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Abstract. Dusty plasmas contain charged dust grains
which are much bigger than protons and usually carry
high negative charges owing to preferential capture of
electrons. These dust grains do not have a fixed charge.
and perturbations in the plasma induce fluctuations in
the grain charges owing to liberation or capture of
additional electrons and protons. The dispersion
relation for low-frequency, long-wavelength and non-
resonant electromagnetic fluctuations in a multibeam
dusty plasma is derived by taking into account the
momentum loss of electrons and protons owing to dust
charge fluctuations. When the charging and dis-
charging effects conserve momentum between any two
species, the modes become unstable provided that a
normalized averaged drift velocity exceeds the Alfvén
velocity. However, when the charging and discharging
effects are more complicated, drift dissipative type
modes are excited when the normalized averaged drift
velocity is below the Alfvén velocity. These modes
could generate spatial structures over a wide range
from hundreds to tens of millions of kilometres in dusty
cometary tails. The analysis could be applied to certain
planetary rings and to a dusty interstellar medium.

1. Introduction

Dusty plasmas are observed in several astro and space
physical environments such as nebulas, cometary environ-
ments. planetary rings, planetary magnetospheres, etc.
(Spitzer. 1978 Goertz, 1989). The dust grains in these
dusty plasmas are usually highly charged owing to various
processes. including plasma currents, photoemission.
secondary emission, field emission. etc. (Draine and Sal-
peter, 1979). The presence of these massive, highly char-
ged dust particles may significantly influence various
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physical processes in dusty plasmas (Goertz, 1989
Mendis and Rosenberg. 1994},

Electrostatic wives in dusty plasmas have been studied
by several workers (Havnes. 1988 1 de Angelis eral.. 1988 :
Rao er al.. 1990 Shukla er af.. 1991, Verheest. 1992:4).
treating the dust charge as constant.

In a dusty plasma, momentum loss of electrons. protons
and dust particles can occur because ol collisions or fluc-
tuations in the dust charges. The sticking or loosening of
electrons or protons on and off dust grains may sig-
nificantly affect the charge to mass ratio of dust particles.
In contrast to multi-ion plasma systems where cach ion
species has a fixed charge number. in dusty plasmas the
charge on the dust grains can change continuously owing
to fluctuations in the plasma currents that flow to the
dust grains. Hence. for electron or ion oscillations, charge
density fluctuations are number density fluctuations only ;
we see that for the dust grains. number densities as well
as charges could change owing to the wanve.

The effects of the variation of the churge on the dust
grain owing to the wave field of clectrostatic dust-acoustic
instabilitics have been studied (Melandse 1 af.. 1993u.b:
Varma ef of., 1993 Jana ¢f «f.. 1993 Bhatt and Pandey,
1994: D'Angelo. 1994 Li ¢r al.. 1994). 1t is found that
dust charge fluctuations leud to damping of the dust-
acoustic modes because of phase differences between the
wave potential and the dust charge,

Low-frequency. long-wavelength. nonresonant electro-
magnetic luctuations in multi-beam plasmas were studied
to explain the Alfvén wave turbulence in the plasma sheet
boundary layer of Earth’s magnetotail and in cometary
environments (Lakhina, 1987 : Verheest, 1987 Lakhina
and Verheest, 1988 ; Gary and Winske. 1990 Galeev ¢/
al.. 1991 - Verheest and Lakhina. 1991).

Charged dust grains can also affect electromagnetic
modes by substantially lowering the Alfvén speed (Shukla.
1992 : Shukla and Stenflo, 1992). The linear und nonlinear
evolution of various low-frequency  clectromagnetic
modes in dusty plasmas have been discussed recently
(Shukia, 1992 Verheest. 1992b: Verheest and Buti, 1992
Ruo. 1993). treating the dust charge as constant. however.
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The aim of our paper is to study low-frequency, long-
wavelength, nonresonant electromagnetic fluctuations in
a three component multi-beam dusty plasma by taking
account of the momentum loss of electrons, protons and
dust grains. Sink/source terms have been added in the
continuity and momentum equations to make the analysis
self-consistent, elaborating on earlier ideas (Verheest,
1994 ; Verheest and Meuris, 1995). In addition, the dust
dynamics are now also taken into account, rather than
considering the dust as a neutralizing background with
fluctuating charges as we did before (Verheest and Meuris,
1995).

