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Abstract

A general model for the ion- and electron-acoustic solitons and double layers in a multi-component unmagnetized plasma consisting
of background electrons, counter-streaming electron beams and ions is discussed. The model is based on the multi-fluid equations and
the Poisson equation, and uses the Sagdeev pseudo-potential techniques. For identical counter-streaming electron beams and depending
upon the plasma parameters, three types of solutions, namely, ion-acoustic, slow and fast electron-acoustic soliton/double layer, are pos-
sible. Generally, the ion acoustic solitons have positive potentials, slow-electron acoustic solitons have negative potentials and fast elec-
tron-acoustic solitons and double layers can have either positive or negative potentials depending on the core electron density. As beam
speed is increased, first ion-acoustic and then slow electron-acoustic solitons disappear. At large beam speed, only fast electron-acoustic
solitons/double layers survive. The results may be relevant to the observations of the electrostatic solitary waves (ESWs) observed in the
Earth’s magnetosphere.
� 2010 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Electrostatic solitary waves (ESWs) have been observed
in several regions of the Earth’s magnetosphere, e.g., the
bow shock (Bale et al., 1998), magnetosheath (Pickett
et al., 2003, 2005), magnetopause and on cusp field lines
(Franz et al., 1998; Cattell et al., 1999), Polar cap boundary
layer (Tsurutani et al., 1998), auroral field lines (Temerin
et al., 1982; Bostrom et al., 1988; Dubouloz et al.,
1991a,b; Mozer et al., 1997; Ergun et al., 1998; Bounds
et al., 1999), auroral kilometric radiation (AKR) source
region (Pottelette et al., 1999), and plasma sheet boundary
layer (PSBL) (Matsumoto et al., 1994; Omura et al., 1994,
1999). The ESWs are observed in the electric field compo-
nent parallel to the background magnetic field, and are
usually bipolar or some times tripolar. The ESWs are gen-
erally associated with electron or/and ion beams (Omura
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et al., 1994, 1999; Bounds et al., 1999; Singh, 2003).
Further, the ESWs can have either positive or negative
potentials. The electric field amplitude of ESWs can be a
few mV/m in the PSBL to a few 100 mV/m in the dayside
auroral zone. The velocities of ESWs can vary from � a
few hundred to a few thousand km s�1, and their parallel
scale sizes from �100 m to a few 1000 m.

The solitary waves with negative potentials observed by
Viking satellite have been explained by various multi-
component plasmas models (Pottelette et al., 1990; Mace
et al., 1991; Dubouloz et al., 1991a, 1993; Singh et al.,
2001a,b; Singh and Lakhina, 2004; Tagare et al., 2004).
These models could not explain the positive potential
solitary structures observed by Polar, FAST and Cluster.
Berthomier et al. (2000, 2003) and El-Taibany (2005) stud-
ied the electron-acoustic solitons in four-component
plasma and showed that, depending upon the beam veloc-
ity, temperature and density, solitons with positive polarity
could be generated. For a detailed discussion of earlier
models, one can refer to Lakhina et al. (2000, 2003).
rved.
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Verheest et al. (2005) showed that positive potential
electron-acoustic solitons can be generated even without
the electron-beam component, provided the hot electron
inertia is retained in the analysis. Kakad et al. (2009) dis-
cussed small amplitude electron-acoustic solitary waves in
a plasma consisting of cold electrons and isothermal ions
with two different temperatures. Their model supported
the existence of solitons having either positive or negative
potentials depending on the plasma parameters. Earlier,
Kakad et al. (2007) showed that for some specific paramet-
ric range, the rarefactive and compressive electron-acoustic
solitons can coexist in a four-component unmagnetized
plasma system consisting of cold background electrons, a
cold electron beam, and two types of ion species, cold
and hot, both having Boltzmann distributions. Mamun et
al. (2002) and Ghosh et al. (2008) studied the obliquely
propagating electron-acoustic solitary waves in a magne-
tized multi-component plasma. They showed that the
characteristics and existence domain of the positive poten-
tial solitons is controlled by the ion temperature and
concentration.

