into the series up to terms of ¢? under the
assumption of small amplitude expansion, and the electron density is
given by

M=1

[3,]

— T,=2 — T=4
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ne(@) =14 a10 + a:¢°, (6)

where
ay = 2{f:CueB(C+1/2n,1 — 1/2n), (7)
ay = —f7.Cu{B({ +3/2n,1 = 3/2n). (8)

The asymptotic expansion is valid everywhere at n > 1 except a
vicinity of n = 3/2. Clearly, at n > 3/2, we have a, > 0, while at n < 3/
2, we have a, < 0.

The bipolar electric field is associated with a unipolar electrostatic
potential with negative polarity, which can typically be approximated
by a Gaussian profile. Even though the assumption that the potential
conforms to a Gaussian profile is an over-simplification for the
observed scenarios, this approximation by a Gaussian function will
not significantly alter the results relative to what would be obtained for
any other more realistic functional forms. Moreover, the use of a
Gaussian profile will simplify the mathematical formulation. Thus, the
potential can be written as

@ = —y exp (—x*/26), ©9)

where 1/ is the maximum amplitude of the potential and ¢ is the width
of the potential.

Therefore, 3*¢/dx* can be expressed as a function of ¢ as
follows:

(10)

w
0.5L
0.01 0.05 0.10 0.50 1
|l
M=0.5
5
— T,=2 — T=4
2 — T,=6 — T,=8
v 1 — T T,=0.5
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02.01 0.05 0.10 0.50 1

Iyl

FIG. 2. The effect of Mach number and ion-to-electron temperature ratio, T, = (T;/T,) on the physically plausible y/—o region for the existence of IHs is shown here for n =4
and { = 1. Different colored lines are used to represent the effect of temperature ratio. The area above each curve defines the plausible 1/—o region of existence of IHs.
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The above-mentioned normalization results in the Poisson equation
¢
Ox?
where 7, and n, are perturbations of electron density and density of
ions on passing orbits. The trapped ion density, #,,, is

0
Jur(w)
Ap) = ———dw. 12
o) = [ S (12)
Here, w is the total energy variable defined as w = v — ¢. The distri-
bution function is defined in the region — < w < 0. The density n,
of ions of the passing ions is

= fle — Ny — Ny, (11)

< £ (w) + £ (w)

7 dw. (13)

o) = |

0o 2w—g)

Here, f,(w) is the passing ion distribution function. The velocity distri-
bution functions of passing ions (with w > 0) is

9 (w) = ;T exp [ (MtT‘FW)] (14)

where T, = T;/T,. Thus, f,(w) can be written as

fw) 57w

folw) =202

M=1
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Thus, the distribution function of trapped ions is

1d |[°nle)—n,—p(p)
Jo(w) = ——— UW— ﬁ

ndw
Now all we need is to calculate the trapped ion distribution. The distri-
bution function of the trapped ions is defined at —y < w < 0 and can
be determined as follows:

fir(w) = ,li |:J 1() —\/1%(_317_ ()

ndw
By substituting, Egs. (6), (10), and (13) in Eq. (16), we obtain the
trapped ion distribution function. The distribution function of trapped
ions f,(w) can be split into three parts f, = ft(rl)(w) + ft(rz)(w)
+ ft<,3) (w), which each ft<,i) corresponding to n,, #,, and p(¢), respec-
tively. The detailed computations show that

d(p}. (15)

d(p:|. (16)

2/ — 4
ft<rl)(w) =- Y [ﬂl +*ﬂzw}, (17)
T 3
o I(\/—W/T,, —M/\/T,) +1(./—W/T,,M/\/T,)
(18)
3) 2/ —w v
£ (w) = - {2ln (M) +1]. (19)
M=2
Sp——
2
© —T=2 — T=4
1 — T,=6"— T,=8
— T,=1 T,=0.5
0.5L
0.01 0.05 0.10 0.50 1
L7
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w0 1 — T=1 T=
0.5
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FIG. 3. The effect of Mach number and ion-to-electron temperature ratio, T, = (T;/T,) on the physically plausible region for the existence of IHs is shown here for n =2 and
{ = 2. Different color schemes are used to represent the effect of temperature ratio and different subplots show the effect of Mach number.

