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Non-linear high-frequency waves in the magnetosphere�
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Abstract. Using fluid theory, a set of equations isderived for non-linear high-frequency waves
propagating oblique to an external magnetic field in a three-component plasma consisting of hot
electrons, cold electrons and cold ions. For parameters typical of the Earth’s magnetosphere, numer-
ical solutions of the governing equations yield sinusoidal, sawtooth or bipolar wave-forms for the
electric field.
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1. Introduction

Recent observations by the GEOTAIL [1], POLAR [2] and FAST [3] spacecrafts have in-
dicated the presence of broadband electrostatic noise (BEN) in the Earth’s magnetosphere.
Several theoretical attempts have been made to explain the phenomena in terms of linear
instabilities, especially for the high-frequency components [4]. The observed signatures
are also found to display non-linear behaviour. In particular, BEN is found to have wave-
forms of solitary bipolar electric field pulses which are called electrostatic solitary waves
(ESW) [1].

Karovskyet al [5] have used a BGK analysis to theoretically describe the high-frequency
ESW. Using counter-streaming electron and ion beams in a computer simulation experi-
ment, Omuraet al [6] have shown that the non-linear state of the system yields electric
field structures similar to those of the ESW observed in BEN. More recently, Reddyet al
[7] have used fluid theory to examine non-linear electric field structures in an electron–ion
plasma. For sufficiently large values of the driver electric field, the governing equation for
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the electric field, produced by a non-linear coupling between the ion acoustic wave and ion
cyclotron oscillations, is found to admit both sawtooth and spiky periodic solutions which
are in very good agreement with the observations of Ergunet al [3]. In this paper, we use
the technique of Reddyet al [7] to investigate non-linear high-frequency electrostatic field
structures for parameters characteristic of the Earth’s magnetosphere. The basic theory is
presented in the next section and the numerical results are presented in�3. Finally, our
findings are summarized in�4.

2. Theory

We consider a three-component, collisionless, magnetized plasma consisting of hot elec-
trons (h), cold electrons (c) and a cold ion species (i). The external magnetic fieldB0 is
in thex–z plane withθ � θ�x�B0�. The continuity and momentum equations for the three
species are given by, respectively,
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whereΩ j � eB0�m jc, ε j ��1��1� for j � i�c�h� andα j � 1�0� for j � h�c� i�.
The pressure balance equation for the hot electrons is given by
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The system of equations is closed with the Poisson equation
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In the above equations,n j is the density of thejth species,v jx, v jy, v jz are the velocities
of the jth species in thex-, y- andz-directions, respectively, andΩ j is the electron (ion)
cyclotron frequency forj � e�i�. It is noted that we allow spatial variation only in the
x-direction.

Before proceeding to the non-linear analysis, we briefly discuss the linear modes of the
system. Upon linearizing eqs (1)–(6), one obtains the dispersion relation
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Figure 1. Numerical solution of the normalized electric field for the parameters
θ � 2Æ, M � 2�5, n0c�n0 � 0�5, R � 10, δi � δh � δc � 0 andE0 � 0�2 (a), 1.0 (b)
and 2.0 (c).

For high-frequency waves one may neglect the ion motion. Then in the limitω�k � vth,
wherevth �

�
Th�me is the hot electron thermal velocity, (7) yields
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whereωs � ωpc�
�
�1�1�k2λ 2

Dh�, ωpc �
�

4πn0ce2�me andλDh �
�

Th�4πn0he2, where

n0c�h0h� is the equilibrium density of the cold (hot) electrons withn0c � n0h � n0. This
dispersion relation has been derived by Mace and Hellberg [8] in the limitΩe �ωpc, which
is typical for many regions of the magnetosphere. They have shown that forωs �Ωe, (8)
has the following solutions:

ω� �Ωe�
k2v2

se

2Ωe
sin2θ� ω� � kvse cosθ� (9)

wherevse � vth
�

n0c�n0h is the electron sound speed. The higher frequency solutionω�
is the electrostatic electron cyclotron wave (ECW), and the lower frequency solutionω�

is the electron acoustic wave (EAW).
It can be shown that the dispersion relation (9) is valid for those small wave numbers

satisfyingkλDh � �ω2
pc�Ω2

e � 1��1�2. For typical values ofR � ωpe�Ωe � 10, where
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Figure 2. ESW forn0c�n0 � 0�8 (a), 0.5 (b) and 0.2 (c). Other parameters are fixed
as in figure 1.