Recently, Lakhina et al. (2008a) studied ion and electron
acoustic solitary waves in a three-component plasma sys-
tem consisting of cold and hot electrons and one type of
ions. For a given set of plasma parameters, the critical
Mach numbers for the ion-acoustic solitons were found
to be smaller than those for electron-acoustic solitons.
The ion-acoustic solitons had positive potentials whereas
the electron-acoustic solitons could have positive (negative)
potentials when the fractional cold electron density with
respect to the ion density was greater (less) than a certain
critical value. Introduction of a second ion species, i.e., a
hot ion beam in the analysis lead to the existence of three
types of solitary waves, namely, slow ion-acoustic, ion-
acoustic and electron-acoustic solitons provided the Mach
numbers exceed the respective critical values (Lakhina
et al., 2008b).

More recently, Lakhina et al. (2009) developed a model
for ion- and electron-acoustic solitons and double layers in
a four-component plasma system consisting of core elec-
trons, two counter-streaming electron beams and one type
of ions. Actual plasma parameters corresponding to bipo-
lar and tripolar pulses of �25 to 100 ls durations observed
by the Cluster spacecraft in the dayside magnetosheath
(Pickett et al., 2005) were put into this model. Only one
positive critical Mach number, M0, apparently related to
fast electron acoustic beam mode was found which yielded
soliton and/or double layer solution. The estimates of the
electric field, pulse duration and propagation speeds of
the solitary structures predicted by the model were in good
agreement with the observed bipolar pulses.

In addition to the magentosheath region, the counters-
teaming electron beams have also been observed near the dif-
fusion region of the magnetotail reconnection (Deng et al.,
2006; Åsnes et al., 2008; Li et al., 2009), in the plasma sheet
boundary layer (Parks et al., 1984; Teste and Parks, 2009;
Pickett et al., 2009), dawn-flank plasma sheet (Fujimoto
et al., 1997), and on the auroral field lines (Dubouloz et al.,
1991a; McFadden et al., 1998). The electron beams, in each
of these regions, have different properties. The purpose of
this paper here is to undertake a detailed parametric study
of Lakhina et al. (2009) model and investigate the effects of
counterstreaming electron beam density and temperature,
core electron density and temperature on the existence and
nature of the solitons (i.e., ion-acoustic, slow and fast elec-
tron-acoustic) in these regions.
2. General soliton/double layer model

We consider a homogeneous, collisionless, and magne-
tized four component plasma consisting of core electrons
(Nc,Tc,vc), two electron beams (N1,T1,v1) and (N2,T2,v2)
propagating along magnetic field, and ions (Ni,Ti,vi),
where Nj, Tj, vj represents the equilibrium values of the
density, temperature and beam velocity (along the direc-
tion of wave propagation) of the species j, and j = i, c, 1,
and 2 for the ions, core electrons, beam 1 electrons and
beam 2 electrons, respectively. We consider only the non-
linear electrostatic waves propagating parallel to the mag-
netic field, in which case the dynamics of the species is
governed by the multi-fluid equations of continuity,
momentum, and equation of state of each species, and
the Poisson equation (Lakhina et al., 2009).
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Here, lj = mj/mi (mj and mi represent the mass of the jth
species and the ions, respectively) and Zj = +1 (�1) for elec-
trons (ions), respectively. Further, all densities are normal-
ized with the unperturbed ion density, Ni = Nc + N1 + N2,
velocities with the ion thermal velocity Ci = (Ti/mi)

1/2, time
with the inverse of ion plasma frequency, xpi = (4pNie

2/
mi)

1/2, the lengths with the ion Debye length, kdi =
(Ti/4pNie

2)1/2, the electrostatic potential / by Ti/e, and the
thermal pressures Pj with NiTi. Furthermore, we have as-
sumed the same adiabatic index, i.e., c = 3, for all the species
in the equation of state given by Eq. (3).

In order to study the properties of arbitrary amplitude
electrostatic solitary waves, we transform the set of Eqs.
(1)–(4) to a stationary frame moving with velocity V, the
solitary wave velocity, i.e., n = (x � Mt) where M = V/Ci

is the Mach number with respect to the ion thermal veloc-
ity. Then, solving for perturbed densities, putting these
expressions in the Poisson equation, and assuming appro-
priate boundary conditions for the localized disturbances
along with the conditions that / = 0, and d//dn = 0 at
n ? ±, 1, we get the following energy integral,
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is the pseudopotential, also known as the Sagdeev poten-
tial. Here,
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In Eq. (6), n0
j ¼ Nj=Ni such that n0

c þ n0
1 þ n0

2 ¼ n0
i ¼ 1, and

the temperatures of the species are normalized with the ion
temperature. In order that various Bjs, which are propor-
tional to the square of the density of the respective jth spe-
cies, are real and the associated densities attain their
undisturbed values in the limit of / ? 0 when n ? ±1,
we must use the + (plus) sign when the condition

