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Abstract

The effect of power-law dust size distribution and dust number density on the low frequency hall
current instabilities have been studied in and above the equatorial electrojet altitudes using a linear
fluid model consisting of electrons, ions and dust particles. The dispersion relation includes electron
and ion drift perpendicular to the equilibrium uniform electric and magnetic field, mass and pressure
of the charged species and collision between charged and neutral particles. The effect of dust size
variation and dust number density on the instability have been investigated by varying the dust-plasma
frequency in the dispersion relation. It has been found that in the region of the electrojet altitudes the
variation of dust size for the case of broad dust size distribution and dust number density can
substantially increase the growth rate and frequency of the instability. However, above the electrojet
region where ions become weakly magnetized, the above two dust parameters have a negligible effect
on the instability. The present analysis is applicable to the dusty meteor trail plasma of the ionospheric
E-region.

1. Introduction

Equatorial electrojet(EE]) of the ionosphere which is ~600 km broad in the north-south direction about the
magnetic dip equator, can be viewed as a jet of magnetized electrons in the rest frame of the ions and the Earth’s
fixed frame [1]. EEJ is dynamically controlled by the ionospheric E-region dynamo. Diurnal and semidiurnal
tidal oscillation of the atmosphere driven by solar heating is responsible for the E-region dynamo which leads to
strong current flows in the east-west direction around the magnetic dip equator in the altitude range of ~90 km
to ~120 km [1]. The electric field associated with the EE]J is not only self generated by the local wind field but also
by the global dynamo effect [1]. EE] is unstable mainly due to Type-I and Type-Ilirregularities [2, 3].The radar
back scattered frequency spectra from the field aligned irregularities are classified into type-Iand type-II
irregularities. In a collisionless unmagnetized plasma with equal electron and ion temperatures, the two-stream
instability occurs when the mean velocity of the electrons relative to the ions exceeds the thermal velocity of the
electrons and the resulting perturbing waves travel at a velocity that is approximately equal to ion acoustic
velocity. Wave grows when the particles travel slightly faster than the wave phase velocity and on the other hand,
wave is damped when the particles travel at almost the same velocity as the wave. However, the physical
mechanism involved in classic two stream instability fails to explain the irregularities which were observed in the
ionosphere due to the effect of collisions between charged and neutral particles and the presence of the
geomagnetic field. Type-Iirregularities were first explained theoretically by Farley [4] and Buneman [5] by
extending the theory of two-stream plasma ion wave instability via including the effect of neutral collision and
static magnetic field in weakly ionized plasma in which electrons are magnetized and ions are unmagnetized.
Type-Ilirregularities are driven by the density and electrical potential gradients [6].

In the EE]J of the ionosphere at the altitude range of ~95 km to ~ 115 km, Farley-Buneman (FB) instability
or high frequency hall current instability was first observed by 50 MHz radar backscattering at Jicamarca, Peru
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[7] and subsequently observed and investigated by many other several researchers [8—20]. In the EE] region,
electrons are strongly magnetized whereas ions are unmagnetized because at these altitudes electron
gyrofrequency is much larger than the electron-neutral collision frequency and ion gyrofrequency is much
smaller than the ion-neutral collision frequency [18]. If the equilibrium electric field, E, exists perpendicular to
B, itleads to a cross-field Ey x B two-stream instability. The instability is excited when the electron drift speed
exceeds the ion acoustic speed and it propagates in the direction of the cross-field drift of electrons. The
perpendicular drift is found to be much larger than the drifts parallel to B. Since the ions are unmagnetized in the
EE] region, the ion’s drift is almost entirely in the direction of E, and is much smaller than the ion thermal
velocity. Therefore, ion’s drift can be neglected in the EE] region.

In the higher latitudes (above~120 km), FB instability is also observed around the polar cap or auroral Zone
[1]. Moreover, it has been shown that at such higher altitudes the ion thermal effect reduces the threshold for the
electrojet instabilities but increases the maximum altitude of the instabilities [20]. The instabilities in the central
electrojet (which is below the boundary of ion magnetization) are predominantly determined by the FB driving
mechanism. Above the ion magnetization boundary, ions build up considerable hall current and the relative
drift between ions and electrons plays a significant role in the instability. At these altitudes, since ion
magnetization is important, ion cross-field drifts cannot be neglected [20].

For the past three decades, dusty plasma has been an active research field due to its immense importance in
Laboratory, Industry and Space [21-23]. Apart from the usual plasma electrons, ions and neutral gas, dusty
plasma consists of additional charged dust species of radii between nm to a few micrometers. Dusty plasma
naturally occurs in different space and astrophysical environments, examples include such as interstellar
medium [24], protoplanetary disks [25], rings of Saturn [26], cometary environments [27] and D and E-region of
the Ionosphere [28—48]. Since charged dust in the ionospheric regions can influence the incoherent scattering of
radio waves from different ionospheric layers which are used for radio communication and signal processing, it
is important to understand the physics of ionospheric dusty plasma [28, 29].

The upper D (of altitude ~75 to ~90 km) or lower E region (of altitude ~90 to ~130 km) of the ionosphere
can be considered as a partially ionized low temperature natural dusty plasma laboratory in which minimum
temperature in the summer mesopause can be as low as in the range of 100 k to 150 k [28]. Due to the ablation of
meteors at the altitude range of ~75 km to ~115 km, fine dust particles form and produce dust layers.
Noctilucent clouds (NLC) and Polar Mesospheric Clouds (PMC) or Polar Mesospheric Summer Echoes (PMSE)
are fascinating examples of dust layers [28, 29]. PMSE is related to the strong radar echoes due to the electron
scattering at 50—1.3 GHz, which is observed at altitudes of ~78 km — ~ 80 km above the NLC region, formed
due to water-ice particles [28, 29, 3335, 39—41, 43—45]. The density and radius of the ice particles can vary
between 10 — 10> cm ™ and 1-100 nm respectively [28].

Ataltitudes about ~80 km—~120 km, sputtered particles in the vicinity of meteoroid form ionized meteor
trails which can be observed optically as well as by the radar backscattering [28]. While probing the ionosphere
with radars, meteor produce mainly three types of returns. The first radar detection occurs when meteor trails
are in the direction perpendicular to the radar beams. The second type is associated with the short duration pulse
periods known as head echoes and the third type is meteor echoes returns from the meteor trail which is not
perpendicular to the radar beam [49].Chapin and Kudeki [50] observed the nonspecular meteor trails and
interpreted their origin by electrojet instabilities, in particular, FB instability.