The structure of our paper is as follows. In Section 2
we recall and discuss the model equations used, from
which we derive in Section 3 the dispersion law for electro-
magnetic modes in the low-frequency, long-wavelength
limit. Different possibilities for this dispersion law are
discussed in Section 4, and in Section 5 we conclude by
giving some relevant estimates for cometary dusty plasmas
and pointing out the possible relevance for certain plan-
etary plasmas.

2. Methodology

We consider a homogeneous multi-beam dusty plasma
immersed in a uniform magnetic field, B, = Bye.. The
multi-beam dusty plasma consists of electrons, protons,
and dust particles. For simplicity, we restrict ourselves to
wave propagation parallel to By. The treatment holds
good for both cold and warm plasmas, as long as the
pressure anisotropies can be neglected. The electro-
magnetic fluctuations of the nonlinear multi-beam dust
Alfvén waves, taking into account the charge fluctuations
and momentum losses of ions, electrons and dust particles,
may be described by the following basic equations, writing
only those we will explicitly need :

%
((% +ua'V>ua = ﬂ(E‘}'ux XB)—Z}'w(ﬁz_ﬁﬂ) (N
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In these equations #,, m,, ¢, and u, respectively refer to
the number density. mass, charge and fluid velocity per
species, labelled with subscript «, E and B to the electric
and magnetic fields, and ¢ to the speed of light. Source or
sink terms have been included to account for the momen-
tum losses or gains of the species owing to fluctuations in
the charges of the dust grains, which liberate or capture
electrons and protons. In equation (1) the hat over the
variables indicates that only the deviations from the equi-
librium values are taken into account. These deviations
need not be especially small, but in equilibrium the dust
grains are supposed to be charged to a certain extent,
and their charges will remain constant as long as nothing
perturbs the plasma.

The form of the mass and momentum exchanges have
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been inspired by what is usually written for ordinary col-
lisional exchanges (Booker, 1984 Pilipp er «l.. 1987;
Verheest and Meuris, 1995). It should be emphasized that
ideally the coeflicients 7, characterizing the source or sink
terms should be computed from an appropriate and self-
consistent kinetic theory, which is, however, not yet avail-
able. For the time being we will be content to help our-
selves with these ad hoc coefficients, introduced to illus-
trate what can happen when momentum gains or losses
are taken into account for the different species.

With the indices e, i and d we will refer to electrons.
ions (usually protons assumed here to be singly charged)
and average dust grains. So in the momentum equations
(1) for the electrons or the ions the sum over f is restricted
to the interfacing with the dust, hence we find terms in 7.4
or 7 only. On the contrary, for the dust there will be
terms both with 4. and ;.

3. Electromagnetic modes

We define n, = n,,+dn,. E=9JE, u, = u,e.+du, and
B = Bye.+0B. The subscript 0 represents the physical
quantities at their equilibrium state and J represents their
first-order perturbations. The perturbations themselves
are assumed to be of the form df = f, expi(kz —wt). where
k = ke. is the wave vector. Linearizing (1)—(3). we obtain
for the zeroth order that

an()qut) = 0~ an()qa()uau) = O (4)

To first order we obtain for transverse modes that
(w—kuy)u,, +1Q.e. xu,,

‘[a()(w_kum) E, c

F1) vy, —ug ) =1 (5)
;M/} x1 i) wn,

kXEl = wB] (6)
R ] .
icwkxB, = ’anqﬂ,uxl —iwE,. (7)
En

We will now look at circularly polarized, low-frequency
and long-wavelength modes such that

w— ki,
Q

Vap

aQl”

< | (8)

*

where Q, = q,,B,/m, are the different gyrofrequencies.
Up to second order in the small quantities we find from
equation (5) that

W — ki E. xe —m (0 —Kitey)™ + Veak(teg — thay)
e =  Xe.—my————————— &
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~ iy — ——E, (9
Wy B

and with the help of equations (6) and (7) obtain the
following lincar dispersion relation

(0 —kOYy —k7( 3 — W)y+iklD = 0. (10)