ðM � vjÞ2 þ 2/
l >

3T j

l is satisfied, and the� (minus) sign when

ðM � vjÞ2 þ 2/
l <

3T j

l holds (Verheest et al., 2008; Lakhina

et al., 2009). Further, it is interesting to note that Eq. (5) de-
scribes the motion of a pseudo-particle of unit mass in a
pseudo-potential w where / and n play the role of displace-
ment x from the equilibrium and time, respectively.
3. Soliton and double layer solutions

Eq. (5) will give a soliton solution when the pseudo-
particle is reflected in the pseudo-potential field and returns
to its initial state (zero potential drop). Therefore, for sol-
iton solutions, Sagdeev potential w(/,M) must satisfy the
following conditions:

wð/;MÞ ¼ 0; dwð/;MÞ=d/ ¼ 0;

d2wð/;MÞ=d/2 < 0 at / ¼ 0;

wð/;MÞ ¼ 0 at / ¼ /0; and

wð/;MÞ < 0 for 0 < j/j < j/0j: ð8Þ

Double layer solutions could also exist at an upper limit on
the Mach number M = MDL provided one more additional
condition given below is satisfied,

dwð/;MÞ
d/

j/¼/DL;M¼MDL
¼ 0 ð9Þ

When the conditions given by Eqs. (8) and (9) are satisfied,
the pseudo-particle is not reflected at / = /DL because of
the vanishing pseudo-force and pseudo-velocities. Instead,
it goes to another state producing an asymmetrical double
layer (DL) with a net potential drop of /DL, where /DL is
the amplitude of the double layer.

From Eqs. (6) and (8), it is seen that w(/,M) and its first
derivative with respect to / vanish at / = 0. The condition
d2w(/,M)/d/2 < 0 at / = 0 is satisfied provided M > M0,
where M0 satisfies the equation
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Eq. (10) yields 6 roots but all the roots will not be physical.
We will consider here only the real positive roots for M0, or
the critical Mach numbers. For M0 6 (3Tc/l)1/2, the
Langmuir modes can be ruled out as the phase velocity
of the Langmuir wave always exceeds the thermal speed
of the hot (core) electron component. For such a case, only
the ion- and electron-acoustic modes can exist. Since an
analytical solution of Eq. (10) for the general case of count-
erstreaming electron beam is not possible, we consider
some limiting cases. On putting all the drift speeds to zero,
i.e., vc = v1 = v2 = vi = 0, and considering N1 = N2 = NB

and T1 = T2 = TB, Eq. (10) yields two values of positive
Mach numbers, namely,

Mia � ½3þ ð3T c=n0
cÞ=ð1þ 2NBT c=N cT BÞ�1=2

; ð11Þ

and

Mea � ð2NB=NiÞ1=2ð3T c=lÞ1=2½1þ NcT B=2NBT cÞ�1=2
; ð12Þ



Fig. 1. Sagdeev potential, w(/,M) versus potential / for various values of
Mach numbers for the case of identical (equal density, temperature, and
equal and opposite streaming velocity) counterstreaming electron beams.
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which we can identify with the ion-acoustic and electron-
acoustic modes, respectively. For the case of identical elec-
tron beams streaming in the same directions, i.e.,
vc = vi = 0, and v1 = v2 = vB, the critical Mach number
for ion-acoustic mode is not much affected by the electron
beams and is still approximately described by Eq. (11). The
positive critical Mach number for the electron-acoustic
mode is modified by the electron beams, and for NB� Nc,
can be expressed approximately by,

MeaB � vB þ ð2NB=N cÞ1=2ð3T c=lÞ1=2
: ð13Þ

Eq. (13) shows that the presence of electron beam can
either increase or decrease the critical Mach number of
the electron-acoustic modes provided vB > 0 or vB < 0,
respectively. Therefore, for the case of counterstreaming
electron beams, we expect two critical Mach numbers for
the electron-acoustic modes, i.e., the one with the lower
value associated with vB < 0, and the other with the higher
value associated with vB > 0 electron beam.