Phys. Plasmas 30, 022903 (2023); doi: 10.1063/5.0086613
Published under an exclusive license by AIP Publishing

30, 022903-4

8€ 'LE€:60 920C aunrc zzg


https://scitation.org/journal/php

Physics of Plasmas ARTICLE

In the above-mentioned equations,

00 e—(aerﬁ)Z

0

The summation of Eqs. (17)-(19) describe the total distribution
function of trapped ions. However, the integral in Eq. (18) can only be
calculated numerically when the M > 0. When we calculate the total
distribution function, f,(w) numerically, we arrive at a relation
defined by the width and amplitude of the potential that helps to
understand the structure the wave potential that can sustain an ion
hole equilibria.

WmaXs 6max

scitation.org/journal/php

lll. NUMERICAL RESULTS

Assuming the positivity of the trapped ion distribution function
defined in Egs. (17)-(19), we derive a parametric space defined by the
width (6) and amplitude () of the potential, which supports the exis-
tence of THs. Other than the factors, n and {, there are parameters like
Mach number, M, temperature ratio, T;/ T, which play a significant role
in determining the d — 1 parametric space that support existence of IHs.
We discuss these aspects in detail by considering the following two cases:

A. Case |: n=4,(=1

Figure 2 shows the width-amplitude relation for n =4 and { = 1.
Each subplot describes the case of different Mach numbers, and each

Wmaxs 6min

0 1 2 3 4 5 6
M
Wmin, 6max

0 1 2 3 4 5
M

[-2]

0 1 2 3 4 5
M
Wmin, 6min

(=]

FIG. 4. The variation in temperature ratio with the Mach number for different observed s and o is given. The red region represents the allowed region and the blue region
denotes the restricted region for IHs. Here, the values of n and { are assumed as 4 and 1, respectively.
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line in the subplot describes case for different temperature ratios. The
space above each curve represents the set of i and ¢ that can support
physically plausible IHs. As the region above the curve decreases with
the increasing Mach number, the allowed combination of width and
amplitude to support physically plausible IH equilibrium decreases. We
can see that for M = 0.5 (see bottom right panel in Fig. 2) and 1 (see top
left panel in Fig. 2), all the temperature ratios support [Hs. However, as
the Mach number increases like we see in the top right panel and bot-
tom left panel in Fig. 2, the physically plausible solutions are obtained
only for lower temperature ratios. Moreover, as the temperature ratio
decreases, the region that the inequality satisfies increases; for a constant
Mach number. Thus, the ion holes are more favorable when the electron
temperature is larger than the ion temperature.

B. Case ll: n=2,(=2

Figure 3 describes the variation of the width-amplitude region
for different Mach number and temperature ratio T,, for n=2 and
{ = 2. Each subplot describes the case of different Mach numbers, and
each line in the subplot describes the temperature ratio assumed. In
this case, the overall trend remains the same as mentioned in the case
I. Nevertheless, it is essential to note some significant changes regard-
ing the allowed width-amplitude parameter space of the IHs; espe-
cially, in the case of higher Mach numbers. In the case of higher Mach
numbers, M =2 and M = 3 (compare the top right panel and bottom
left panel in Figs. 2 and 3), it can be observed that the allowed region
defined by the width (6) and amplitude () of the potential is signifi-
cantly smaller. This implies that when the electrons follow distribution
function more closer to flat-topped distribution function, the system
can support IHs that moves with a greater speed. As the “flatness”
decreases with the decrease in 7 and the increase in ( (see Fig. 1), the
system is less likely to support IHs with large velocity.

IV. APPLICATION TO MMS OBSERVATIONS
OF ION HOLES

In this section, we apply our theoretical model to the largest data-
set of ion holes, reported by Wang et al,” where more than 2000 ion
holes were observed. For each observed ion hole, Wang et al” deter-
mined the spatial scale, amplitude, and velocity. Figure 4 displays the
relation between temperature ratio and Mach number that divides the
parameter space into allowed and restricted regions for the existence
of THs. The red region represents the allowed region and the blue
region shows the restricted region of IHs. The theoretical regions in
terms of T, and M are shown here for four different combinations of
maximum and minimum observed values of Y and ¢ from Wang
et al” It can be seen that the allowed region is larger, when the & is
large, compared to the other combinations.

