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Abstract
The effect of power-law dust size distribution and dust number density on the low frequency hall
current instabilities have been studied in and above the equatorial electrojet altitudes using a linear
fluidmodel consisting of electrons, ions and dust particles. The dispersion relation includes electron
and ion drift perpendicular to the equilibriumuniform electric andmagnetic field,mass and pressure
of the charged species and collision between charged and neutral particles. The effect of dust size
variation and dust number density on the instability have been investigated by varying the dust-plasma
frequency in the dispersion relation. It has been found that in the region of the electrojet altitudes the
variation of dust size for the case of broad dust size distribution and dust number density can
substantially increase the growth rate and frequency of the instability. However, above the electrojet
regionwhere ions becomeweaklymagnetized, the above two dust parameters have a negligible effect
on the instability.The present analysis is applicable to the dustymeteor trail plasma of the ionospheric
E-region.

1. Introduction

Equatorial electrojet(EEJ) of the ionosphere which is∼600 kmbroad in the north-south direction about the
magnetic dip equator, can be viewed as a jet ofmagnetized electrons in the rest frame of the ions and the Earth’s
fixed frame [1]. EEJ is dynamically controlled by the ionospheric E-region dynamo.Diurnal and semidiurnal
tidal oscillation of the atmosphere driven by solar heating is responsible for the E-region dynamowhich leads to
strong currentflows in the east-west direction around themagnetic dip equator in the altitude range of∼90 km
to∼120 km [1]. The electric field associatedwith the EEJ is not only self generated by the local windfield but also
by the global dynamo effect [1]. EEJ is unstablemainly due to Type-I andType-II irregularities [2, 3].The radar
back scattered frequency spectra from thefield aligned irregularities are classified into type-I and type-II
irregularities. In a collisionless unmagnetized plasmawith equal electron and ion temperatures, the two-stream
instability occurs when themean velocity of the electrons relative to the ions exceeds the thermal velocity of the
electrons and the resulting perturbingwaves travel at a velocity that is approximately equal to ion acoustic
velocity.Wave growswhen the particles travel slightly faster than thewave phase velocity and on the other hand,
wave is dampedwhen the particles travel at almost the same velocity as thewave. However, the physical
mechanism involved in classic two stream instability fails to explain the irregularities whichwere observed in the
ionosphere due to the effect of collisions between charged and neutral particles and the presence of the
geomagnetic field. Type-I irregularities were first explained theoretically by Farley [4] andBuneman [5] by
extending the theory of two-streamplasma ionwave instability via including the effect of neutral collision and
staticmagnetic field inweakly ionized plasma inwhich electrons aremagnetized and ions are unmagnetized.
Type-II irregularities are driven by the density and electrical potential gradients [6].

In the EEJ of the ionosphere at the altitude range of∼95 km to∼ 115 km, Farley-Buneman (FB) instability
or high frequency hall current instability was first observed by 50MHz radar backscattering at Jicamarca, Peru
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[7] and subsequently observed and investigated bymany other several researchers [8–20]. In the EEJ region,
electrons are stronglymagnetizedwhereas ions are unmagnetized because at these altitudes electron
gyrofrequency ismuch larger than the electron-neutral collision frequency and ion gyrofrequency ismuch
smaller than the ion-neutral collision frequency [18]. If the equilibrium electric field,E0 exists perpendicular to
B, it leads to a cross-fieldE0× B two-stream instability. The instability is excitedwhen the electron drift speed
exceeds the ion acoustic speed and it propagates in the direction of the cross-field drift of electrons. The
perpendicular drift is found to bemuch larger than the drifts parallel toB. Since the ions are unmagnetized in the
EEJ region, the ion’s drift is almost entirely in the direction ofE0 and ismuch smaller than the ion thermal
velocity. Therefore, ion’s drift can be neglected in the EEJ region.

In the higher latitudes (above∼120 km), FB instability is also observed around the polar cap or auroral Zone
[1].Moreover, it has been shown that at such higher altitudes the ion thermal effect reduces the threshold for the
electrojet instabilities but increases themaximumaltitude of the instabilities [20]. The instabilities in the central
electrojet (which is below the boundary of ionmagnetization) are predominantly determined by the FB driving
mechanism. Above the ionmagnetization boundary, ions build up considerable hall current and the relative
drift between ions and electrons plays a significant role in the instability. At these altitudes, since ion
magnetization is important, ion cross-field drifts cannot be neglected [20].

For the past three decades, dusty plasma has been an active research field due to its immense importance in
Laboratory, Industry and Space [21–23]. Apart from the usual plasma electrons, ions and neutral gas, dusty
plasma consists of additional charged dust species of radii between nm to a fewmicrometers. Dusty plasma
naturally occurs in different space and astrophysical environments, examples include such as interstellar
medium [24], protoplanetary disks [25], rings of Saturn [26], cometary environments [27] andD and E-region of
the Ionosphere [28–48]. Since charged dust in the ionospheric regions can influence the incoherent scattering of
radiowaves fromdifferent ionospheric layers which are used for radio communication and signal processing, it
is important to understand the physics of ionospheric dusty plasma [28, 29].

The upperD (of altitude∼75 to∼90 km) or lower E region (of altitude∼90 to∼130 km) of the ionosphere
can be considered as a partially ionized low temperature natural dusty plasma laboratory inwhichminimum
temperature in the summermesopause can be as low as in the range of 100 k to 150 k [28]. Due to the ablation of
meteors at the altitude range of∼75 km to∼115 km, fine dust particles form and produce dust layers.
Noctilucent clouds (NLC) and PolarMesospheric Clouds (PMC) or PolarMesospheric Summer Echoes (PMSE)
are fascinating examples of dust layers [28, 29]. PMSE is related to the strong radar echoes due to the electron
scattering at 50–1.3 GHz, which is observed at altitudes of∼78 km−∼ 80 km above theNLC region, formed
due towater-ice particles [28, 29, 33–35, 39–41, 43–45]. The density and radius of the ice particles can vary
between 10− 103 cm−3 and 1-100 nm respectively [28].