The numerical solution of Eq. (10) indeed yields three
critical positive Mach numbers which we tentatively iden-
tify as an ion-acoustic (lowest M0), slow electron-acoustic
(intermediate M0) and fast electron-acoustic (highest M0)
beam modes. However, for a given set of plasma parame-
ters, any one, two or all the three modes can satisfy the sol-
iton conditions given above.
The normalized plasma parameters are Nc/Ni = 0.5, N1/Ni = N2/Ni = NB/
Ni = 0.25, vc = vi = 0.0, v1=Ci ¼ �v2=Ci ¼ vB=Ci ¼ 1:0, Tc/Ti = 0.5, T1/
Ti = T2/Ti = TB/Ti = 0.1. (a) (Top panel) is for ion-acoustic solitary
waves, and for Mach number M = 1.9, 1.915 and 1.92 for the curves 1, 2,
and 3, respectively. The soliton solution does not exist for M equal or
exceeding the value for the curve 3. (b) (Middle panel) corresponds to slow
electron-acoustic solitons, and for M = 23.44, 23.45, 23.454 and 23.457 for
the curves 1, 2, 3, and 4, respectively. The soliton solution does not exist
for M P 23.457 (curve 4). (c) (Bottom panel) shows fast electron-acoustic
solitons/double layer for the Mach number M = 40.850, 40.8850, 40.9262
and 40.93 for the curves 1, 2, 3 and 4, respectively. The curve 3
corresponds to the double layer solution. The double layer/soliton
solution does not exist for M P 40.93 (curve 4).
4. Numerical results

We have numerically solved Eq. (6) for the Sagdeev
potential, w(/,M), as a function of / for various values
of Mach numbers for the case of counterstreaming electron
beams having equal densities (i.e., N1 = N2 = NB) and tem-
perature (i.e., T1 = T2 = TB), and equal and opposite
streaming velocities (i.e., v1 = �v2 = vB). Results are shown
for some typical plasma parameters in Fig. 1(a)–(c) for the
counterstreaming electron beam velocity vB = 1.0. Here,
and in all the figures and tables, we have taken core elec-
tron drift velocity, vc = 0 and ion beam velcoity, vi = 0.
The solitary wave solutions of three types, which we tenta-
tively call as ion-acoustic (with lowest M0), slow electron-
acoustic (with intermediate M0, and fast electron-acoustic
modes (with largest M0), are found when the Mach num-
bers exceed the critical values given by the solution of
Eq. (10).

Fig. 1(a) shows that the ion-acoustic solitons have posi-
tive potentials. The maximum electrostatic potential /0

increases with the increase of the Mach number, M, as seen
from curves 1 and 2. For curve 3, the soliton solution does
not exist. Hence there is an upper value for M, say Mmax,
above which soliton solutions do not exist. This is true
for ion-acoustic as well as for slow and fast electron-acoustic
solitary structures. Fig. 1(b) shows that for the same
plasma parameters, but for higher values of the Mach num-
ber, M, slow electron-acoustic solitons can exist. However,
the slow electron-acoustic solitons have negative potentials.
In this case also the maximum electrostatic potential /0

increases with an increase in M (see curves 1, 2 and 3 of
Fig. 1(b)). For curve 4, the soliton solution does not exist.
Fig. 1(c) shows that for the same plasma parameters, but
for still higher values of the Mach number, M, fast elec-
tron-acoustic solitons can exist. In contrast to the slow
electron-acoustic case, the fast electron-acoustic solitons
have positive potentials (cf. curves 1, 2, and 3 of
Fig. 1(c)). It is interesting to note that curve 3 satisfies
the double layer condition given by Eq. (9). Therefore the
curve 3 corresponds to the double layer solution. Once
again, the maximum electrostatic potential /0 increases
with an increase in M as is evident from curves 1, 2, and
3. For curve 4, the soliton/double layer solution does not
exist.

It is, therefore, clear that the Sagdeev potential analysis
gives the upper limit on M, i.e., Mmax, for the soliton solu-
tions. When Eq. (9) is also satisfied, Mmax simply equals
MDL, thus supporting a double layer solution. For M > Mmax
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or M > MDL no soliton or double layer can exist as at least
one Bj no longer remains real leading to an unphysical situa-
tion where the species densities become complex. We carried
out Sagdeev potential analysis for various values of the
Table 1
Properties of ion-acoustic, slow electron-acoustic and fast electron-acoustic so
and beam electron density (NB/Ni), for the case of equal density and temp
vB=Ci ¼ 1:0, TB/Ti = 0.1, and Tc/Ti = 0.5. Here as well as in all other tables vc

