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Abstract 
In this paper, we present an extension of the work by Lakhina, Shukla and 
Stenflo (Geophys. Res. Lett. U), 2419 1993) on the generation of ultralow 
frequency (ULF) fluctuations at the earth’s magnetopause. A high beta 
model for the generation of these short wavelength fluctuations is described. 
In this model, drifts due to density and magnetic field gradients, present at 
the magnetopause, act as free energy sources for the excitation of the ULF 
waves. T h e  model also considers both warm electrons and ions and is based 
on the S S  equations (Shukla and Stenflo. J. Exp. Theor. Phys. 57,692 1993) 
for low-frequency EM waves in non-uniform high beta magnetoplasmas. 
Using fluid theory the associated dispersion relation is first established, then 
numerically solved for unstable modes in different regions of parameter 
space. 

1. Introduction 

The magnetopause region of the earth has stimulated a lot 
of research into its physical processes and wave phenomena 
[ 1-31. Work on low-frequency electromagnetic fluctuations 
has centered on low /3 plasmas [4] (B = 2,u0no (Te + Ti)/&), 
where no is the particle number density, T, and Ti the electron 
and ion temperature, respectively, and Bo the strength of the 
external magnetic field). However, such models do not ac- 
curately describe coherent electromagnetic wave phenomena 
at the earth’s magnetopause since the plasma /3 in the solar 
wind and in the magnetopause region can be greater than 
unity [l]. Recently, Shukla and Stenflo, [5 ,  61 and Lakhina 
et al., [7], have derived non-linear equations for electromag- 
netic waves in high /3 plasmas. The model of Lakhina et al., 
[7] governs the dynamics of weakly interacting low-frequency 
electromagnetic modes in high /3 collisionless plasmas which 
contain an equilibrium density gradient. In this instance, the 
density gradient present in the magnetopause acts as a free 
energy source for the excitation of the waves. However, their 
model does not take into account the effects of magnetic 
field gradients and the ion temperature (i.e. they assumed 
the ions to be cold). In high /3 plasmas these effects could 
prove significant, especially in regions of the magnetopause 
where the ions are warmer than the electrons i.e. Ti > Te [2]. 

The model that we propose extends the work of Lakhina 
et al., [7] in that it incorporates both the magnetic field 
gradient and the ion temperature. We assumAe that the ex- 
ternal magnetic field Bo is directed along the z axis and that 
the equilibrium density gradient V no tnd magnetic field gra- 
dient VB, are directed along the x axis in a Cartesian 
co-ordinate system. If we consider both warm electrons and 
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ions, then following Lakhina et al., [7] the propagation of 
low-frequency (in comparison with the ion gyro-frequency 
w ~ i  electromagnetic waves in non-uniform high /3 plasmas is 
governed by the electron and ion continuity equations 

(la) 

(1b) 

respectively, the conservation of total current in the quasi- 
neutrality approximation n, = ni = n, 

(2) 

&ne + v . (ne v d )  + a, (nevez) = 0, 

afni + V. (nivil) + &(niViz) = 0, 

v . j ~  e {VL [n (vi - vel)] + a, [n (viz- vez)]} = 0, 

as well as Faraday’s and Ampere’s laws, respectively, 

a t  Bi = - V X  E, (3) 

VX BI = pU$, (4) 

where the subscript e(i) stands for electrons (ions), nj is the 
total number density of the particle species j ,  vj is the mean 
velocity, and E and B1 are the wave electric and magnetic 
fields, respectively. 
In the drift approximation (o cc Oj), the perpendicular 

components of the electrons and ions fluid velocities are: vel 
= VE + vDe + vBe and v i  = YE + vPi + YD, + V B ~ ,  where YE = E 
x BdB, is the E x B drift, V D ~  = mj v; I qj Bo 1 x Vlnnj and 

drifts of the species j ( q j  = + e(+) for i(e)), and vpi = (l/Bo 
wci) atEl is the ion polarisation drift, vtj = (F/mj)‘ is the 
thermal speed of the Jh species, mi(me) and Ti(Te) the ion 
(electron) mass and temperature, respectively, and EL is the 
perpendicular (to 3 component of the wave electric field 
vector. 

From the momentum equation the parallel components 
of the electron and ion fluid velocities are, respectively, 

V B ~  = (M m V$ / qj B:) Bo x VB, a L m )  the dia agnetic and VB 

(Vpi x B1)z]. 