At altitudes about∼80 km–∼120 km, sputtered particles in the vicinity ofmeteoroid form ionizedmeteor
trails which can be observed optically as well as by the radar backscattering [28].While probing the ionosphere
with radars,meteor producemainly three types of returns. Thefirst radar detection occurs whenmeteor trails
are in the direction perpendicular to the radar beams. The second type is associatedwith the short duration pulse
periods known as head echoes and the third type ismeteor echoes returns from themeteor trail which is not
perpendicular to the radar beam [49].Chapin andKudeki [50] observed the nonspecularmeteor trails and
interpreted their origin by electrojet instabilities, in particular, FB instability.

Kelly et al [51] identified themeteor trail and shows that ablatedmaterial in the trailmay coagulate into a
particle of an order of 50 nm radius. It is believed that ablation and recondensation leads to the formation of
many smaller dust particles. However, there are large uncertainties regarding the dust size, number density and
compositions. For example, Reitmeijer et al [52] found dust sizes>100nm, butMateshvili et al [53], found dust
sizes of 10nmand number densities of 30 cm−3 at∼117 kmheight followed by Leonidmeteor showers.
Moreover, thework of Rosinski and Snow [54] andHunten et al [55] show the height and size distribution of
dust particles which are formed during themeteor ablation process and its subsequent evolution through
coagulation, sedimentation and diffusion. They estimated that the dust particle radii were in a submicron size
rangewith densities of a few 1000 cm−3 and these dust particles could exist upto an altitude of 110 km.

Neutral dust particles canmodify the E-region (of altitude range from∼90 km to∼120 km) conductivities
due to collision frequencies with charged particles in additionwith ion-neutral and electron-neutral collision
frequencies [36]. If the height distribution of the dust number density is known, it can explain the theoretical
estimates of the height difference between the current and the conductivity peaks [36]. Instead of neutral dust
particles if these are negatively charged, it can decrease the number density of free electrons below the EEJ peak
inwhich the number density ofmeteoric dust particles are very high.Due to the reduction of the free electron
number density, it can decrease or reverse the normal electrojet currents (known as counter electrojet) below the
peak of the EEJ [37, 38].

Since dust particles are charged, dusty plasma supports various kinds of waves and instabilities.When these
charged dust particles constitute uniform fixed background, normal ion acousticmode getsmodified and gives
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dust-ion acousticmode [56]. Another extremely low frequencywave exists (due to themassive dust grains
compared to the negative ions), which involves dust dynamics, called dust acoustic wave [57], andwasfirst
clearly observed in the laboratory by Barkan et al [58]. Dust acoustic instability spontaneously excitedwhen ion
drift velocity relative to dust exceeds wave phase velocity. Since dust particles aremassive compared to ions, dust
acoustic speed is typically a few cm s−1 and frequency is a fewHz.

Dustywaves and instabilities in the context of EEJwere first discussed by Rosenberg andChow [59]. It has
been shown that charged dust canmodify the usual Farley-Buneman andGradient driftmode through its effect
via equilibrium charge neutrality in the EEJ region [59, 60]. Considering dust dynamics and using kinetic theory
Rosenberg and Shukla [61], investigated low frequency hall current instability. The instability is very likely to be
excited for sufficient density of positively charged dust inwhich electronE0× B drift speed is smaller than the
ion thermal speed. Dust particles are usually negatively charged in the laboratory (due to fastmoving electrons
compared to ions) but in space environments, itmay become positive due to photo emission in the presence of
solarUV radiation if the dust particles work function is sufficiently low [21, 46]. Rosenberg and shukla [61]
developed the theory for the EEJ altitudes (∼95 km−∼ 105 km), inwhich only electrons aremagnetizedwhile
ions and dust particles are unmagnetized.However, it has been shown that dust particlesmay exist upto an
altitude of∼130km, due to the transportation of dust particles by dust vortices (formed at altitudes
∼110 km−∼ 120 km)which appear as a result of acoustic gravity wave instability [62].

Now, above the EEJ altitude since ions are alsoweaklymagnetized due to lower neutral density, itmay
influence the low frequency hall current instability. N.D’Angelo discussed the FB instability and low frequency
dust acoustic hall current instability in the case forwhich both electrons and ions aremagnetized but only dust
particles are unmagnetized at the altitude of∼100 km to∼120 km for uniform 50 nm size dust [63]. However, it
is evident from the several observations as discussed above that the dust sizesmay vary andmodify thewave
propagation at these altitudes. Therefore, it is important to see the effect of dust size variation on the low
frequency hall current instability.

Early investigation of dust size distribution in dusty plasmawas given byHavness et al [64]. It has been
shown that the effect of dust size distribution can strongly influence the dust charges and potential in the dust
cloud. Effect of dust size distribution on low frequency dust acoustic wavewas addressed by Brattli et al [65].
They found that despite of different power law exponent, if the upper and lower limits of dust particle sizes are
chosen such that average dust sizes remain constant, wave properties are similar to those ofmonosize
distribution of the average size dust particles.Meuris showed that dust plasma frequency increases for power law
or normal dust size distribution as compared to the case ofmonosized dust particles [66]. Further, it has been
shown that soliton velocity in dusty plasma increases with power law dust size distribution compared to the case
formonosized dust particles [67]. Also, the effect of the power-law dust size distribution on linear dust acoustic
wave in inhomogeneous unmagnetized dusty plasma has been carried out by Banerjee et al [68]. It has been
shown that dust size distribution and density inhomogeneity can significantly affect wave properties.

Since the charged dust naturally occurs in themeteor ablation region (80–120 km), it can affect thewell
knownE-region instabilities such as the Farley-Buneman instability orHall current instability. The effect of
charged dust onHall current instability can be studied by two approaches:

(i) One approach is by considering the cold dust fluid which constitutes stationary background and it affects the
instability via altering the plasma quasineutrality condition. This effectmanifests itself through the
modification of the ionwaves [59].

(ii)The other method is to consider dust dynamics which results a low frequency Hall current instability in
which the frequency is within the range of dust acoustic wave.