Normalized electron densities Nc, NB Ion-acoustic solitons Slow

Range of Mach
number
M0 < M 6Mmax

Range of
potential /

Ran
num
M0

0.7, 0.15 1.918–1.985 0.001–0.032 23.3
0.6, 0.2 1.891–1.947 0.001–0.023 23.4
0.5, 0.25 1.870–1.915 0.001–0.016 23.4
0.3, 0.35 1.842–1.878 0.001–0.01 23.4
0.1, 0.45 1.824–1.850 0.0005–0.0066 23.4

Table 2
Properties of ion-acoustic, slow electron-acoustic and fast electron-acoustic sol
for the case of counter-streaming electron beams with Nc/Ni = 0.5 and NB/Ni

Normalized electron
beam velocity vB/Ci

Ion-acoustic solitons Slow electron-

Range of Mach
number
M0 < M 6Mmax

Range of
potential /

Range of Mac
number
M0 < M 6Mm

0.0 1.871–1.915 0.001–0.0163 –
1.0 1.869–1.915 0.001–0.0163 23.427–23.454
5.0 – – 22.450–22.900

10.0 – – 19.683–21.050
20.0 – – –

Table 3
Properties of ion-acoustic, slow electron-acoustic and fast electron-acoustic sol
Ti, for the case of counter-streaming electron beams with Nc/Ni = 0.5, NB/Ni

Normalized electron
beam temperature TB/Ti

Ion-acoustic solitons Slow electro

Range of Mach
number
M0 < M 6Mmax

Range of
potential /

Range of M
number
M0 < M 6M

0.3 2.030–2.139 0.01–0.083 40.565–40.61
0.2 1.963–2.025 0.005–0.038 33.135–33.17
0.1 1.869–1.915 0.001–0.0163 23.427–23.45
0.05 1.808–1.83 0.001–0.0045 16.552–16.58
0.02 1.764–1.7745 0.0001–0.000898 10.441–10.47

Table 4
Properties of ion-acoustic, slow electron-acoustic and fast electron-acoustic sol
Ti, for the case of counter-streaming electron beams with Nc/Ni = 0.5, NB/Ni

Normalized core
electron temperature Tc/Ti

Ion-acoustic solitons Slow electron

Range of Mach
number
M0 < M 6Mmax

Range of
potential /

Range of Ma
number
M0 < M 6M

10.0 2.178–2.350 0.01–0.187 40.636–40.645
5.0 2.167–2.30 0.01–0.144 40.635–40.645
1.0 2.094–2.225 0.01–0.120 40.616–40.635
0.5 2.031–2.135 0.001–0.081 40.565–40.615
plasma parameters. The range of Mach numbers for which
ion-, and slow and fast electron-acoustic solitons (double
layers) exist, i.e., M0 < M 6Mmax(MDL), are given in Tables
1–4. The range of potentials associated with these solitary
litons for different values of the normalized core electron density, (Nc/Ni),
erature, but equal and opposite streaming velocity electron beams with
= vi = 0.0.

electron-acoustic solitons Fast electron-acoustic solitons

ge of Mach
ber

< M 6Mmax

Range of
potential /

Range of Mach
number
M0 < M 6Mmax

Range of
potential /

99–23.441 �0.0001 to �0.0028 34.880–36.195 �0.01 to �0.038
16–23.450 �0.0001 to �0.00026 37.892–38.352 �0.01 to �0.052
26–23.454 �0.0001 to �0.00026 40.685–40.9262 0.01–0.085 (DL)
40–23.455 �0.0001 to �0.00024 45.767–48.95 0.01–0.097
45–23.4615 �0.0001 to �0.00026 50.341–52.00 0.001–0.0084

itons for different values of the normalized beam streaming velocity, vB/Ci,
= 0.25, TB/Ti = 0.1, and Tc/Ti = 0.5.

acoustic solitons Fast electron-acoustic solitons

h

ax

Range of
potential /

Range of Mach
number
M0 < M 6Mmax

Range of
potential /

– 40.660–40.9027 0.01–0.085 (DL)
�0.0001 to �0.00026 40.685–40.9262 0.01–0.0835 (DL)
�0.001 to �0.0051 41.390–41.4953 0.01–0.058 (DL)
�0.001 to �0.0156 – –
– 48.045–48.0463 �0.0004 to �0.0014

(Noisy DL)

itons for different values of the normalized electron beam temperature, TB/
= 0.25, vB/Ci = 1.0, and Tc/Ti = 0.5.