Kelly et al [51] identified the meteor trail and shows that ablated material in the trail may coagulate into a
particle of an order of 50 nm radius. It is believed that ablation and recondensation leads to the formation of
many smaller dust particles. However, there are large uncertainties regarding the dust size, number density and
compositions. For example, Reitmeijer et al [52] found dust sizes >100nm, but Mateshvili et al [53], found dust
sizes of 10nm and number densities of 30 cm ™ at ~117 km height followed by Leonid meteor showers.
Moreover, the work of Rosinski and Snow [54] and Hunten et al [55] show the height and size distribution of
dust particles which are formed during the meteor ablation process and its subsequent evolution through
coagulation, sedimentation and diffusion. They estimated that the dust particle radii were in a submicron size
range with densities of a few 1000 cm 2 and these dust particles could exist upto an altitude of 110 km.

Neutral dust particles can modify the E-region (of altitude range from ~90 km to ~120 km) conductivities
due to collision frequencies with charged particles in addition with ion-neutral and electron-neutral collision
frequencies [36]. If the height distribution of the dust number density is known, it can explain the theoretical
estimates of the height difference between the current and the conductivity peaks [36]. Instead of neutral dust
particles if these are negatively charged, it can decrease the number density of free electrons below the EEJ peak
in which the number density of meteoric dust particles are very high. Due to the reduction of the free electron
number density, it can decrease or reverse the normal electrojet currents (known as counter electrojet) below the
peak of the EE]J [37, 38].

Since dust particles are charged, dusty plasma supports various kinds of waves and instabilities. When these
charged dust particles constitute uniform fixed background, normal ion acoustic mode gets modified and gives
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dust-ion acoustic mode [56]. Another extremely low frequency wave exists (due to the massive dust grains
compared to the negative ions), which involves dust dynamics, called dust acoustic wave [57], and was first
clearly observed in the laboratory by Barkan et al [58]. Dust acoustic instability spontaneously excited when ion
drift velocity relative to dust exceeds wave phase velocity. Since dust particles are massive compared to ions, dust
acoustic speed is typically a few cm s~ and frequency is a few Hz.

Dusty waves and instabilities in the context of EEJ were first discussed by Rosenberg and Chow [59]. It has
been shown that charged dust can modify the usual Farley-Buneman and Gradient drift mode through its effect
via equilibrium charge neutrality in the EE] region [59, 60]. Considering dust dynamics and using kinetic theory
Rosenberg and Shukla [61], investigated low frequency hall current instability. The instability is very likely to be
excited for sufficient density of positively charged dust in which electron E, x B drift speed is smaller than the
ion thermal speed. Dust particles are usually negatively charged in the laboratory (due to fast moving electrons
compared to ions) but in space environments, it may become positive due to photo emission in the presence of
solar UV radiation if the dust particles work function is sufficiently low [21, 46]. Rosenberg and shukla [61]
developed the theory for the EE] altitudes (~95 km — ~ 105 km), in which only electrons are magnetized while
ions and dust particles are unmagnetized. However, it has been shown that dust particles may exist upto an
altitude of ~130km, due to the transportation of dust particles by dust vortices (formed at altitudes
~110 km — ~ 120 km) which appear as a result of acoustic gravity wave instability [62].

Now, above the EE]J altitude since ions are also weakly magnetized due to lower neutral density, it may
influence the low frequency hall current instability. N. D’ Angelo discussed the FB instability and low frequency
dust acoustic hall current instability in the case for which both electrons and ions are magnetized but only dust
particles are unmagnetized at the altitude of ~100 km to ~120 km for uniform 50 nm size dust [63]. However, it
is evident from the several observations as discussed above that the dust sizes may vary and modify the wave
propagation at these altitudes. Therefore, it is important to see the effect of dust size variation on the low
frequency hall current instability.

Early investigation of dust size distribution in dusty plasma was given by Havness et al [64]. It has been
shown that the effect of dust size distribution can strongly influence the dust charges and potential in the dust
cloud. Effect of dust size distribution on low frequency dust acoustic wave was addressed by Brattli et al [65].
They found that despite of different power law exponent, if the upper and lower limits of dust particle sizes are
chosen such that average dust sizes remain constant, wave properties are similar to those of monosize
distribution of the average size dust particles. Meuris showed that dust plasma frequency increases for power law
or normal dust size distribution as compared to the case of monosized dust particles [66]. Further, it has been
shown that soliton velocity in dusty plasma increases with power law dust size distribution compared to the case
for monosized dust particles [67]. Also, the effect of the power-law dust size distribution on linear dust acoustic
wave in inhomogeneous unmagnetized dusty plasma has been carried out by Banerjee et al [68]. It has been
shown that dust size distribution and density inhomogeneity can significantly affect wave properties.

Since the charged dust naturally occurs in the meteor ablation region (80—120 km), it can affect the well
known E-region instabilities such as the Farley-Buneman instability or Hall current instability. The effect of
charged dust on Hall current instability can be studied by two approaches:

(i) One approach is by considering the cold dust fluid which constitutes stationary background and it affects the
instability via altering the plasma quasineutrality condition. This effect manifests itself through the
modification of the ion waves [59].

(ii)The other method is to consider dust dynamics which results a low frequency Hall current instability in
which the frequency is within the range of dust acoustic wave.

Since we are interested in the low frequency analog of the Hall current instability later approach is considered in
this work. Now, since naturally dust sizes may vary due to the complex meteoric ablation process, the present
work aimed to address how the variable size charged dust particles can affect the low frequency Hall current
instability in and above the electrojet region.

In this paper, the effect of power law dust size distribution and dust number density on the low frequency
hall current instability in and above the electrojet region has been carried out. Specifically, the growth rate and
frequency of the instability at different altitude ranges(in which only electrons are magnetized in one case and
other two cases for strongly magnetized electrons and weakly magnetized ions ) have been evaluated
numerically. The article is organized as follows: section 2 describes a basic mathematical model which includes
equilibrium coordinate geometry, model assumptions, fluid dispersion relation and dust-plasma frequency for
power law dust size distribution. The effect of dusty plasma parameters on the instability is presented in section 3
which consists of the effect of power law dust size distribution in and above the EE]J altitude and the effect of dust
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number density. In section 4, analytical expressions for the growth rate and frequency of the instability in the EE]
region have been derived. Discussion and conclusion are given in section 5 and section 6 respectively.