Sincewe are interested in the low frequency analog of theHall current instability later approach is considered in
this work.Now, since naturally dust sizesmay vary due to the complexmeteoric ablation process, the present
work aimed to address how the variable size charged dust particles can affect the low frequencyHall current
instability in and above the electrojet region.

In this paper, the effect of power law dust size distribution and dust number density on the low frequency
hall current instability in and above the electrojet region has been carried out. Specifically, the growth rate and
frequency of the instability at different altitude ranges(inwhich only electrons aremagnetized in one case and
other two cases for stronglymagnetized electrons andweaklymagnetized ions ) have been evaluated
numerically. The article is organized as follows: section 2 describes a basicmathematicalmodel which includes
equilibrium coordinate geometry,model assumptions, fluid dispersion relation and dust-plasma frequency for
power law dust size distribution. The effect of dusty plasma parameters on the instability is presented in section 3
which consists of the effect of power law dust size distribution in and above the EEJ altitude and the effect of dust
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number density. In section 4, analytical expressions for the growth rate and frequency of the instability in the EEJ
region have been derived. Discussion and conclusion are given in section 5 and section 6 respectively.

2. Basicmathematicalmodel

Let us consider a partially ionized dusty plasma consisting of electrons, singly charged ions, variable-size dust
particles and neutral gasmolecules. The density, temperature,mass and velocity of each species are denoted by
nα, Tα, mα andVαwhereα= d, e, i, n stands for the dust particles, electrons, ions and neutrals respectively.

In space plasma,mostly dust size distribution ismodeled by a power-law distribution for dust radii r vary
within a given range r , rmin max( ). The distribution has the following form [64–68]:

n r dr Kr dr, 1= b-( ) ( )

where K is a constant and the values of the exponentβ vary from0.9 to 4.5 for planetary system [69], for the
cometary environment, the value ofβ is∼3.4 [66]. For r rmin< and r rmax> , n(r)= 0, the total number density
of the dust particle is given by,

N n r dr. 2tot
r

r

min

max

ò= ( ) ( )

The value of K in the equation (1) can be determined as follows:

K
1 N

r r
. 3tot

max
1

min
1

b
=

-
-b b- -

( ) ( )

The charge neutrality at equilibrium is given by

n n Z n , 4io
j 1

N

doj dj eoåe= +
=

( )

where, j= 1, 2, 3,K, N areNdifferent species of dust grains. ni0, ne0 and nd0j are the equilibriumunperturbed
ion, electron and the dust particle number density respectively. Zdj represents the number of charges residing on
the jth dust particle. The expression for Zdj andmdj are as follows:

v eZ 4 r , 5dj 0 0 jpe» ( )

m
4

3
r , 6dj d j

3pr» ( )

where ò0 is the free space permittivity, ρd is themass density of the dust particle and v0 is the equilibriumdust
surface potential. v0 and ρd are assumed to be the constant for all dust particle sizes.

In equation (4), ò= 1 for negatively charged dust and−1 for the positively charged dust. The parameter,
n

n
i

e
d = represents the amount of charge density carried by the dust particle. All the dust particle sizes r are

assumed to bemuch smaller than the dust debye length, r= λDd.

2.1. Equilibrium coordinate geometry of themodel
The coordinate system for the electric andmagnetic fields for the study of low frequency hall current instability
in the presence of variable size dust particle is same as in [61]. Themagnetic field,B is in the z directionwhereas
the electricfield,E0 is in the−x direction. The electrons and ions haveE0× B drift in the perpendicular
direction. The electron and ion drift parallel to the direction ofE0 is neglected. Since ion and dust particles are
unmagnetized in the EEJ region, the ion and dust drifts are neglectedwhereas in above the electrojet region
(∼115 km−∼ 130 km), ion drift is considered togetherwith electron drift due to theweaklymagnetized ions
(see figure 1) because in these region, νinΩi or νinΩi. However, if the ions are stronglymagnetized (such as
in F region), νin=Ωi, although electrons and ions gyrate in the opposite direction, but their guiding center drifts
are charge independent andmove in the same directionwhich inhibits the formation of current [20, 70].

2.2.Model assumptions
In the EEJ region following assumptions have beenmade to develop themodel:

(1)The electrons aremagnetized and ions and dust particles are unmagnetized.

(2)Only electrostatic waves are considered.

(3)Due to higher concentration of neutral gases, coulomb collisions between charged species are smaller than
the collision between neutral gases and plasma particles. Hence, collision between charged species is
neglected.
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(4)Noneutral wind is considered.

(5)The frequency regime,ω?Ωd is considered.

(6)The equilibriumplasma density and temperature gradients are not considered.

However above the EEJ, due to lower neutral density, νin can be comparable or lower thanΩi. Therefore ion’s
drift can not be neglected in this region. Low frequency hall instability in the above EEJ region is also considered
in this work.

2.3. Fluid dispersion relation
Since, we are interested in the time scale that is long in comparisonwith themicroscopic particle dynamics and
for awavelength that is alsomuch larger than the characteristic plasma debye length,fluid description of the
charged particle species in a plasma is sufficient. Thefluid description of plasma considers the average value of
themacroscopic variables such as density, velocity, temperature etc which are related to themoments of the
distribution function.Waves and instabilities in dusty plasma can be analyzed by considering dust as another
fluid component in addition to the electron and ion fluid.However, for the shorter wavelength of the instability,
one requires kinetic theory.