In this 17, is the global Alfvén velocity defined through

(rn

bi=--  —

where p,,, = 1i,41,, U is the bulk mass velocity of the whole
plasma, including the charged dust

[ = Penten + lfltl”i+ Puaollyo

(12)
Pt P+ Puo
and the combined charging and streaming effects occur in

= (Penyea = Pana ) o — ) + (Pi07ig — PaoVai )(lld({fﬂl)
P+ ot Pao

(13)

Since the dust grains typically have a much lower charge-
to-mass ratio than ordinary protons, the Alfvén velocity
4 is much smaller than usual. In addition, W refers to
the mass averaged relative kinetic energy in the parallel
flows. given by

W=

p“,”,)‘,“,( Ueo — Ui )+ pcu/)dl_)ﬁ( ey — Udn): + PioPao U — “dnf
(Pe + pio+ Pan)”

(14)

The square root of W could then serve as a measure for
the normalized average drift velocity. The effect of the
dust charge fluctuations drops out of the linear dispersion
relation (10). This is owing to the fact that. like density
fluctuations. the dust charge fluctuations give rise to first-
order current perturbations in the e. direction, which do
not couple to the transverse waves considered here as a
consequence of our using a deHoffmann—Teller frame.

4. Analysis and results

The solution of equation (10) is given by

(LR A\
= [k(u—r ((7 S > }

<(42 +k2r2)1 2_A>l 2
i

5 (15)

where 4 = A7 (13 — W).
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4.1. Case IwithT' =0

If the charging effects conserve momentum between any
two species, as true collisional effects usually do. then

Pinsa = Panla (16)

Peoted = /)dlinl‘ldc*
and [ vanishes exactly.
ForT = 0and W > 1'1. 4 becomes negative and equa-
tion (15) vields the dispersion relation

('):/\'L—'+i/\'\'(1fi'~—~l'3\). (17)
For Zminy <« m. m, <« 1 expressions (11, (12) and (14)
are simplified to

- Ho + Tl N ality — )

U . W= C (1¥)
l+o (1+0)
and
B; 13,
e = (19)
Pao |+
Nu/’m(l + )
/)HJ)

where V., 1s the Alfvén velocity with respect to the mass
of the ion beams and ¢ = py, p 15 the ratio of the mass
densities of dust particles and ions. The condition
W > 1’3 then demands that instability would occur pro-
vided the relative Alfvén Mach number M = i, — |
VA, > M. where the critical Mach number is given by
M,=(1+1.0""

Coming back to the conditions of validity (8) of our
dispersion relation. with €, being by tar the smallest of
all the gyrofrequencies in absolute value and the frequency
becoming complex. we need for the moduli that

[ —kugl™ = IRew—ku, " +1mal” «< Q7. (20)

Working this out. with the help of equations (17) (19)
and the definition of M. gives the allowable range of wave
numbers as

lelI‘ICI a
p B () an
[:\l \/ "[771

At the same time, one can compute that the growth rate
will peak for a given Mach number tor those relative
densities obeying

M- +1 i
O = LT > N
M =1 M -]

Here o, stands for the minimum value needed to obtain
instability. It is now simple to see that at this maximum
growth rate for a given M
M

IRewy—kuy,| = [Imo| = kb7, RYVEE (23)
For most of the practical applications, however. . the
ratio of the mass densities of dust particles and protons,
1s a rather large number compared with 1 and therefore
equation (23) is not of much help in the case of dusty
plasmas. From equation (17) we obtain. in an inertial



1.0
10%0; ol
o )
0.01

| ! ! | | L 1 ] t
0 1e-06 2e-06 3e-06 4e-06 5¢-06 6¢-06 7¢-06 8e-06 9e-06 1e-05
kV /Sl

Fig. 1. Variation of growth rates and real frequencies normalized
by the proton gyrofrequency versus the normalized wave
number. AF,/Q. and for M = 12599, o =4.783x10",
9.566 x 107, and 19.132 x 107 for curves 1, 2 and 3, respectively.
Here as well as in the remainder of the figures the solid and
the dotted curves represent growth rates and real frequencies
respectively (Case 1)

frame where the dust has a small streaming velocity.
approximate expressions for large o as:

kV M KV |(MP—M >

/
Rew ~———_ Imw=-— \/(
(e M:r a

It is readily seen that Im w increases with M and decreases
with ¢. Conversely from equation (21), the allowed 4
increases with ¢, so that finally, at given M, the growth
rates and the wavelengths 4 = 2n/k of the structures both
decrease with ¢.