2. Basic mathematical model

Let us consider a partially ionized dusty plasma consisting of electrons, singly charged ions, variable-size dust
particles and neutral gas molecules. The density, temperature, mass and velocity of each species are denoted by
n,, To, m, and V, where a = d, e, 1, n stands for the dust particles, electrons, ions and neutrals respectively.

In space plasma, mostly dust size distribution is modeled by a power-law distribution for dust radii r vary
within a given range (I, Imax)- The distribution has the following form [64—68]:

n(r)dr = Kr—%dr, (D

where K is a constant and the values of the exponent 3 vary from 0.9 to 4.5 for planetary system [69], for the
cometary environment, the value of 3is ~3.4 [66]. For r < 1y, and r > 1, n(r) = 0, the total number density
of the dust particle is given by,

Nyt = f ™ n(dr. @)
The value of K in the equation (1) can be determined as follows:
( 1 - B ) Ntot
K= -———. (3)
ol T
The charge neutrality at equilibrium is given by
N
Dio = €Y, NgojZdj + Neos 4)

j=1
where,j=1,2,3, ..., Nare N different species of dust grains. njo, neo and nqg; are the equilibrium unperturbed

ion, electron and the dust particle number density respectively. Z4; represents the number of charges residing on
the jth dust particle. The expression for Z4; and mg; are as follows:

Zg ~ 4megvori/e, (%)
4
I’l’ld}' ~ gwpdr?, (6)

where € is the free space permittivity, pq is the mass density of the dust particle and v, is the equilibrium dust
surface potential. vy and py are assumed to be the constant for all dust particle sizes.

In equation (4), € = 1 for negatively charged dust and —1 for the positively charged dust. The parameter,
6= % represents the amount of charge density carried by the dust particle. All the dust particle sizes r are

assumed to be much smaller than the dust debyelength, r < Apg.

2.1. Equilibrium coordinate geometry of the model

The coordinate system for the electric and magnetic fields for the study of low frequency hall current instability
in the presence of variable size dust particle is same as in [61]. The magnetic field, B is in the z direction whereas
the electric field, Ey is in the —x direction. The electrons and ions have E, x B drift in the perpendicular
direction. The electron and ion drift parallel to the direction of E is neglected. Since ion and dust particles are
unmagnetized in the EE] region, the ion and dust drifts are neglected whereas in above the electrojet region
(~115 km — ~ 130 km), ion drift is considered together with electron drift due to the weakly magnetized ions
(see figure 1) because in these region, vy, 2 €; or 14, < Qi However, if the ions are strongly magnetized (such as
in Fregion), v;, < €, although electrons and ions gyrate in the opposite direction, but their guiding center drifts
are charge independent and move in the same direction which inhibits the formation of current [20, 70].

2.2. Model assumptions

In the EE]J region following assumptions have been made to develop the model:
(1) The electrons are magnetized and ions and dust particles are unmagnetized.
(2) Only electrostatic waves are considered.

(3) Due to higher concentration of neutral gases, coulomb collisions between charged species are smaller than
the collision between neutral gases and plasma particles. Hence, collision between charged species is
neglected.
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Figure 1. Equilibrium field geometry of the model

Z

(4) No neutral wind is considered.
(5) The frequency regime, w > ()4 is considered.

(6) The equilibrium plasma density and temperature gradients are not considered.

However above the EEJ, due to lower neutral density, v, can be comparable or lower than §2;. Thereforeion’s
drift can not be neglected in this region. Low frequency hall instability in the above EE] region is also considered
in this work.

2.3. Fluid dispersion relation
Since, we are interested in the time scale that is long in comparison with the microscopic particle dynamics and
for a wavelength that is also much larger than the characteristic plasma debye length, fluid description of the
charged particle species in a plasma is sufficient. The fluid description of plasma considers the average value of
the macroscopic variables such as density, velocity, temperature etc which are related to the moments of the
distribution function. Waves and instabilities in dusty plasma can be analyzed by considering dust as another
fluid component in addition to the electron and ion fluid. However, for the shorter wavelength of the instability,
one requires kinetic theory.

To obtain the fluid dispersion relation for electrostatic low frequency hall instability in and above the EE]
region, the continuity and momentum equations for the three charged components are as follows:

gna + V(. V) =0, (7)
ot
dv,
nama’? =1n,q,(E + Vo x B) — kT, Vn, — namqun Vo, 8)

where, o = e, 1, d stands for the electron, ion and dust particles respectively. Here in equation (8), we have not
considered the gravity, which is much smaller compared to the other terms. % is the convective derivative. The
right hand side of the momentum equation (8) contains Lorentz force term which leads to the Hall term,
pressure gradient term and the third term stands for the collisional momentum exchange of charged species with
the neutrals. Without considering dust, assuming inertia less electrons and plasma quasineutrality (n. = n;), one
can obtain the expression for the electric field from the momentum equation (8) in the rest frame of ions which
contains the hall term (J x B/en,, where J( = en.(v; — v.)) is the current density) [71]. In a partially ionized
medium such as in the E region of the ionosphere, the Hall effect occurs owing to the fact that neutral collisions
more efficiently isolate ions from the magnetic field than the electrons which is different from the case of highly
ionized plasma in which the Hall effect arises simply due to the difference between electron and ion inertia [71].
Furthermore, in the case of dusty plasma, since charged dust affects the plasma quasineutrality (n. = n;), the Hall
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effect will always exist even in the absence of relative drift between electrons and ions unless the condition
Zng < n.is satisfied [72].

Since, we are interested to study the Hall current instability, the parameters such as plasma density, velocity,
magnetic field etc that govern the instability can be easily understood during its initial phase. Mathematically,
this can be done by linearizing the continuity and momentum equations by introducing infinitesimal
perturbations. The solution of the linearized system of equations gives the dispersion relation which can be
presented in a simple functional form, f (w, k) = 0.

Equations (7) and (8) can be linearized as follows: n, = nao+Ana1, Vo = Vao+ A Van Ta = Tao+ A Tats
andE=E;— A Vo,

where ) and ¢ are the infinitesimal expansion parameter and the perturbing potential respectively. All other
symbols have their usual meaning in which the first part represents equilibrium part and the second one is
perturbing quantities that are assumed to be small as compared to the equilibrium value.