To obtain thefluid dispersion relation for electrostatic low frequency hall instability in and above the EEJ
region, the continuity andmomentum equations for the three charged components are as follows:

V
t

n n 0, 7
¶
¶

+  =a a a( ) ( )

V
E V B Vn m

d

dt
n q kT n n m , 8nn= + ´ -  -a aa a

a
a a a a a a a( ) ( )

where,α= e, i, d stands for the electron, ion and dust particles respectively. Here in equation (8), we have not
considered the gravity, which ismuch smaller compared to the other terms. d

dt
is the convective derivative. The

right hand side of themomentum equation (8) contains Lorentz force termwhich leads to theHall term,
pressure gradient term and the third term stands for the collisionalmomentum exchange of charged species with
the neutrals.Without considering dust, assuming inertia less electrons and plasma quasineutrality (ne= ni), one
can obtain the expression for the electric field from themomentum equation (8) in the rest frame of ionswhich
contains the hall term (J× B/ene, where J(= ene(vi− ve)) is the current density) [71]. In a partially ionized
medium such as in the E region of the ionosphere, theHall effect occurs owing to the fact that neutral collisions
more efficiently isolate ions from themagnetic field than the electronswhich is different from the case of highly
ionized plasma inwhich theHall effect arises simply due to the difference between electron and ion inertia [71].
Furthermore, in the case of dusty plasma, since charged dust affects the plasma quasineutrality (ne≠ ni), theHall

Figure 1.Equilibrium field geometry of themodel
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effect will always exist even in the absence of relative drift between electrons and ions unless the condition
Znd= ne is satisfied [72].

Since, we are interested to study theHall current instability, the parameters such as plasma density, velocity,
magnetic field etc that govern the instability can be easily understood during its initial phase.Mathematically,
this can be done by linearizing the continuity andmomentum equations by introducing infinitesimal
perturbations. The solution of the linearized systemof equations gives the dispersion relationwhich can be
presented in a simple functional form, f (ω, k)= 0.

Equations (7) and (8) can be linearized as follows: nα= nα0+λnα1,Vα=Vα0+λVα1, Tα= Tα0+λTα1,
andE= E0−λ∇f,

whereλ andf are the infinitesimal expansion parameter and the perturbing potential respectively. All other
symbols have their usualmeaning inwhich the first part represents equilibriumpart and the second one is
perturbing quantities that are assumed to be small as compared to the equilibrium value.

From the zeroth order linearized equation corresponding to the equations (7) and (8), we obtain the
expression for the equilibriumdrift velocities which are as follows:

V
q

m
E , 9ox

n
2

n
2 0

n
n

= -
W +

a
a

a

a

a a
( )

V
q

m
E , 10y0 2

n
2 0

n
= -

W
W +

a
a

a

a

a a
( )

and

V 0. 11z0 =a ( )
Where, cα andΩα are the species thermal velocity and gyrofrequency respectively. Combining the zeroth and
first order terms in themomentum equation (8), we get,

t
V V V V B Vn m . n q P n m . 12n0 1 0 1 0 1 1 0 1⎛

⎝
⎞
⎠

f n
¶
¶

+  = - + ´ -  -a a a a aa a a a a a a a( ) ( )

Let’s assume thatfirst order quantities vary as exp i k x k y tx y w~ + -{ ( )}. It is also assumed that the perturbing
low frequency waves propagate predominantly along the y- axis (kx= ky). From equation (12) by considering
the ky termswe get,

i V V V B Vn V ik
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m
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Separating into the x and y components, we get

k V i V
q

m
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From the above two equations, one obtains
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where, k V iyy 0 nw w n= - +a a aˆ ( ).
Now from the above two equations, one can get the expression for Vα1x andVα1y.
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After linearizing the continuity equation (7) to thefirst order, we get
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Substituting the values of Vα1x andVα1y from equations (18)and (19), we obtain,

n
k n q

m k V m k c
, 211

2
0

2 2
y 0y

2 2

w f
w w w

=
- W - -

a
a a a

a a a a a a a

ˆ
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where, k k k2
x
2

y
2= + and kx= ky.

Now for electrons, ions and negatively charged dust the corresponding expression for nα1 becomes,
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The dispersion relation is obtained through the linearized Poisson’s equation,

e n n Z n . 250
2

i1 e1 d d1e f = - - -( ) ( )

Since the perturbing potentialf varies as exp i k x k y tx y w~ + -{ ( )}, (kx= ky), the above equation yields,

1 0, 26
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k
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0
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k
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0
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e f
represents electron, ion and dust susceptibilities respectively. Now,
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and for the negatively charged dust,
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Case-1: From equations (26)–(29), the resulting dispersion relation for the negatively charged dust becomes
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Case-2: Now for the positively charged dust, the linearized Poisson’s equation has the following form,
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. Now for positively charged dust since qd= Zde, nd1 should contain positive sign (see

equation (21)).The sign of the expressions for ne1 and ni1 remain the same as equations (22) and (23). Therefore,
we get the same dispersion relation both for the positively and the negatively charged dust. From equation (31),
we canwrite
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Sinceω is complex, let’s assume

i , 34r rw w g= + ( )
whereωr is the real frequency and γr is the corresponding growth rate. After substituting equation (34) in
equation (33), one can obtain the real and imaginary parts of the dispersion relation. The dispersion relation is
solved numerically using PYTHON3 for the case of variation of dust size and dust number density, nd in and
above the EEJ region.

2.4.Dust-plasma frequency(ωpd) for power lawdust size distribution
The effect of dust size variation is included through pd

2w in equation (33). For the dust size variation, one can
write,
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where ndoj, Zdj andmdj are unperturbed dust density, dust charge state and dustmass of the jth dust grain
respectively. For the power law distribution of continuous cases, we get from equation (1),
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where, pdw̄ is the average dust plasma frequency. From equations (36) and (39), we have
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where, a r

r
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min
= . Equation (40) shows that the ratio of the dust-plasma frequency,ωpd for power law dust size

distributionwith average dust plasma frequency, pdw̄ for average size dust depends on the ratio of themaximum
dust size, rmax to theminimumdust size, rmin and the power law exponentβ. Since ωpd differs from the, pdw̄ , it
characterizes the power law dust size distribution.

The variation of pd
2
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2

w
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is plottedwith respect to a for different values ofβ infigure 2. Fromfigure 2, it can be

seen that as a increases pd
2
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is increased but it decreases as theβ increases. However, upto a≈ 8, the ratio pd
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w
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sharply increases with a and alsowith the increase ofβ (see inset plot infigure 2). Since the altitude range from
∼95 km to∼130 kmconsidered in this paper, the dust sizemay vary froma fewnm to several tens of nm, it is

Figure 2.The variation of pd
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w̄
with respect to a r

r
max
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=( ) for different β.
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interesting to study the effect of dust size variation on the low frequency hall instability. Below are the results of
the effect of dust size variation on the instability in the EEJ region, where the electrons aremagnetized, ions and
dust particles are unmagnetized. The effect of dust size variation above the EEJ region(∼115 km-∼120 km,
∼125 km-∼130 km) is also studied later inwhich electrons are stronglymagnetized, ions are weaklymagnetized
and dust particles are unmagnetized. The parameter values typical to the regions are given in table 1.