n-acoustic solitons Fast electron-acoustic solitons

ach

max

Range of
potential /

Range of Mach
number
M0 < M 6Mmax

Range of
potential /

5 �0.00005 to �0.00025 47.018–47.03421 0.001–0.01175 (DL)
0 �0.00005 to �0.00026 43.957–44.0546 0.001–0.04 (DL)
4 �0.0001 to �0.000262 40.685–40.9262 0.01–0.0835 (DL)
0 �0.00005 to �0.0002625 38.952–39.2999 0.01–0.1185 (DL)
5 �0.00005 to �0.000258 37.874–38.303 0.01–0.1435

itons for different values of the normalized core electron temperature, Tce/
= 0.25, vB/Ci = 1.0, and TB/Ti = 0.3.

-acoustic solitons Fast electron-acoustic solitons

ch

max

Range of
potential /

Range of Mach
number
M0 < M 6Mmax

Range of
potential /

�0.00005 to �0.000269 168.468–170.4655 0.1–2.85 (DL)
�0.00005 to �0.000269 120.848–122.125 0.1–1.3 (DL)
�0.0001 to �0.000244 59.866–60.09945 0.01–0.122 (DL)
�0.00005 to �0.00025 47.018–47.0342 0.001–0.01175 (DL)
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structures are also given in Tables 1–4. When the double layer
solution exists, it is mentioned as “DL” along with the poten-
tial range.

Fig. 2 shows the variation of Sagdeev potential versus
the potential / for different values of counterstreaming
electron beam velocity vB and a given Mach number and
fixed plasma parameters. Fig. 2(a)(top panel) is for the
ion-acoustic solitons for M = 2.05, and vB = 1.0, 1.5 and
2.0 for the curves 1, 2 and 3, respectively. The solitons have
positive potential and their maximum amplitude tends to
increase slightly with increasing vB. The soliton solutions
exist for 0 6 vB=Ci 6 2:049. Fig. 2(b)(middle panel) is for
the slow electron-acoustic solitons for M = 40.578, and
vB = 1.0, 1.2 and 1.4 for the curves 1, 2 and 3, respectively.
The slow electron-acoustic solitons have negative potential
and their maximum amplitude tends to increase with
increasing vB. The soliton solutions occur for 0:93 6
vB=Ci 6 1:434. Fig. 2(c)(bottom panel) shows the fast elec-
tron-acoustic solitons for M = 47.0342, and vB = 1.0,
1.025, 1.05, and 1.075 for the curves 1, 2, 3 and 4, respec-
tively. The fast electron-acoustic solitons/double layer have
positive potential, and their maximum amplitude tends to
Fig. 2. Sagdeev potential, w(/,M) versus potential / for various values of
the normalized counter-streaming electron beam speed vB=Ci for the same
plasma parameters as in Fig. 1 except that TB/Ti = 0.3 instead of 0.1. (a)
(Top panel) shows ion-acoustic solitary waves for Mach number
M = 2.05, and vB=Ci ¼ 1:0, 1.5 and 2.0 for the curves 1, 2, and 3,
respectively. The soliton solutions exist for 0 6 vB=Ci 6 2:049. (b) (Middle
panel) corresponds to slow electron-acoustic solitons, for M = 40.578 and
for vB=Ci ¼ 1:0, 1.2 and 1.4 for the curves 1, 2, and 3, respectively. The
soliton solutions exist for 0:93 6 vB=Ci 6 1:434. (c) (Bottom panel) shows
fast electron-acoustic solitons/double layer for the Mach number
M = 47.0342 and vB=Ci ¼ 1:0, 1.025, 1.05, and 1.075 for the curves 1, 2,
3, and 4, respectively. The curve 1 corresponds to the double layer
solution. The double layer/soliton solutions exist for 1 6 vB=Ci 6 1:097.
decrease with increasing vB. The curve 1 is for the double
layer. However, the double layer/soliton solutions exist in
the range of 1.0 6 vB/Ci 6 1.097.