Writing ne = n,(x) + nl, where nl cc no, we have from l(a) 
and l(b) 

a, ( N -  b)  + VE * 

where N = nl/n, and b = BldB, are the relative density and 
compressional magnetic field perturbations, respectively. 
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Equation (2) yields: 

a,V . El + vA2az (VX B I) , = 0, (8) 

where VA = Bo /( p0 n m i)" is the Alfvbn velocity. 

we obtain: 
Subtracting equation (6) from (5) and using equation (4) 

where S = (Tc/e)[l - ( m e h i )  (FITe)] and O p e  = (noe2/& 
me)" is the electron plasma frequency. 

From equation (4) we have: 

[$- vi?)b= T V ? N +  [&)T(ikyB1,axB0), 

where T = ( T i h i )  (1 + T,/Ti).  
Also from equation (3) we obtain: 

at ( V X  Bi)z= V?G- a, V .  EL. (1 1) 

We derive the dispersion relation by assuming that all phys- 
ical variables vary as e'"'' - Ot) , where o and k = kL + ̂ z k, 
are the wave frequency and wave vector, respectively. 

Equation (7) to (10) then transforms as follows: 

where K = d,ln no(x) and 
for the density and magnetic field gradients, respectively. 

= d, lnBo(x) are the expressions 

Fourier transformation of equation (1 1) yields: 

o(k x B I ) ~  = - (k:E, - k, k . EL). (16) 

Combining equation (12) to (16) we obtain the dispersion 
relation: 

A I B ~ - A ~ B ~ = O ,  (17) 

where 

(a2 - k2vi) - i %k, k , z :  [w2(1 + k: 2 )  - k:vi]}, a 

B2=-[(  m2k'y2 +[1 +:)+F{rckY+pky+ 1 
a2 - k, VA) 

ik; (0' - k2vj) kyvi - ~;;;EE}] 
(a2 - k,'vi) kxFt 

5 

- 
with C,' = Te/mi + T/mi,  ?= (C~ICOCO~)  (1 - T me), and C, 

= (T,/m i)" is the ion sound speed. The dispersion relation 
(17) reduces to a sixth order polynomial in o. 

mi 

2. Numerical Results 

We have solved the dispersion relation (1 7) numerically using 
typical magnetopause parameters [7]. In all the graphs plotted 
the frequency o has been normalised by the ion cyclotron 

frequency, o b  = -, speed by the AlfvCn velocity VA and 

the wave number k by s. The results are displayed in 

Figures 1-7. 
Fig. 1 shows the case in which both density and magnetic 

field gradients are absent (i.e. E = 0 and 7 = 0), where E and 
7 are the normalised density and magnetic field gradients, 
respectively. We also assume the ions to be cold. In this case 
there is no free energy source to drive the modes unstable 
[5].  Therefore all six modes are found to be real, as expected. 
The six modes (labelled 1-6) constitute three pairs, equal in 
magnitude but opposite in sign, as found by Shukla and 
Stenflo, [5 ] .  As pointed out by them, these ULF modes arise 
from the coupling of the shear AlfvCn wave and the magneto- 
sonic wave. 

Fig. 2 shows the effect that a finite density gradient ( E  # 
0) has on the real frequencies of the modes. In this case we 
assume the absence of any magnetic field gradients and that 
the ions are cold. The presence of a density gradient provides 
a energy source to destablise some of the modes. Modes 3, 
5 and 6 are found to be unstable for the parameters chosen 
(see Fig. 3). For a fixed wavelength (k constant) an increase 
in the density gradient (E) causes the real frequencies of 
modes 3 and 5 to decrease and increase, respectively, but 
has little effect on mode 6. In Fig. 2 mode 6 has almost unit 
slope and is identified as the predominant shear Alfven mode. 
Curve 5 ,  which is most sensitive to the change in E experiences 
the effect of the "diamagnetic ( v n )  drift mode." 

eBo 
mi 

OCi 

1 . 0 ,  / I  1 

0.6 E=O.O ~ = 0 . 0  @=l.O Ti/Te=O.O 

0.4 c / 6 4  

0.2 4 4  
WR 0.0 

-0.2 

-0.8 I 

2 4  

-1.0 I i 
1 2 3 4 5 

k 

Fig. 1. Solution of the dispersion relation (17) for the parameters: p= 1 .O, k, 
- Ti I K l V A  

9 - k, = 0.1, - = 0, t] = M= 0 and E = __ = 0 (i.e. the uniform plasma 
ik,(a2 - k2v:)} - kyk$?] 