3. Effect of dusty plasma parameters on hall current instability

3.1. Effect of power lawdust size distribution
3.1.1. In the EEJ region (∼95 km−∼ 105 km)
First we assume a uniformdust size of 50 nmwhich can be formed due tometeoric ablation, accretion and
coagulation processes as reported in [51] and this valuewas also used by Rosenberg and Shukla [61] in their
numerical study of low frequencyHall current instability using kinetic theory.

The dust charge can be estimated from the following formula, Z v

ed
4 r0 0 d= p , where v0 is the dust surface

potential and rd is the dust radius. By assuming rd∼ 5× 10−8m and v0 ∼ 0.5 V, we get Zd≈ 17, and the dust
plasma frequency becomes,ωpd∼ 70 s−1 for the equilibriumdust number density, 3× 103 cm−3(see table 1).
Now,we consider two types of dust size distribution, one is the narrow size distribution (40 nm− 60 nm) and
the other is broad dust size distribution (1 nm− 100 nm). From equation (36), by assuming the value ofβ≈ 3,
ρd≈ 1 gm cm−3 and substituting the value of K from equation (3), we getωpd∼ 73 s−1 for the narrowdust size
distribution and for the broad dust size distribution, we getωpd∼ 407 s−1. It has been assumed that the dust
charged state (Zd) is approximately constant.We now compare the growth rate (γr) and the frequency (ωr)with
the electron drift velocity, Ve0 in the EEJ region.

Figures 3(a) and (b) show the variation of γr andωr with theVe0 for k= 0.1 m−1. From thefigures, we can see
that γr andωr increase with the increase of dust size variation and the increase ismore significant for the broad
dust size distribution inwhich the growth rate varies from4× 10−4 s−1 to 8.65 s−1 and frequency varies from
0.34 s−1 to 22 s−1 in the range of Ve0 considered here (10 m s−1

–1200m s−1). For the case of uniformdust size
50 nm, the range of growth rate varies from9× 10−4 s−1 to 0.45 s−1 and the frequency varies from0.12 s−1 to
13.6 s−1. The growth rate and frequency for narrow dust size distribution varies from10−3s−1 to 0.49 s−1 and
0.12 s−1 to 13.72 s−1 respectively. Similar effect is observed infigures 4(a) and (b)which is for k= 0.01 m−1 and
the other parameters are the same as infigure 3. Therefore, we can conclude that if we consider dust size
variation, it can significantly influence the instability.

Figures 5(a) and (b) show the variations of γr andωr with k for Ve0= 720 m s−1. Here, it can be seen that
growth rate and frequency increase with the increase of dust size variation and the increase ismuch higher for

Table 1. Ionospheric plasma parameters.

Symbol Reference/Formula Magnitude at EEJ
Magnitude above EEJ

Altitude Range Altitude Range Altitude Range

(∼95 km–∼105 km) (∼115 km–∼120 km) (∼125 km–∼130 km)

Nn [1, 76] 1013(cm−3) 7.8 × 1011(cm−3) 2.8 × 1011(cm−3)
Ne [1, 76] 105(cm−3) 1.3 × 105(cm−3) 1.5 × 105(cm−3)
Te [1, 76] 200(k) 400(k) 500(k)
Ti [1, 76] 200(k) 400(k) 500(k)
Td [1, 76] 200(k) 400(k) 500(k)
ωpe en mpe e

2
0 ew e= 107(s−1) 2 × 107(s−1) 2.2 × 107(s−1)

ωpi en mpi i
2

0 iw e= 104(s−1) 8.4 × 104(s−1) 9.2 × 104(s−1)

νen 5.4 10 N Ten
10

n e
1 2n ´ - 8 × 104(s−1) 8.4 × 103(s−1) 3.4 × 103(s−1)

νin νin ; 2.6 × 10−9Nnμ
−1/2 2 × 104(s−1) 406(s−1) 132(s−1)

B [77] 0.5(Gauss) 0.5(Gauss) 0.5(Gauss)
Ωe eB me eW » ∣ ∣ 107(s−1) 107(s−1) 107(s−1)
mi [77] 5 × 10−23(gm) 5 × 10−23(gm) 5 × 10−23(gm)
Ωi eB mi iW » ∣ ∣ 160(s−1) 160(s−1) 160(s−1)
ce c k T mBe e e» 5 × 106(cms−1) 7.8 × 106(cms−1) 8.7 × 106(cms−1)

ci c k T mBi i i» 2.4 × 104(cms−1) 3.2 × 104(cms−1) 3.6 × 104(cms−1)

cd c k T mBd d d» 7.4(cms−1) 10(cms−1) 11(cms−1)

md [59, 61] 5 × 10−16(gm) 5 × 10−16(gm) 5 × 10−16(gm)

dnn vm m nn d n dnsá ñ( ) [78] 10(s−1) 1.3(s−1) 0.5(s−1)
Nd [28, 51, 59, 61, 68, 69] 3 × 103(cm−3) 3 × 103(cm−3) 3 × 103(cm−3)
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broad dust size distribution. In this case, the growth rate varies from0.13 s−1 to 17 s−1 while the frequency varies
from1.6 s−1 to 62 s−1 for the range of k considered here (0.01m−1- 1m−1). However, for the case of uniform
dust size and narrowdust size distribution, the growth rate first increases and then decreases. The growth rate
and frequency for uniformdust varies from2× 10−3 s−1 to 6× 10−2 s−1 and 0.58 s−1 to 52 s−1 respectively.
And for the case of narrowdust size distribution, the growth rate and frequency vary in the range of 3× 10−3 s−1

to 2× 10−2 s−1 and 0.58 s−1 to 53 s−1 respectively. It is also observed that wave damping(i.e. negative growth

Figure 3. (a)The variation of growth rate, γr, with electron drift velocity,Ve0, (b)The variation of frequency,ωr, with electron drift
velocity, Ve0, for k = 0.1 m−1 in the EEJ region.