In Fig. 3, we show variation of Sagdeev potential with /
for various values of the beam temperature, TB when the
Mach number and other plasma parameters are fixed.
Fig. 3(a)(top panel) shows the ion-acoustic solitons for
M = 2.05, and TB = 0.3, 0.275 and 0.25 for the curves 1,
2 and 3, respectively. The solitons have positive potentials
and their maximum amplitude tends to increase with
decreasing TB (cf. curves 1, 2 and 3). Soliton solutions exist
for 0.206 6 TB/Ti 6 0.335. Fig. 3(b)(middle panel) shows
the slow electron-acoustic solitons for M = 40.578, and
TB = 0.3, 0.2999 and 0.2995 for the curves 1, 2 and 3,
respectively. The solitons have negative potential and their
maximum amplitude tends to increase with decreasing TB

(cf. curves 1, 2 and 3). Soliton solutions occur in the range
of 0.2995 6 TB/Ti 6 0.30012. Fig. 3(c)(bottom panel) is for
fast electron-acoustic solitons for M = 47.025, and
TB = 0.3, 0.2999 and 0.2997 for the curves 1, 2 and 3,
respectively. The solitons have positive potential and their
maximum amplitude tends to increase with decreasing TB
Fig. 3. Variation of Sagdeev potential with w(/,M) versus potential / for
various values of electron beam temperature TB/Ti for the same plasma
parameters as in Fig. 1. (a) (Top panel) shows ion-acoustic solitary waves
for Mach number M = 2.05, and TB/Ti = 0.3, 0.275 and 0.25 for the
curves 1, 2, and 3, respectively. The soliton solutions exist for 0.206 6 TB/
Ti 6 0.335. (b) (Middle panel) corresponds to slow electron-acoustic
solitons, for M = 40.578 and for TB/Ti = 0.3, 0.2999 and 0.2995 for the
curves 1, 2, and 3, respectively. The soliton solutions exist for
0.2995 6 TB/Ti < 0.30012. (c) (Bottom panel) shows fast electron-acoustic
solitons/double layer for the Mach number M = 47.025 and TB/Ti = 0.3,
0.2999 and 0.2997 for the curves 1, 2, and 3, respectively. The soliton
solutions exist for 0.2997 6 TB/Ti 6 0.30022.



Fig. 4. Variation of electrostatic potential / versus n for the ion-acoustic
solitons for different values of the Mach number, M, for the parameters of
Fig. 1a.

Fig. 5. Variation of electrostatic potential / versus n for the slow electron-
acoustic solitons for different values of the Mach number, M, for the
parameters of Fig. 1b.
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(cf. curves 1, 2 and 3). Soliton solutions exist for
0.2997 6 TB/Ti 6 0.30022.

From Figs. 2 and 3, it is clear that for a given Mach
number, all the three type of solitons can exist in a narrow
range of beam electron parameters like counter-streaming
velocity, vB, beam temperature, TB and beam density, NB

(not shown). The ranges of Mach numbers and potentials
for variations with other plasma parameters are given in
Tables 1–4.

Table 1 illustrates the properties of the ion-acoustic,
slow electron-acoustic and fast electron-acoustic solitons
when the core electron density, Nc, and beam density,
NB, for equal counterstreaming electron beam is varied.
The ion-acoustic solitons have positive potentials (column
3), the slow electron-acoustic solitons have negative poten-
tial (column 5), and fast electron-acoustic solitons have
first negative potentials and then change over to positive
potential double layer and solitons (column 7) as the core
(beam) electron density is decreased (increased). Both the
Mach numbers and the potential amplitude for the ion-
acoustic solitons decrease with the decrease of core elec-
tron density. For the slow electron-acoustic solitons, the
Mach numbers tend to increase and the potential ampli-
tudes first tend to decrease and then increase as Nc is
decreased. On the other hand, for the fast electron-acoustic
solitons, the Mach number tend to increase and the potential
amplitudes first increases and then decrease as Nc is
decreased.

Table 2 summarizes the properties of the ion-acoustic,
slow electron-acoustic and fast electron-acoustic solitons
for various values of the beam velocity vB/Ci. It is interest-
ing to note that positive potential ion-acoustic solitons do
not exist for vB/Ci P 5.0 (cf. columns 2–3). The negative
potential slow electron-acoustic solitons do not exist for
vB/Ci = 0.0 and vB/Ci P 20.0 (columns 4–5). The fast elec-
tron-acoustic solitons/double layers have positive poten-
tials at low beam velocities and disappear at vB/Ci = 10.0
and then reappear with negative potentials when vB/
Ci P 20.0 (cf. columns 6–7).