From the zeroth order linearized equation corresponding to the equations (7) and (8), we obtain the
expression for the equilibrium drift velocities which are as follows:
~de _ton ©)

Mg Qa +v an
P

2 2
m, Q) + vi,

Vaox =

VaOy = - Eo, (10)

and

VQOZ = 0. ( 1 1)
Where, c,, and €2, are the species thermal velocity and gyrofrequency respectively. Combining the zeroth and
first order terms in the momentum equation (8), we get,

0
na'Om(y(EVal + VaO-VVal) = Haoqa(*véb + Val X B) - VP@I - nnoma’/naVal- (12)

Let’s assume that first order quantities vary as ~exp {i(kx + kyy — wt)}. Itisalso assumed that the perturbing
low frequency waves propagate predominantly along the y- axis (k. < ky). From equation (12) by considering
the k, terms we get,

. . Ny0q.ik n P
Nao(—iwVar + VaoyikyVar) = — a09,iky9 4 Datay B VP _ NooVan V- (13)
ma m(! ma
Separating into the x and y components, we get
. . n
(w— kYVaOy + Wan) Vaix = do ke + 1Qavaly + Cékx_ala (14)
mg Nao
. . n
(w - ky\/a'Oy + ll/(m)valy = q_a y¢ - IQuValx + Ciky_al: (15)
meq Nao
From the above two equations, one obtains
‘Davalx - iQaValy = 4a kx(b + cikxﬁa (16)
mg Nao
and
. n
d)()zv()zly + lQaValx = hk)@ + nyky al > (17)
@ Nao
where, &, = (w — ky Voo, + itin)-
Now from the above two equations, one can get the expression for Vi and V5.
a2 2 - qa¢ . ~ 2 Dot . ~
(wa - Qa)valx - (IkyQa + wakx) + Ca_(lkyQa + wakx)) (18)
mg Nao
N . . Nai . N
(Qé - wa)valy = qa¢ (ks — waky) + C(zx—m(lkxﬂa - wozky)- (19)
mg Nao
After linearizing the continuity equation (7) to the first order, we get
Nao
ng = ————————— &k Vox + kyViry). (20)
al (w — kyVno},) al y Valy.
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Substituting the values of V,1 and V.1, from equations (18)and (19), we obtain,

@ak’Pna0q
N = — - (e} aOM oy - 0 (21)
mq(@y — Q5) (W — kyVaoy) — ma@okecy
where, k2 = k2 + ki and k, < k.
Now for electrons, ions and negatively charged dust the corresponding expression for n,,; becomes,
Qk2pnepe
ny = — el — (22)
me(We” — Qe)(w - kyVeOy) — m&k Ce
ik%¢mn;e
ny = —— cilonio — 23)
m;(0i* — ) (w — kyVioy) — mi@ikec
@ak2pn0Zqe
gy = — _ 2d¢dod — (24)
mg(@g” — Q) (w — kyVaoy) — madgkscy
The dispersion relation is obtained through the linearized Poisson’s equation,
e V¢ = —e(nj — ne; — Zanay). (25)
Since the perturbing potential ¢ varies as ~exp {i(kx + k,y — wt)}, (ke < ky), the above equation yields,
1+ > x,=0, (26)
a=e,i,d
where x, = ;11:;1;5’ X, = — el':;;, Xq = eszi‘;;‘ represents electron, ion and dust susceptibilities respectively. Now,
0K“q =) 0
from equations (22)—(26), one can obtain the expression for ., x; and x4
2 A
WpeW
Xe= — (27)
(@ — Qe)(w - kyVeO)f) — Qek Ce
similarly for the ions, we get
2 A
Wi Wi
pii
X' - — N N > (28)
' (Wi2 - le)(w - ky\]iOy) - wikzciz
and for the negatively charged dust,
2 A
WhHgwd
Xa = h (29)

(@ — D) (W — kyVagy) — gk’G

Case-1: From equations (26)—(29), the resulting dispersion relation for the negatively charged dust becomes

L+ X+ X+ Xa =0 (30)
_ wlzjedje
(@ — Q) (W — kyVeoy) — ek’
2 A~ 2 o~
pi%i pd —0 (31)

- (djiz - le)(w - kyvi0y) - &Jikzciz - (‘:}d2 - Qé)(w - kdeOy) - dokzcé
Case-2: Now for the positively charged dust, the linearized Poisson’s equation has the following form,

goV2p = —e(ny; — Nep + Zanay), (32)

Equation (32) can be rearranged in the form of equation (26), where, x, = ;ZZ‘O s Xi = — 5:2‘21(]5 ,and
Xq= — eEZ“T‘;;‘)‘ Now for positively charged dust since qq = Z4e, n4; should contain positive sign (see
0

equation (21)).The sign of the expressions for n.; and n;; remain the same as equations (22) and (23). Therefore,
we get the same dispersion relation both for the positively and the negatively charged dust. From equation (31),
we can write

(@ = Q)(w — kyVegy) — Gk}

(@ — ) (w — kyVigy) — &k} {(@F — D) (w — kyVagy) — @ak2cd}

—wh (@ — (W — kyVioy) — Gk H@F — Q) (W — kyVaoy) — Gak’cd}
—WL (@2 — M@ — kyVaoy) — Gk2}H(@F — Q3w — kyVaoy) — Guk?ed)

—wpa@a (@8 — DD (W — kyVegy) — @k (@ — QD) (w — kyVigy) — @ik} = 0. (33)
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Figure 2. The variation of 2 with respectto a(= r‘“‘"‘) for different (3.
pd
Since wis complex, let’s assume
w=uwr+ i')/r: (34)

where w;, is the real frequency and v, is the corresponding growth rate. After substituting equation (34) in
equation (33), one can obtain the real and imaginary parts of the dispersion relation. The dispersion relation is
solved numerically using PYTHONS3 for the case of variation of dust size and dust number density, ng in and

above the EE] region.