Now, we compare the theoretical prediction of IHs with the actual
ion hole observations. In Fig. 5, the theoretically allowed combinations
of M and T, are shown. As mentioned in the case of Fig. 4, the red col-
ored region shows the allowed combinations of M and T, and blue
region shows the restricted combinations. The Mach numbers and tem-
perature ratios of the observed IHs are superimposed on the theoretical
values and are shown with the yellow dots. The Mach numbers of the
observed IHs are defined here exactly the way we defined in the theory,
ie, M = Uy/(2T,/ mi)l/ %, We assumed the maximum observed values
of i and 6 (y = —0.52 and ¢ = 54.2) to generate this plot. Moreover,
we have also assume 7 =4 and { = 1 in this plot. Figure 5 shows that

ARTICLE scitation.org/journal/php

FIG. 5. The variation in temperature ratio with the Mach number for the maximum
observed values of Y and ¢ is given. The red region represents the allowed region
and the blue region denotes the restricted region. Here, the values of n and ( are
assumed as 4 and 1, respectively. The yellow dots indicate the temperature ratio
and Mach number of the observed ion holes by MMS spacecraft.

the theoretically allowed region of ion holes does not exist for higher
Mach numbers and higher temperature ratios temperature ratios, as
predicated by the theory (see Figs. 2 and 3). It can be seen that majority
of the observations fits well with the theory. However, there are some
observations IHs whose the parameters fall in the theoretically restricted
region. This might be due to the use of single Maxwellian ion distribu-
tion function that does not accurately describe the ion distributions. This
is certainly expected, because the ion distribution function in the bow
shock is in general, a combination of incoming more or less Maxwellian
solar wind ions and a population of reflected protons. As these reflected
protons can have different distribution, the total velocity distribution of
ions will be a combination of different distributions. The modeling of
such combination is rather complicated, because the distributions are
agyrotropic and might be highly non-Maxwellian. Nevertheless, the use
of Maxwellian model shows that the majority (98%) of the ion holes are
in the region allowed by the theory. According to our model, we try to
say that if the relative velocity of the structure is larger, then the probabil-
ity of system to support an ion hole is less. As most of the IH observa-
tions still fall within the theoretically allowed region, the present theory
can be applied to model IH observations, where the electrons follows the
flat-topped or close to flat-topped distribution.

V. CONCLUSIONS

The theoretical model for ion holes in space plasma where the
electrons follow flat-topped distribution function was developed,
incorporating the ion hole velocity. In this paper, we have discussed
about the effects of various parameters (both electrons and ions) on
the existence of ion holes in a collisionless plasma. Such effects were
studied by observing the parametric spaces defined by width and
amplitude of the wave potential, Mach number, and temperature ratio.
The theoretical analysis showed that with the increase in Mach num-
ber and temperature ratio, the probability for the existence of IHs
decreases. The parametric space defined by Mach number and
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temperature ratio also demonstrates that if the assumed width of the
wave potential is large and the amplitude is small, such a combination
favors the IHs existence the most. On the other hand, if the assumed
width of the wave potential is small and the amplitude is large, such a
combination favors the IHs existence the least. Another important fac-
tor is the role of the shape of electron distribution in the existence of
ion holes. The model shows that the shape of electron distribution
(which is controlled by #n and () has greater impacts on the width-
amplitude region that supports IHs when the structure is moving at a
higher speed and has a higher temperature ratio. The theoretical analy-
sis shows that the electron distribution with a more flat-top shape in
the system favors IHs even if they move at high velocities.

Finally, we applied our theory to the largest ion hole dataset
obtained from MMS observations in the Earth’s bow shock region and
found that majority of the observations falls within the theoretically
allowed region, thus providing a validation of our theory.
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