Table 3 clearly shows that the range of Mach number,
M for all the three type of modes gets lowered as the beam
temperature, TB/Ti, is decreased (see columns 2, 4 and 6).
The amplitude of the positive potential ion-acoustic soli-
tons decreases as TB/Ti decreases (column 3). The ampli-
tude of negative potential slow electron-acoustic solitons
is not much affected by the variations in TB/Ti (column
5). The fast electro-acoustic solitons/double layers have
positive potentials at TB/Ti = 0.3, which increase as TB/Ti

is decreased (column 7). For TB/Ti 6 0.02, only fast elec-
tron-acoustic solitons are found.

Table 4 illustrates that the range of Mach number, M

for all the three type of modes gets lowered as the core elec-
tron temperature, Tc/Ti, is decreased from 10.0 to 0.1 (col-
umns 1, 2, 4 and 6). The amplitudes of the positive
potential ion-acoustic solitons decrease as Tc/Ti decreases
(column 3). The amplitudes of negative potential slow elec-
tron-acoustic soltitons are not much affected when Tc/Ti
decreases from 10.0 to 0.5 (column 5). The amplitude of
fast electron-acoustic solitons/double layers decreases as
Tc/Ti is decrease from 10.0 to 0.5 (column 7).
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Figs. 4–6 show the variations of potential amplitude, /,
versus n for ion-acoustic, slow electron-acoustic and fast
electron-acoustic solitons, respectively, for different values
of the Mach numbers, M, for the parameters of Fig. 1. It
is clear that soliton amplitudes for ion-acoustic (Fig. 4),
slow electron-acoustic (Fig. 5) and fast electron-acoustic
solitons increase as M increases. For the case of fast elec-
tron-acoustic mode, at the maximum value of the Mach
number we have double layer (cf. Fig. 6).

Fig. 7 shows the electric field E profiles for the fast elec-
tron-acoustic solitons and double layer corresponding to
potential profiles shown in Fig. 6. The solitons have bipolar
electric fields whereas the double layer has a monopolar
electric field structure.
Fig. 7. Electric field, E, profiles for the fast electron-acoustic solitons and
double layer for the parameters of Fig. 1c. The electric field has bipolar
structure for the solitons and a monopolar structure for the double layer.
5. Discussion

We studied large amplitude ion- and electron-acoustic
solitary waves in an unmagnetized four component
plasma consisting of core electrons, counterstreaming elec-
tron beams and one type of ion population (Lakhina
et al., 2009). The model treats all the species as mobile,
and in principle all species can have an arbitrary beam
velocity. We have specialized to the case of identical
(equal density, NB, and temperature, TB) counterstrea-
ming electron beams having equal and opposite streaming
velocity, vB. The effects of the variation of NB, TB, vB, and
core electron density, Nc and temperature, Tce on the
Fig. 6. Variation of electrostatic potential / versus n for the fast electron-
acoustic solitons (Mach numbers, M = 40.85 and 40.885) and double layer
(M = 40.92631) for the parameters of Fig. 1c.
properties of ion- and electron-acoustic solitons/double
layer are investigated numerically. In general, the model
predicts the existence of ion-acoustic, slow and fast elec-
tron-acoustic modes. Depending upon the plasma param-
eters, either only one, two or all the three modes can
coexist in different and distinct Mach number regime.
For example, if the beam velocity is zero, i.e., vB = 0.0,
only two types of solutions, namely, the ion-acoustic
and the electron-acoustic solitons/double layers, are possi-
ble (cf. Table 2). For finite beam velocity, i.e., vB – 0.0,
three types of solutions, namely, ion-acoustic, slow and
fast electron-acoustic soliton/double layer, are possible.
We have presented numerical results for the cases where
the core electrons and the ions have no beams component,
i.e., vc = vi = 0.0.

For identical counter-streaming electron beams, and
plasma parametric survey done here, generally, the ion
acoustic solitons have positive potentials, slow-electron
acoustic solitons have negative potentials and fast elec-
tron-acoustic solitons and double layers have positive
potentials for Nc/Ni 6 0.5 and negative potential for Nc/
Ni P 0.6. As beam speed is increased, first ion-acoustic
and then slow electron-acoustic solitons disappear. At
large beam speed, only electron-acoustic solitons/double
layers survive. For a fixed Mach number, a decrease in
beam temperature tends to increase the soliton amplitudes.

Decreasing core electron temperatures tend to result in
decreased amplitudes for all the three modes.

Applications of this models to ESWs observed in some
regions of the magnetosphere, e.g., near bow shock, in
auroral/cusp region, plasma sheet boundary layer, etc.
are being looked into, and the results will be reported
elsewhere.
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