2.4. Dust-plasma frequency(w,q) for power law dust size distribution
The effect of dust size variation is included through wf,d in equation (33). For the dust size variation, one can
write,
2 N ngoi(r)Z3
2 e doj dj
Wpd = —) ,—— (35)

where ng;, Zgj and mg; are unperturbed dust density, dust charge state and dust mass of the jth dust grain
respectively. For the power law distribution of continuous cases, we get from equation (1),

12megv¢
w%’d — —K(, m1n - rmax) (36)
Pald
The average values of r can be written as
Tmax P
F—K f r=B+1dr /Nigy. (37)
Trmin
From equation (3), we get
-0 —
F— 1 - ﬂ rfnai( B rlz‘ninﬂ (38)
7276 e o
max min
so that,
12megvg N
Dy = —0% Tt (39)
Pl r
where, @yq is the average dust plasma frequency. From equations (36) and (39), we have
2 Ie
“pd _ (B-DXa - D@ -1 (40)
A BB — 2@ F — 1)

where, a = ﬂ . Equation (40) shows that the ratio of the dust-plasma frequency, w4 for power law dust size
distribution w1th average dust plasma frequency, wy,q for average size dust depends on the ratio of the maximum
dust size, I,y to the minimum dust size, ry,;, and the power law exponent 3. Since w4 differs from the, wpq, it
characterizes the power law dust size distribution.

The variation of 2 is plotted with respect to a for different values of in figure 2. From figure 2, it can be
pd

seen that as a increases -2 is increased but it decreases as the (Bincreases. However, upto a = 8, the ratio —
@, pd "de

sharply increases with a and also with the increase of 0 (see inset plot in figure 2). Since the altitude range from
~95 km to ~130 km considered in this paper, the dust size may vary from a few nm to several tens of nm, it is
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Table 1. Ionospheric plasma parameters.

Magnitude above EE]

Symbol Reference/Formula Magnitude at EE]

Altitude Range Altitude Range Altitude Range

(~95 km—~105 km) (~115 km—~120 km) (~125 km-~130 km)

N, [1,76] 10%(cm™) 7.8 x 10" (cm™) 2.8 x 10 (cm™)
N. [1,76] 10°(cm™) 1.3 x 10°(cm™>) 1.5 x 10°(cm™>)
T, [1,76] 200(k) 400(k) 500(k)
T; [1,76] 200(k) 400(k) 500(k)
Ty [1,76] 200(k) 400(Kk) 500(k)
Wpe Wpe = /Nce?/gom, 107(s™h 2% 107(s™Y) 22x10°6s™h
Wi wpi = i/ gomy 10°G™H 8.4 x 10%s™) 9.2 x 10%s™ Y
Ven Ven = 5.4 x 10710N, T/2 8 x 10*s™h) 8.4 x 10°(s™ 1Y) 3.4 x 107
Vin Vi 2 2.6 X 107N, p /2 2 % 10%s™Y) 406(s™Y) 132(s7Y)
B [77] 0.5(Gauss) 0.5(Gauss) 0.5(Gauss)
Qe Q. ~ |eB/m,| 107(s™h 10°6™h 1077
m; [771 5 x 10~ *(gm) 5 x 10~ *(gm) 5 x 10~ *(gm)
Q O ~ |eB/mj] 160(s™ ") 160(s ™) 160(s™ ")
Ce Ce R M/me 5 x 10%cms™") 7.8 x 10%cms™") 8.7 x 10%(cms™ ")
G ¢i ~ kgT/m; 2.4 x 10*(cms ™) 3.2 x 10%cms ™) 3.6 x 10*(cms™ ")
cq cq ~ kgTq/my 7.4(cms™ ") 10(cms ™) 11(cms ™)
my [59,61] 5 x 10~ '°(gm) 5 x 10 '%(gm) 5 x 10 '%(gm)
Vin (M, /mg) Ny (v, [78] 10s7h 1.3(7Y) 0.5
Ny [28,51,59,61,68,69] 3 x 10°(cm ™) 3 x 10*(cm ™) 3 x 10°(cm ™)

interesting to study the effect of dust size variation on the low frequency hall instability. Below are the results of
the effect of dust size variation on the instability in the EE] region, where the electrons are magnetized, ions and
dust particles are unmagnetized. The effect of dust size variation above the EEJ region(~115 km-~120 km,
~125 km-~130 km) is also studied later in which electrons are strongly magnetized, ions are weakly magnetized
and dust particles are unmagnetized. The parameter values typical to the regions are given in table 1.

3. Effect of dusty plasma parameters on hall current instability

3.1. Effect of power law dust size distribution

3.1.1. In the EE] region (~95km — ~ 105 km)

First we assume a uniform dust size of 50 nm which can be formed due to meteoric ablation, accretion and
coagulation processes as reported in [51] and this value was also used by Rosenberg and Shukla [61] in their
numerical study of low frequency Hall current instability using kinetic theory.

The dust charge can be estimated from the following formula, Z4 = @
potential and r,is the dust radius. By assuming rg ~ 5 x 10~ ® mand v, ~ 0.5 V, we get Zq &~ 17, and the dust
plasma frequency becomes, wp4 ~ 70 s~ for the equilibrium dust number density, 3 x 10° cm™(see table 1).
Now, we consider two types of dust size distribution, one is the narrow size distribution (40 nm — 60 nm) and
the other is broad dust size distribution (1 nm — 100 nm). From equation (36), by assuming the value of 5 = 3,
pa~ 1 gm cm > and substituting the value of K from equation (3), we get Wpd ~ 73 s~ ! for the narrow dust size
distribution and for the broad dust size distribution, we get wpq ~ 407 s~ !, It has been assumed that the dust
charged state (Z4) is approximately constant. We now compare the growth rate (+y,) and the frequency (w,) with
the electron drift velocity, V. in the EEJ region.

Figures 3(a) and (b) show the variation of 7, and w, with the V¢, for k = 0.1 m~'. From the figures, we can see
that v, and w, increase with the increase of dust size variation and the increase is more significant for the broad
dust size distribution in which the growth rate varies from 4 x 10*s ™' t08.65 s and frequency varies from
0.34s 'to22s " in the range of V, considered here (10 m s ' —1200m s~ '). For the case of uniform dust size
50 nm, the range of growth rate varies from9 x 10~ *s ' t0 0.45 s ' and the frequency varies from 0.12 s~ to
13.6 s~ . The growth rate and frequency for narrow dust size distribution varies from 10 s~ t00.49 s~ ' and
0.12s 'to13.72 s~ ' respectively. Similar effect is observed in figures 4(a) and (b) which is for k = 0.01 m~ ' and
the other parameters are the same as in figure 3. Therefore, we can conclude that if we consider dust size
variation, it can significantly influence the instability.