Te 6% % 
1 B1= X k,K+-kE - 

k,? 
case). 

[-{ 2 2 B  
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Fig. 2. Solution of the dispersion relation for the parameters: B= 1.0, k, = k, ... 
1. 

= O . l , l =  0, q = 0 and&= 0.001, 0.01,O.l. 
Te 

I 
1 2 3 4 5  0 1 2 3 4 5  

k k k 

Fig. 3. The variation of the growth rate of the modes 3,5,6 for the parameters 
in Fig. 2. 

I .a 

Ti/Te=O.O 4 
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-0.6 
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Fig. 4. The variation of the real frequencies, %, of the modes 3,5,6 corre- 
sponding to a changingmagnetic field gradient q.  The parameters are: B= 1 .O, 

k, = k, = 0.1, 
T. 

= 0, E =  0.1 and q =  0.001,0.01,0.1. 
Te 

Fig. 5. 
in Fig. 4. 

T h e  variation of the growth rate of the modes 3,5,6 for the parameters 

I 0  

0.5 

0.0 

1-0 10 b-1  0 9 - 0 0 5  

-1.0 
T i i T e = l O  

1 2 3 4 5  
-2.0 -2 0 

1 2 3 4 5  1 2 3 4 5  
k k k 

Fig. 6. The variation of the real frequencies, WR,  of the modes 3,5,6 for 
different ion temperatures. The magnetic field gradient q and density gradient 
E are fixed at 0.05 and 0.1, respectively. The parameters are: = 1 .O, k, = k, = 

T. 
0.1,-1= l.O,lO.O, 100.0 

Te 

Fig. 7. The variation of the growth rate of the modes 3,5,6 for different ion 
temperatures. The fixed parameters are the same as in Fig. 6. 

Fig. 3 shows the growth rate ( y )  of the unstable modes 
3,5 and 6. We see that the growth rate is more sensitive to 
changes in density than the real frequency, increasing as E 

increases. It is seen that an order of magnitude increase in 
E produces a corresponding increase in the growth rate y. 
For large k values, the figure shows that the stability of 
mode 5 is affected the most by a changing density gradient. 
As the wave number increases, the growth rate y becomes 
independent of k for all three modes. We note that only the 

modes with positive group velocity (i.e. vg = -9) in Fig. 1 

are unstable. 
In Fig. 4 we assume the presence of both density and 

magnetic field gradients. The ions are still assumed to be 
cold. In this instance we fix the density gradient E and vary 
the magnetic field gradient q. The figure shows that for small 
values of q there is little effect on the real frequencies of the 
unstable modes 3, 5 and 6. However, for q > 0.1 the real 
frequencies of mode 3 are found to be significantly affected, 
becoming larger in magnitude with increasing q for a fixed 
k, due to the influence of the "VB drift mode." 

Fig. 5 clearly shows the sudden increase in the growth 
rate of mode 3 when q 2 0.1. As the wave number k increases, 
its growth becomes linear. The growth of modes 5 and 6 are 
not significantly affected by an q variation. 

We now include the effect of finite ion temperature Ti in 
Fig. 6 .  We have set the normalised density and magnetic 
field gradient to be 0.1 and 0.05, respectively, and the electron 
temperature Te at 25 eV, a realistic magnetopause value, and 
vary Ti. In this instance the real frequency of mode 6 is 
affected the most, increasing rapidly with increasing ion 
temperature. 

Fig. 7 shows the significant enhancement of the growth 
of the mode 6 as the ion temperature increases. It dominates 
the instability spectrum for Ti/Te > 1.0. 

d o  
dK 

3. Summary 

In this paper we have examined the effects of a finite ion 
temperature and a magnetic field gradient on ULF electro- 
magnetic modes in a high p plasma. Of the six modes, only 
the three with a positive group velocity are found to be 
unstable. Our results show that the shear Alfvtn mode is 
most affected by Ti # 0, while the other two modes are 
separately affected by Vn # 0 (mode 5) and P3 # 0 (mode 
3). The enhancement in growth rate of the shear Alfvtn 
mode is significant for increasing Ti. A similar behaviour is 
found for modes 3 and 5 as the inhomogeneity increases. 
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