Figure 4. (a)The variation of growth rate, γr, with electron drift velocity, Ve0, (b)The variation of frequency,ωr, with electron drift
velocity, Ve0, for k = 0.01 m−1 in the EEJ region.

Figure 5. (a)The variation of growth rate, γr, with thewave number, k, (b)The variation of frequency,ωr, with thewave number, k for
Ve0 = 720 m s−1 in the EEJ region.
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rate)starts at k= 0.3 m−1 for uniform size dust whereas for narrowdust size distributionwave damping starts at
k= 0.45 m−1.

Similarly, figures 6(a) and (b) depicted the variation of γr andωr with k for Ve0= 180m s−1. Here, wave
damping starts at a lower value of k (0.27 m−1 for uniform size dust and 0.31 m−1 for narrow size dust
distribution) compare tofigure 5which is expected due to lower electron drift velocity. However, in the case of
broad dust size distribution, wave dampingmode does not occur for the range of k values considered here. Also,
it can be seen that even if the electron drift velocity, Ve0(180m s−1 infigure 6) is less than the ion thermal velocity
(ci=240m s−1), the instability is excited.

Figures 7(a) and (b) show γr andωr versus k for Ve0= 120m s−1 in the case of broad dust size distribution.
The growth rate and frequency vary in the range of 9× 10−3 s−1 to 7.6 s−1 and 0.4 s−1 to 21.6 s−1 respectively.
But, for the case of narrowdust size distribution, we get decaying orwave dampingmode (Figure 8(a)) and
frequency varies from0.14 s−1 to 13.4 s−1(figure 8(b)). Similarly, a decayingmode is also observed for uniform
size dust. Therefore, it can be concluded that dust size distribution can significantly alter the required threshold
electron drift velocity to excite the instability. The threshold electric field for the instability depends on electron
drift velocity and can be estimated from the equation (10)which is found to be few∼mv/m in the EEJ region.

3.1.2. Above the electrojet region
(a)Altitude range (∼115 km−∼ 120km)

The abovemode analysis is for the EEJ region inwhichΩi= νin. Since ions are unmagnetized in the EEJ
region, the ion’s drift has been neglected. However, above the EEJ region(∼115 km–∼120 km), νin decreases due
to lower neutral density and becomes roughly comparable or in the same order asΩi. Therefore, ions become
weaklymagnetized and the ion’s drift can no longer be neglected. To understand the effect of weaklymagnetized

Figure 6. (a)The variation of growth rate, γr, with thewave number, k, (b)The variation of frequency,ωr, with thewave number, k for
Ve0 = 180 m s−1 in the EEJ region.

Figure 7. (a)The variation of growth rate, γr, with thewave number, k, (b)The variation of frequency,ωr, with thewave number, k for
Ve0 = 120 m s−1 for broad dust size distribution in the EEJ region.
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ions on the instability, the dispersion relation (equation (33)) is solved for the parameters of the altitude range
∼115 km–∼120 km.

The electron and ion drifts in the y direction can be calculated from equation (10). These are,
|Ve0y|∼ 2× 104E0m s−1 and |Vi0y|∼ 3× 103E0m s−1 inwhich, E0 is themagnitude of the equilibrium electric
field. Since the value of E0 can be as low as in the order of fewmv for the excitation of the instability, the range of
E0 is taken from10−4 v m−1 to 10−1 v m−1.

Figures 9(a) and (b) show the variation of γr andωr with E0 for uniform aswell as variable size dust particles
for k= 0.01m−1. It can be seen that the growth rate and frequency decreases compared to the EEJ region due to
the lower neutral density. Also, it is found that growth rate and frequency do not increase with the dust size
variationwhich is not the case in the EEJ region.Moreover, for broad dust size distribution, although the
threshold electric field for the instability can be slightly lower compared to the other dust sizes, the growth rate is
oscillating.

Figures 10(a) and (b) are similar asfigure 9(a) and (b) but for k= 0.1m−1. The γr andωr increases compare
tofigures 9(a) and (b)due to higher values of k.However, the variation of dust size cannot increase the γr andωr

which is also observed for k= 0.01m−1. Figures 11(a) and (b) show the variation of γr andωr with k for
E0= 10 mVm−1 for different dust size distribution. Here, also it can be seen that variation of dust size cannot
alter the γr andωr of the instability.

(b)AltitudeRange (∼125 km−∼ 130 km)
Again, the dispersion relation is solved for above the EEJ region for the altitude range of∼125 km -∼130 km.

In this region ion neutral collision frequency, νin is lower than ion gyro-frequency,Ωi. Figures 12 and 13 show γr
andωr variationwith E0 for the different dust sizes for k= 0.01 m−1 and k= 0.1 m−1 respectively. From
figure 12(a), it can be seen that themode is dampedwhereas a positive growth ratewas obtained for the same
value of k (0.01m−1) in the region(∼115 km -∼120 km)(see figure 9(a)). For k= 0.1 m−1 infigure 13(a),

Figure 8. (a)The variation of growth rate, γr, with thewave number, k, (b)The variation of frequency,ωr, with thewave number, k for
Ve0 = 120 m s−1 for narrowdust size distribution in the EEJ region.

Figure 9. (a)The variation of growth rate, γr, with the electricfield, E0, (b)The variation of frequency,ωr, with the electricfield, E0 for
k = 0.01 m−1 in the region (∼115 km − ∼ 120 km).
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although thewave has a positive growth rate but decreases compared to the figure 10(a). Figures 14(a) and (b)
represent the variation of γr andωr with k for E0= 10 mVm−1. The value of γr andωr is slightly decreased
compared to the case (a) (figures 11(a) and (b)). Also, in this region effect of dust size variation cannot alter the
growth rate and frequency of the instability which is as similar as observed in the previous case. Therefore, it can
be concluded thatwhen ions becomeweaklymagnetized, the dust size variation can not significantly affect the
growth rate and frequency of the instability.