Figures 5(a) and (b) show the variations of y, and w, with k for Vg = 720 m s~ . Here, it can be seen that
growth rate and frequency increase with the increase of dust size variation and the increase is much higher for

, where v, is the dust surface
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Figure 3. (a) The variation of growth rate, 7,, with electron drift velocity, V., (b) The variation of frequency, w,, with electron drift
velocity, Vo, fork = 0.1 m ™ !in the EEJ region.
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Figure 4. (a) The variation of growth rate, 7,, with electron drift velocity, Ve, (b) The variation of frequency, w,, with electron drift
velocity, Vg, fork = 0.01 m™ !in the EEJ region.
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Figure 5. (a) The variation of growth rate, 7,, with the wave number, k, (b) The variation of frequency, w,, with the wave number, k for
1 .
Ve =720ms"  inthe EE] region.

broad dust size distribution. In this case, the growth rate varies from 0.13 s~ to 17 s~ while the frequency varies
from 1.6 s to 62 s~ ' for the range of k considered here (0.01m™'- 1m™"). However, for the case of uniform
dust size and narrow dust size distribution, the growth rate first increases and then decreases. The growth rate
and frequency for uniform dust varies from2 x 10 >s 'to6 x 10 *s 'and 0.58 s~ ' to 52 s~ ' respectively.

And for the case of narrow dust size distribution, the growth rate and frequency vary in the range of 3 x 107> s~

1

to2 x 10 %s 'and 0.58 s ' to 53 s~ ' respectively. It is also observed that wave damping(i.e. negative growth
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Figure 6. (a) The variation of growth rate, 7,, with the wave number, k, (b) The variation of frequency, w,, with the wave number, k for
Vo = 180 m s~ in the EEJ region.
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Figure 7. (a) The variation of growth rate, 7,, with the wave number, k, (b) The variation of frequency, w,, with the wave number, k for
Ve = 120 m s~ for broad dust size distribution in the EEJ region.

rate)starts at k = 0.3 m~ ' for uniform size dust whereas for narrow dust size distribution wave damping starts at
k=045m"".

Similarly, figures 6(a) and (b) depicted the variation of 7, and w, with k for Vo = 180 m s~ . Here, wave
damping starts at a lower value of k (0.27 m ™" for uniform size dustand 0.31 m™ " for narrow size dust
distribution) compare to figure 5 which is expected due to lower electron drift velocity. However, in the case of
broad dust size distribution, wave damping mode does not occur for the range of k values considered here. Also,
it can be seen that even if the electron drift velocity, V.o(180 m s~ ' in figure 6) is less than the ion thermal velocity
(c;/=240 m s~ "), the instability is excited.

Figures 7(a) and (b) show 7, and w, versus k for Voo = 120 m s~ ' in the case of broad dust size distribution.
The growth rate and frequency vary in the range of 9 x 10 s 't07.6s 'and 0.4 s ' to 21.6 s~ ' respectively.
But, for the case of narrow dust size distribution, we get decaying or wave damping mode (Figure 8(a)) and
frequency varies from 0.14 s~ ' to 13.4 s~ ' (figure 8(b)). Similarly, a decaying mode is also observed for uniform
size dust. Therefore, it can be concluded that dust size distribution can significantly alter the required threshold
electron drift velocity to excite the instability. The threshold electric field for the instability depends on electron
drift velocity and can be estimated from the equation (10) which is found to be few ~mv/m in the EE] region.

3.1.2. Above the electrojet region
(a) Altitude range (~115 km — ~ 120km)

The above mode analysis is for the EEJ region in which €; < v4,,. Since ions are unmagnetized in the EEJ
region, the ion’s drift has been neglected. However, above the EEJ region(~115 km—~120 km), v, decreases due
to lower neutral density and becomes roughly comparable or in the same order as €2;. Therefore, ions become
weakly magnetized and the ion’s drift can no longer be neglected. To understand the effect of weakly magnetized
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Figure 8. (a) The variation of growth rate, 7,, with the wave number, k, (b) The variation of frequency, w,, with the wave number, k for
Vo = 120 m s~ for narrow dust size distribution in the EEJ region.
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Figure 9. (a)The variation of growth rate, -,, with the electric field, Ey, (b) The variation of frequency, w,, with the electric field, E, for
k=0.01 m 'inthe region (~115 km — ~ 120 km).

ions on the instability, the dispersion relation (equation (33)) is solved for the parameters of the altitude range
~115 km—~120 km.

The electron and ion drifts in the y direction can be calculated from equation (10). These are,

[Veoy| ~2 x 10*E;m s~ 'and [Vioy| ~ 3 X 10°Eom s~ in which, E, is the magnitude of the equilibrium electric
field. Since the value of E, can be as low as in the order of few mv for the excitation of the instability, the range of
Eyis taken from 10 *vm 'to 10 ' vm ™.

Figures 9(a) and (b) show the variation of v, and w, with E, for uniform as well as variable size dust particles
fork = 0.01 m ™', It can be seen that the growth rate and frequency decreases compared to the EEJ region due to
the lower neutral density. Also, it is found that growth rate and frequency do not increase with the dust size
variation which is not the case in the EE]J region. Moreover, for broad dust size distribution, although the
threshold electric field for the instability can be slightly lower compared to the other dust sizes, the growth rate is
oscillating.

Figures 10(a) and (b) are similar as figure 9(a) and (b) but for k = 0.1 m~'. The , and w, increases compare
to figures 9(a) and (b) due to higher values of k. However, the variation of dust size cannot increase the v, and w,
which is also observed for k = 0.01 m ", Figures 11(a) and (b) show the variation of , and w; with k for
Ey=10mV m ™! for different dust size distribution. Here, also it can be seen that variation of dust size cannot
alter the 7, and w, of the instability.