ωpe �
�

4πn0e2�me is the total electron plasma frequency, andn0c�n0 � 0�5, we find
that the linear modes described by the dispersion relation (9) are possible for wavelenghts
satisfyingkλDh � 0�14.

3. Non-linear numerical results

In the non-linear regime, the ECW and the EAW couple through the convective terms
in eqs (2)–(5). In seeking traveling wave solutions we transform to a frameη �
�x�Vt���V�Ωe� in which we consider stationary solutions of the above set of equations.
We normalizev� t�x andφ with respect tovth, Ω�1

ce , ρe � vth�Ωe andTh�e. Upon defining
E � ∂ψ�∂η , (ψ � eφ�Te), the above equations reduce to a non-linear set of first-order
differential equations in which the continuity equation and the momentum equation in the
x-direction are combined. In addition,M �V�vth as the Mach number andδj � v0 j�vth is
the normalized flow velocity of speciesj at η � 0. The system of non-linear equations is
then solved using a Runge–Kutta algorithm. The results are discussed below.

As found for the earlier study [7], the solution for the electric field is strongly dependent
on the Mach numberM and the driving amplitudeE0 at η � 0. In figure 1 for fixedM,
we varyE0. Hereθ � 2Æ, so that the field is essentially parallel toB0. It is seen that as
E0 increases, the electric field evolves from a monochromatic wave to a sawtooth struc-
ture. For larger values ofE0, the wave becomes a periodic structure of bipolar pulses,
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Figure 3. ESW for δh � �0�5 (a), �0�25 (b), 0 (c), 0.25 (d) and 0.5 (e). Other
parameters are fixed as in figure 1.

which are very similar to the ESW observed in the BEN in different regions of the mag-
netosphere. Typically for∆x � 0, ∆η ��Ωe∆t �. Then for the linear wave (E0 � 0�2) one
findsω � 1�0Ωe, which is the ECW. AsE0 increases, in figure 1, the period of the non-
linear structures increases. Consequently, the frequency decreases withω � 0�89Ωe for
E0 � 1�0 andω� 0�67Ωe for E0 � 2�0. It is well-known [4] that a plasma with a cold- and
a hot-electron component, with 0�2� n0c�n0h � 0�8, supports the high-frequency electron
acoustic wave (EAW) which has a real frequency satisfyingωpi � ω � ωpe.

SinceR � 10 for the curves in figure 1, we identify the mode as the EAW satisfying
the dispersion relation (9). Therefore, as the non-linearity increases in strength we have
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a transition from the higher-frequency ECWto the lower-frequency EAW. The bipolar
electric field pulses (ESW) are,therefore, obtained for the latter mode. A variation of the
relative densities of the cold and hot electrons (figure 2) shows that asn0c�n0 decreases
from 0�8 to 0�2, the amplitudeE0 for the onset of the ESW increases fromE0 � 1�0 to 4�0.

The effect of a drifting hot-electron component is seen in figure 3. It is seen that for hot
electron flow anti-parallel (parallel) toB0, increases (decreases) the period of the ESW.
Similar studies for the cold electrons and the ions showed no effect on the period of
the ESW.

4. Summary

In this study we have shown that a non-linear coupling between large-amplitude electron
cyclotron and electron acoustic waves can account for the high-frequency component of
the field-aligned bipolar electric field pulses observed within the broadband electrostatic
noise in the auroral, polar and magnetotail regions of the Earth’s magnetosphere. The free
energy for these two modes could be either electron/ion drift or field aligned currents.
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