Figure 10. (a)The variation of growth rate, γr, with the electricfield, E0, (b)The variation of frequency,ωr, with the electric field, E0 for
k = 0.1 m−1 in the region (∼115 km − ∼ 120 km).

Figure 11. (a)The variation of growth rate, γr, with thewave number, k, (b)The variation of frequency,ωr,with thewave number, k,
for E0 = 10 mV m−1 in the region (∼115 km − ∼ 120 km).

Figure 12. (a)The variation of growth rate, γr, with the electricfield, E0, (b)The variation of frequency,ωr, with the electric field, E0 for
k = 0.01 m−1 in the region (∼125 km − ∼ 130 km).
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3.2. Effect of dust number density
As discussed in the introduction, the dust number density can vary in the region of interest due to complex dust
forming processes and exists upto altitudes of 130 km [62]. Figures 15(a) and (b) show the plot of the growth
rate, γr and frequency,ωr with electron drift velocity, Ve0 for the case of uniform size dust having three different
dust densities in the EEJ region. It is discernible that γr andωr of the instability increases with the increase of nd.
However, in the altitude range (∼115 km -∼120 km) and (∼125 km -∼130 km), the variation of dust number

Figure 13. (a)The variation of growth rate, γr, with the electricfield, E0, (b)The variation of frequency,ωr, with the electric field, E0 for
k = 0.1 m−1 in the region (∼125 km − ∼ 130 km).

Figure 14. (a)The variation of growth rate, γr, with thewave number, k, (b)The variation of frequency,ωr,with the wave number, k,
for E0 = 10 mV m−1 in the region (∼125 km − ∼ 130 km).

Figure 15. (a)The variation of growth rate, γr, with electron drift velocity, Ve0, (b)The variation of frequency,ωr, with electron drift
velocity, Ve0 for different dust densities in the EEJ region for k = 0.01 m−1.
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densities cannot affect the instability (see figure 16 andfigure 17) as similar as observed for the case of dust size
variation in these regions.

4. Analytical result in the electrojet region

Since electrons aremagnetized, it can be assumed thatΩe? νen. Then the equation (27) for the electron
susceptibilty,χe takes the following form:
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is the electron gyroradius.

For the case of ions, let's consider (ω+ iνin)= kci [61] and also neglecting the ion-drift,Vioy in equation (28),
so that the ion susceptibility,χi becomes,
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Since, dust is also unmagnetized, let’s assumeΩd≈ 0 andVd0y≈ 0. Also, by neglecting the dust thermal velocity,
cd, the equation (29) for dust susceptibility becomes,
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Figure 16. (a)The variation of growth rate, γr, with the electricfield, E0, (b)The variation of frequency,ωr, with the electric field, E0 for
different dust densities in the region (∼115 km − ∼ 120 km) for k = 0.01 m−1.

Figure 17. (a)The variation of growth rate, γr, with the electricfield, E0, (b)The variation of frequency,ωr, with the electric field, E0 for
different dust densities in the region (∼125 km − ∼ 130 km) for k = 0.01 m−1.
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now, considering weak collision ( dnn w ), the above equation can also bewritten as,
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The approximate dispersion relation then takes the following form,
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Sinceω is complex, assumeω= ωr+ iγr and also let’s consider aweak growth rate, r rg w∣ ∣  . Then the real part
of the dispersion relation(equation (45)) gives,
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For longwave length limit, k 12
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Now, from the imaginary part of the equation (45), for weak growth rate,
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Finally, we obtain the following approximate form for theweak growth rate,

2 kV 2
. 50

e

r

r

r
2

pd
2

pe
2

en

eo r

dn

r

⎜ ⎟
⎛
⎝

⎞
⎠

g
w

w
w

w
W

n
w

n
w

=
-

- ( )

5.Discussion

Let usfirst discuss the physical implication of themathematical analysis carried out in this work. The obtained
general dispersion relation (equation (33)) consists of all the charged species inertia, thermal velocity, drift
velocity, Langmuir and gyrofrequency. This unified treatment allows us to study from the condition inwhich
only electrons aremagnetized (in the EEJ region) to a condition inwhich both electrons and ions aremagnetized
but the dust particles are unmagnetized (above the EEJ region).

Following themathematical analysis, the physical condition for the instability excitation can be understood
as follows: The electric field,E0(which is perpendicular to the geomagnetic field,B) drives the electronswith the
drift velocityVe0(equations (9) and 10). Since electron-neutral collision frequency, νen is approximately two or
three tenths ofmagnitudes lesser than electron gyrofrequency,Ωe, both in the EEJ or above the EEJ region(see
table 1), then from equations (9) and (10),Ve0y?Ve0x. Themagnitude of theVe0y can be approximated as
∼E0/B. On the other hand, ion and dust driftVi0 andVd0 ismuch lesser thanVe0 in the EEJ region such that ion
and dust drift can be neglected in the EEJ region.However, above the EEJ region, non-negligible finite ion drift
exists owing to the fact that νin becomes comparable toΩi. The large relative drift between electrons, ions and
dust generate aHall current whichmay excite instabilities in and above the EEJ region. Thewave vector k of the
electrostatic waves arises due to the instabilities aremostly in the perpendicular direction of themagnetic field,B
and the frequencies in the range of dust-acoustic frequencywhich ismuch lower than electron gyro frequency,
Ωe butmuch higher than the dust gyrofrequency,Ωd.

The analytical expression for the frequency(ωr) and the growth rate (γr) derived here using afluidmodel in
the longwavelength andweak collisional limit is fully consistent with the results obtained by Rosenberg and
Shukla [61] using kinetic theory. From equation (50), it can be seen that instability develops if electron drift
speed is larger than the phase speed of dust acoustic waves. Also, it shows that the growth rate,γr, is proportional
to the electron-neutral collision frequency, νen. Since νen varies from∼104 s−1 to∼103 s−1 in the EEJ region, γr
andωr decrease with altitudewhich is also evident from the numerical analysis presented in section-2. In
addition, dust-neutral collision frequency, dnn further reduces the growth rate as can be seen from equation (50).
However, in the upper EEJ region the damping due to dnn is small due to lower neutral densities.Moreover,γr
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andωr are proportional toωpd. Sinceωpd significantly increases for broad dust size distribution and higher dust
number density, the instability ismore easily excited in these cases which further validates the numerical analysis
presented for the EEJ region.