(b) Altitude Range (~125 km — ~ 130 km)

Again, the dispersion relation is solved for above the EEJ region for the altitude range of ~125 km - ~130 km.
In this region ion neutral collision frequency, vy, is lower than ion gyro-frequency, €2;. Figures 12 and 13 show v,
and w, variation with E, for the different dust sizes fork = 0.01 m~'and k = 0.1 m ™" respectively. From
figure 12(a), it can be seen that the mode is damped whereas a positive growth rate was obtained for the same
value of k (0.01m™ ") in the region(~115 km - ~120 km)(see figure 9(a)). Fork = 0.1 m~ " in figure 13(a),
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Figure 10. (a) The variation of growth rate, 7,, with the electric field, E, (b) The variation of frequency, w, with the electric field, E, for
k=0.1 m 'inthe region (~115 km — ~ 120 km).
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Figure 11. (a)The variation of growth rate, -,, with the wave number, k, (b) The variation of frequency, w,,with the wave number, k,
for Eg = 10 mV m ™' in the region (~115 km — ~ 120 km).
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Figure 12. (a) The variation of growth rate, 7,, with the electric field, E, (b) The variation of frequency, w;, with the electric field, E, for
k =0.01 m™ " in the region (~125 km — ~ 130 km).

although the wave has a positive growth rate but decreases compared to the figure 10(a). Figures 14(a) and (b)
represent the variation of v, and w, with k for E, = 10 mV m". The value of , and w, is slightly decreased
compared to the case (a) (figures 11(a) and (b)). Also, in this region effect of dust size variation cannot alter the
growth rate and frequency of the instability which is as similar as observed in the previous case. Therefore, it can
be concluded that when ions become weakly magnetized, the dust size variation can not significantly affect the
growth rate and frequency of the instability.
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Figure 13. (a) The variation of growth rate, 7,, with the electric field, E,, (b) The variation of frequency, w, with the electric field, E, for
k=0.1 m 'inthe region (~125 km — ~ 130 km).
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Figure 15. (a) The variation of growth rate, 7, with electron drift velocity, V., (b) The variation of frequency, w,, with electron drift
velocity, V for different dust densities in the EE] region fork = 0.01 m™ L

3.2. Effect of dust number density
As discussed in the introduction, the dust number density can vary in the region of interest due to complex dust
forming processes and exists upto altitudes of 130 km [62]. Figures 15(a) and (b) show the plot of the growth
rate, 7, and frequency,w, with electron drift velocity, V. for the case of uniform size dust having three different
dust densities in the EE]J region. It is discernible that +y, and w;, of the instability increases with the increase of 11,;.
However, in the altitude range (~115 km - ~120 km) and (~125 km - ~130 km), the variation of dust number
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Figure 16. (a) The variation of growth rate, 7,, with the electric field, E, (b) The variation of frequency, w;, with the electric field, E, for
different dust densities in the region (~115 km — ~ 120 km) fork = 0.01 m™".
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Figure 17. (a) The variation of growth rate, 7, with the electric field, E, (b) The variation of frequency, w,, with the electric field, E, for
different dust densities in the region (~125 km — ~ 130 km) fork = 0.01 m ™.

densities cannot affect the instability (see figure 16 and figure 17) as similar as observed for the case of dust size
variation in these regions.

4. Analytical result in the electrojet region

Since electrons are magnetized, it can be assumed that €2, > v,,. Then the equation (27) for the electron
susceptibilty, y. takes the following form:

nye(w - kyVeO + 1Ven)

- 2 _ _ . 7 27° (41)
Qe [(w ky\]eo) + (w ky\/eO + 1Ven)k pe]

Xe

where, p, = ;2— is the electron gyroradius.
For the case of ions, let's consider (w + iv;,) < k¢; [61] and also neglecting the ion-drift, Vj,, in equation (28),
so that the ion susceptibility, y; becomes,
1

~ . )
e (42)

Xi
Since, dust is also unmagnetized, let’s assume {24 = 0 and V 4, ~ 0. Also, by neglecting the dust thermal velocity,
¢ the equation (29) for dust susceptibility becomes,
2
w
pd
g ——————— (43)
d w(w ~+ ivgy)
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now, considering weak collision (1, < w), the above equation can also be written as,

2
Wpd Vdn
Y~ __Pz(l - IL). (44)
w w
The approximate dispersion relation then takes the following form,
2 . 2
w (Wﬁk\fe +1Ven) w
1+ — pe y e : — 4+ 12 ——Pd(l—i@)zo. (45)
QR = kyVeo) + (@ = kyVeo + i) k7] KA w? w

Since wis complex, assume w = w; + iy, and also let’s consider a weak growth rate, |y, | < w;. Then the real part
of the dispersion relation(equation (45)) gives,

2 K22, 02

I
. . (46)
wpa(L+ K00 QUL+ 20D (1 + KAL) + wi kA
For long wave length limit, k%> < 1, then the above equation reduces to,
kz)\]zj'wzd
wf 7 ~ P " 47)
1+ kZAgi(l + Q‘;)
Now, from the imaginary part of the equation (45), for weak growth rate,
_ Di(w) k)
P = T, (48)
Ow =0
again, considering the long wave length limit, kzpz < 1, we get,
oD 2wy
o= . 49)
ow ' 0 w3 (

r

Finally, we obtain the following approximate form for the weak growth rate,

2
Ko wf Wpe Ven _ Vin (50)
Wy ZwEd 2, ) kVig — wy 2wy

5. Discussion

Let us first discuss the physical implication of the mathematical analysis carried out in this work. The obtained
general dispersion relation (equation (33)) consists of all the charged species inertia, thermal velocity, drift
velocity, Langmuir and gyrofrequency. This unified treatment allows us to study from the condition in which
only electrons are magnetized (in the EEJ region) to a condition in which both electrons and ions are magnetized
but the dust particles are unmagnetized (above the EE] region).

Following the mathematical analysis, the physical condition for the instability excitation can be understood
as follows: The electric field, Eq(which is perpendicular to the geomagnetic field, B) drives the electrons with the
drift velocity Vo(equations (9) and 10). Since electron-neutral collision frequency, v.,, is approximately two or
three tenths of magnitudes lesser than electron gyrofrequency, €., both in the EE] or above the EE] region(see
table 1), then from equations (9) and (10),V¢, >> V. The magnitude of the Vo, can be approximated as
~E(/B. On the other hand, ion and dust drift V;y and V 4o is much lesser than V. in the EE] region such thation
and dust drift can be neglected in the EEJ region. However, above the EE] region, non-negligible finite ion drift
exists owing to the fact that v;,, becomes comparable to §2;. The large relative drift between electrons, ions and
dust generate a Hall current which may excite instabilities in and above the EE] region. The wave vector k of the
electrostatic waves arises due to the instabilities are mostly in the perpendicular direction of the magnetic field, B
and the frequencies in the range of dust-acoustic frequency which is much lower than electron gyro frequency,
Q. but much higher than the dust gyrofrequency, €24.