Once k obeys equation (21). it is usually the case that
for the ions and the electrons the conditions that

(24)

IRe 3 — kit 0| + [Im 0] «< Q7 (25)

are also satisfied. Hence the biggest constraint upon the
wave numbers is the one coming from the small dust
gyrofrequencies.

These conclusions have been borne out by some numeri-
cal computations, the results of which are shown in Figs
1 and 2. where the variation of the real frequency (dotted
curve) and the growth rates (solid curves), normalized by
€., are given versus & V,;/Q;. the normalized wave number.
In all figures, the different parameters have been fixed
according to the equilibrium relationships (4). We notice
from Fig. 1 that the growth rates indeed decrease with
increasing ¢ (cf. solid curves I, 2 and 3). Also the growth
rate and the real frequency increase with the normalized
wave number. the range of which increases as o increases.

Figure 2 shows that increasing the Mach number M
results in an increase in growth rates and the shift of
unstable wave numbers to lower values of &k (cf. curves 1,
2 and 3). For M < M_,, the dispersion relation (15) yields
stable modes.

cre
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Fig. 2. Same as Fig. 1 for ¢ = 9.566 x 10", M = 1.0079. 1.2599
and 1.5119 for curves 1, 2 and 3, respectively (Case 1)

4.2, Case Il where I” # 0

When the charging and discharging effects do not conserve
momentum between any two species in the sense of equa-
tion (16), then ["# 0. Unlike true collisions where
momentum is exchanged by changes in the velocities of
the colliding particles, here momentum is exchanged by
shifting charges from the electron and ion fluids to the dust
and vice versa. Therefore, it would not seem necessary for
the dust to behave so as to make I' vanish exactly, but
more complicated three-way processes might be involved.
As a zeroth-order approximation we consider all charging
frequencies to be constant.

For I' # 0. we find that for the case of M > M, the
effect of I is negligible on the modes considered here.
However, the effect of finite I is significant for H" < }73
or M < M., which we discuss below. For simplicity we
shall consider again Zmi/my <« m/m; < 1, and now also
Ta =~ vee = 0. Then equation (13) is approximately
71_d(_“d(> — Hy)

l+o
42.1. Case II.A when W< Vi For W< 73 or

M < M. and in the limit A* > k°T. equation (15) sim-
plifies to

KV (M ugyM: /M. —M-°
)= - + — - —
ML \C Fa \/ g

. YiaM

i)
2J6(M5—M"))

The different assumptions made in deriving the above

equation demand that the following inequalities are satis-
fied :

I'= (20)

MM T KWy M> ( o ) (28)
— e e K ML S ] (28
ML—M> Qi 1€24] Mz —M-

The condition on the growth rate is then automatically
fulfilled.
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Fig. 3. Same ax Fig. 1 for 6 = 9.566 x 10", M = 0.504 and for
=10 QL 107 and 1077, for curves 1, 2 and 3. respec-
tively. For curves +and 5,5, = 10 "Q;, and ¢ = 4.783 x 10" and
19.132 x 10, respectively (Case 11.A). Here and in Figs 4 and 3,
the dotted curves show the magnitude of the real frequencies
which are found to be negative
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Fig. 4. Same as Fig. 1. but for 5 = 9.366 x 107, 7, = 10 Q. and
tor M = 0.672. 0.504 and 0.336 for curves I, 2. and 3, respec-
tively (Case 11.A)

Similarly to Case 1. we have shown in Figs 3 and 4. the
variation of the real frequency (dotted curve) and the
growth rates (solid curves) normalized by Q; versus
K14/ the normalized wave number. From Figs 3 and 4
we notice that the growth rates are nearly constant,
whereas the real frequencies increase with increasing nor-
malized wave number. Figure 3 shows that the growth
rates increase by an increase in 7, (cf. solid curves 1. 2
and 3). The effect of increasing o results in the decrease
of the growth rates and the increase of unstable wave
numbers (cf. solid curves 4, 2. and 35). From Fig. 4 it 1s
seen that an increase in the relative Mach numbers M is
destabilizing tor this mode (cf. solid curves 1, 2, and 3).