Also, Rosenberg and Shukla [61] showed that in the EEJ altitude the instability criteria ismore easily satisfied
by the dust particles which are charged positively due to photoemission by solarUV radiation.Now, if the dust
particles emit photoelectronswithmuch higher energies than the ambient electrons, it can enhance the electron
temperaturewhich leads to the higher electron density due to the reduction of electron-ion recombination
coefficient [73]. Therefore, in this case, νenmay increase which can further increase the γr andωr.

Now, above the EEJ region, dnn decreases considerably (see table 1). Since dust particles are unmagnetized (in
the entire altitude range), so dust cross-field drift can be neglected. Therefore, dust susceptibility,χd for above
the EEJ region can still be expressed by equation (43). However, since dnn ismuch smaller than that of the EEJ
region, it can be neglected. On the other hand, since the ion susceptibility,χi contains ion drift term, ion
contribution dominates in thewavemotion. Since the variation in the dust size and number density, both are
related to the parameterωpd, the variation ofωpd has negligible effect on the growth rate and frequency of the
wavewhich is evident from the numerical analysis presented above the EEJ region.

Finally, we discuss the role and the consequence of the underlying physical assumptions.

(i) Equilibrium plasma density gradients which have been neglected in this work may have a considerable effect
on the instability. By, using kinetic theory, it has been shown that the presence of a small equilibrium electron
density gradient scale length due to the short-scale variation of dust charge density can substantially increase
the growth rate of the instability [60]. In this case, the negatively charged dustmodifies the phase speed of the
waves via its effect on equilibrium charge neutrality.Moreover, by considering dust dynamics, low frequency
gradient drift instability or dust acoustic drift wave instability for uniform size positively charged dust grains
have been investigated [74]. It has been shown that sufficient density of positively charged dust in themeteor
trail plasma, can excite the instability which is driven by the electron diamagnetic and crossfield drift whose
magnitude is smaller than the ion thermal speed [74]. Therefore, ourmodel which includes the variable size
dust grain can be extended for the case of low frequency gradient drift instability.

(ii)The previous study by Fejer et al [70] shows (without taking into consideration of dust fluid) that electron-ion
recombinational damping can substantially increase the threshold drift velocity for themarginal instability of
the two-stream ion-cyclotronwaves in the auroral E-region. It has been shown that the the recombinational
effect is important even for the case of short wavelengths (10–20m) at altitudeswhere the ion-neutral
collision frequency is comparable to the ion gyro frequency. Therefore, we believe that the case of electron-
ion recombination at the dust particle’s surfacemay alter the threshold condition of the low frequency hall
current instability and can be studied in detail.

(iii)
In the present analysis wave propagation parallel to themagnetic field, B has not been considered. It has been
shown that parallel propagation can slightly shift the unstable wavelength to longer wavelength and under
certain conditionsmaximumgrowth rate can be obtained for slightly off-angle propagation [75]. So, it is
interesting to investigate the effect of parallel propagation on the instability for the case variable size dust grain.

Last but not the least, various other assumptions like electron-ion collision, equilibrium temperature
gradient, neutral wind velocity and so on,may also influence the instability and can be studied subsequently.

6. Conclusion

Low frequency hall current instabilities have been investigated in and above the electrojet region using afluid
model for three charged components (electrons, ions and dust particles). At the EEJ altitude, only the electrons
are stronglymagnetized and the other two components are unmagnetized. But above the EEJ altitude electrons
are stronglymagnetized, ions are weaklymagnetized and dust particles are unmagnetized. The perturbed
electron, ion and dust densities have been obtained after linearizing the continuity andmomentum equations.
Then the dispersion relation is obtained through linearizing Poission’s equation. The effect of power-law dust
size variation and dust number density on the instability has been studied in detail. The variation in the growth
rate and frequency of the instability (for uniformdust size aswell as variable dust size) (a)with electron drift
speed for two different values of wave number and (b)withwave number for threefixed values of electron drift
speed have been shown in the EEJ region. In this region, the instability is excited even if the electron drift speed
smaller than the ion thermal speed and the variation of dust size and dust number density have significant effects
on the instability. However, above the EEJ region, the growth rate and frequency of thewave decreases compare
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to the EEJ region. Also, dust size variation and dust number density do not affect the instability above the EEJ
altitudes. Since it has been shown that variable size charged dust particles which are formed due to themeteoric
ablation can affect theHall current instability, the present work finds application in those regions of the lower
ionosphere wheremeteor trail plasma forms.

In this work, the equilibriumplasma density and temperature gradient, recombination of electron-ion on
the dust particle’s surface, the effect of electron-ion collision, neutral wind velocity, the effect of parallel
propagation and the electric field shear effects have been neglected in themodel. The limitation of themodel also
includes the dustmass density (ρd) and surface potential(v0)which are approximately constant and the same for
all dust particle sizes. Considering these predefined approximations in the futuremodel will certainly improve
the dusty electrojetmodel andmake itmore realistic typical to the E-region ionosphere perturbed bymeteoric
ablation phenomenon.

During geomagnetic disturb conditions, the electricfield of the equatorial electrojet ionosphere can be
substantially perturbed by themagnetospheric convection electric field (also called direct prompt penetration
electric field) [79] and ionospheric disturbance dynamo [80]. The effect of a non-uniform electric field
(transverse to the uniformmagnetic field in inhomogeneous ionospheric plasma) on the dusty drift waves and
instabilities can be studied. Also, enhanced fluctuations occur during strong auroral activities in the polar
E-region of the ionosphere in the region of equilibriumplasma density and temperature gradients [81]. The
coupling of the low frequency dust waves with the plasma inhomogeneity in variable size dusty plasmamay also
be considered in the future work.
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