The analytical expression for the frequency(w,) and the growth rate (+,) derived here using a fluid model in
the long wavelength and weak collisional limit is fully consistent with the results obtained by Rosenberg and
Shukla [61] using kinetic theory. From equation (50), it can be seen that instability develops if electron drift
speed is larger than the phase speed of dust acoustic waves. Also, it shows that the growth rate,,, is proportional
to the electron-neutral collision frequency, ve,. Since Ve, varies from ~10* s ' to ~10° s~ ' in the EE] region, -,
and w, decrease with altitude which is also evident from the numerical analysis presented in section-2. In
addition, dust-neutral collision frequency, vy, further reduces the growth rate as can be seen from equation (50).
However, in the upper EE] region the damping due to 1, is small due to lower neutral densities. Moreover,y,
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and w, are proportional to wpq. Since wyq significantly increases for broad dust size distribution and higher dust
number density, the instability is more easily excited in these cases which further validates the numerical analysis
presented for the EEJ region.

Also, Rosenberg and Shukla [61] showed that in the EE] altitude the instability criteria is more easily satisfied
by the dust particles which are charged positively due to photoemission by solar UV radiation. Now, if the dust
particles emit photoelectrons with much higher energies than the ambient electrons, it can enhance the electron
temperature which leads to the higher electron density due to the reduction of electron-ion recombination
coefficient [73]. Therefore, in this case, v,, may increase which can further increase the v, and w,.

Now, above the EEJ region, 14, decreases considerably (see table 1). Since dust particles are unmagnetized (in
the entire altitude range), so dust cross-field drift can be neglected. Therefore, dust susceptibility, x4 for above
the EE]J region can still be expressed by equation (43). However, since 14, is much smaller than that of the EE]
region, it can be neglected. On the other hand, since the ion susceptibility, x; contains ion drift term, ion
contribution dominates in the wave motion. Since the variation in the dust size and number density, both are
related to the parameter wyg, the variation of wy,q has negligible effect on the growth rate and frequency of the
wave which is evident from the numerical analysis presented above the EE] region.

Finally, we discuss the role and the consequence of the underlying physical assumptions.

(i) Equilibrium plasma density gradients which have been neglected in this work may have a considerable effect
on the instability. By, using kinetic theory, it has been shown that the presence of a small equilibrium electron
density gradient scale length due to the short-scale variation of dust charge density can substantially increase
the growth rate of the instability [60]. In this case, the negatively charged dust modifies the phase speed of the
waves via its effect on equilibrium charge neutrality. Moreover, by considering dust dynamics, low frequency
gradient drift instability or dust acoustic drift wave instability for uniform size positively charged dust grains
have been investigated [74]. It has been shown that sufficient density of positively charged dust in the meteor
trail plasma, can excite the instability which is driven by the electron diamagnetic and cross field drift whose
magnitude is smaller than the ion thermal speed [74]. Therefore, our model which includes the variable size
dust grain can be extended for the case of low frequency gradient drift instability.

(ii) The previous study by Fejer et al [70] shows (without taking into consideration of dust fluid) that electron-ion
recombinational damping can substantially increase the threshold drift velocity for the marginal instability of
the two-stream ion-cyclotron waves in the auroral E-region. It has been shown that the the recombinational
effect is important even for the case of short wavelengths (10-20 m) at altitudes where the ion-neutral
collision frequency is comparable to the ion gyro frequency. Therefore, we believe that the case of electron-
ion recombination at the dust particle’s surface may alter the threshold condition of the low frequency hall
current instability and can be studied in detail.

(iii)

In the present analysis wave propagation parallel to the magnetic field, B has not been considered. It has been

shown that parallel propagation can slightly shift the unstable wavelength to longer wavelength and under

certain conditions maximum growth rate can be obtained for slightly off-angle propagation [75]. So, it is
interesting to investigate the effect of parallel propagation on the instability for the case variable size dust grain.

Last but not the least, various other assumptions like electron-ion collision, equilibrium temperature
gradient, neutral wind velocity and so on, may also influence the instability and can be studied subsequently.

6. Conclusion

Low frequency hall current instabilities have been investigated in and above the electrojet region using a fluid
model for three charged components (electrons, ions and dust particles). At the EE]J altitude, only the electrons
are strongly magnetized and the other two components are unmagnetized. But above the EEJ altitude electrons
are strongly magnetized, ions are weakly magnetized and dust particles are unmagnetized. The perturbed
electron, ion and dust densities have been obtained after linearizing the continuity and momentum equations.
Then the dispersion relation is obtained through linearizing Poission’s equation. The effect of power-law dust
size variation and dust number density on the instability has been studied in detail. The variation in the growth
rate and frequency of the instability (for uniform dust size as well as variable dust size) (a) with electron drift
speed for two different values of wave number and (b) with wave number for three fixed values of electron drift
speed have been shown in the EE] region. In this region, the instability is excited even if the electron drift speed
smaller than the ion thermal speed and the variation of dust size and dust number density have significant effects
on the instability. However, above the EE] region, the growth rate and frequency of the wave decreases compare
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to the EE] region. Also, dust size variation and dust number density do not affect the instability above the EE]
altitudes. Since it has been shown that variable size charged dust particles which are formed due to the meteoric
ablation can affect the Hall current instability, the present work finds application in those regions of the lower
ionosphere where meteor trail plasma forms.

In this work, the equilibrium plasma density and temperature gradient, recombination of electron-ion on
the dust particle’s surface, the effect of electron-ion collision, neutral wind velocity, the effect of parallel
propagation and the electric field shear effects have been neglected in the model. The limitation of the model also
includes the dust mass density (pq) and surface potential(v,) which are approximately constant and the same for
all dust particle sizes. Considering these predefined approximations in the future model will certainly improve
the dusty electrojet model and make it more realistic typical to the E-region ionosphere perturbed by meteoric
ablation phenomenon.

During geomagnetic disturb conditions, the electric field of the equatorial electrojet ionosphere can be
substantially perturbed by the magnetospheric convection electric field (also called direct prompt penetration
electric field) [79] and ionospheric disturbance dynamo [80]. The effect of a non-uniform electric field
(transverse to the uniform magnetic field in inhomogeneous ionospheric plasma) on the dusty drift waves and
instabilities can be studied. Also, enhanced fluctuations occur during strong auroral activities in the polar
E-region of the ionosphere in the region of equilibrium plasma density and temperature gradients [81]. The
coupling of the low frequency dust waves with the plasma inhomogeneity in variable size dusty plasma may also
be considered in the future work.
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