422 Cuase II.B when W = 3. When W= F3 or
VI = M. the dispersion relation (15) reduces to
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Fig. 5. Same as Fig. 1. but for o= 1993+ 10% and for

wa = 10 " and 10 “Q, for curves | and 2. respectively. Curve
Jisfor v, = 10 "Q and o = 3986 - 10™ (Case 11.B)
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v\ 2aM
The conditions tor the validity of our assumptions leading
to equation (29) are met provided

) oM, Q;
K)oy <« - (30)

sad

allowing for larger k and hence smaller structures than in
the previous cases. This is borne out by our computations.
which show in Fig. 5 the variation of the real frequency
(dotted curves) and the growth rates (solid curves), nor-
malized with Q, versus AJ7,, Q. the normalized wave
number. From equation (27). it is seen that when M = 0.
the unstable modes disappear. whereas of course in equi-
tion (29) M = M, > 0. However. for o, = 0, the modes
described by equations (27) and (29) reduce to stable
Alfvén type modes. Hence for the modes to grow, both
M # 0 and - # 0 are necessary. These properties are
similar to those of drift dissipative modes where density
gradients give rise to negative energy modes which grow
owing to collisional dissipation. Here the role of a density
gradient drift is replaced by the relative streaming between
ion and dust beams.

5. Conclusions

Our analysis shows that nonresonant, low-frequency.
long-wavelength electromagnetic modes can grow in
multi-beam dusty plasmas when the momentum loss of
electrons and ions owing to fluctuations in the dust grain
charges is taken into account. We apply our results to the
case of cometary environments where typically the dust
grain size is a few microns and the dust material mass
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density is about 10° kg m . The typical ratio of proton
to dust gyrofrequencies is Q,/Q = i,/ Zm; ~ 0.6 x 10° for
an equilibrium charge on the dust grains of the order of
Z = 10". We shall consider a magnetic field of B, = 8 nT,
which gives Q27 = 0.12 Hz and Q /27 = 0.2 x 10~? Hz.

From Figs 1 and 2 we find that for the case of T =0
(Case I}, the real frequency is Re w =~ (0.03—0.3)€,, and
the growth rate Imw ~ (0.005—0.3)Q,. For the case of
I # 0 (Case II). Figs 3-5 give |Rew| =~ (0.0006 —0.3)Q,
and Imw ~ (0.2x107°—0.3)Q,.

Figures 1-4 predict the range of unstable wave numbers
to be k=~ (10 *~10 ") (Q;/Va) ~ (0.44-4.4) x 10 '*n))-
m' *. Form, = 10" m~*, which can be considered as typical
inside the cometopause (Mendis and Horanyi, 1991), the
unstable wavelengths become / = 2n/k ~ (45.0-4.5) x 10°
km. However, from Fig. 5, which corresponds to the spe-
cial case of M = M, (Case I1.B). we get unstable wave
numbers with & ~ (0.001-0.2)(€;/V ;). This can give rise
to 4 ~ (4.5-0.2) x 10° km. The shortest scalelengths pro-
duced by these unstable modes would be of the order of
200 km.

Our analysis cannot be applied directly to dusty
environments of the rings of Jupiter and Saturn, as we
would expect the planetary magnetic fieldlines from a
nearly perfectly aligned dipole to be perpendicular to the
equatorial plane in which the bulk of the ring material
can move. Hence there would be no relative streaming
along the field in a deHoffmann-Teller frame. However,
for oblique rotators as Uranus and Neptune, where the
magnetic and rotation axes are not parallel at all, our
analysis might have some relevance. Moreover, the fre-
quencies of the unstable modes will change depending on
the magnetic field, dust mass and dust charge. Since the
unstable wave numbers scale as #;,°. as shown above, we
expect the shortest wavelengths produced by these
unstable modes to be ~200 km in a planetary environ-
ment. Hence the unstable modes considered here are cap-
able of generating spatial structures of the order of 200
km-45 million km in dusty cometary tails and in the
planetary rings of Uranus and Neptune.
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