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Electrostatic shock wave in dusty plasmas
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(Received 31 March 1995; accepted 20 April 1995)

The present investigation reports the existence of a one-dimensional (1-D) shock wave profile for a
weakly nonlinear modified acoustic-like/dust-acoustic waves. Here, unlike in the conventional
plasma systems, the dissipative effect to balance the nonlinear steepening arises self-consistently
due to dust charge fluctuation dynamics in response to the collective plasma oscillations. The
possibility of other localized coherent structures like dissipative/dispersive solitons in higher-order
solutions has been highlighted. Its implications in laboratory and space plasmas are

discussed. © 1995 American Institute of Physics.

I. INTRODUCTION

Recently, dusty plasmas have become a subject of much
current interest’™'? all over the world due to their natural
occurrence in various situations of practical importance. The
presence of the highly charged ( QD~103e—— 10%e) dust
grains with variable sizes (10 nm-100 zm) and masses in
two component plasmas brings about a new physical effect,
such as dust charge variation, which leads to interesting con-
sequences on low-frequency wave propagation and instabil-
ity phenomena. Dust particles immersed in a plasma with
collective perturbations can exhibit self-consistent charge
fluctuations in response to the oscillations in the plasma cur-
rents flowing into them. The dust electric charge thereby be-
comes a time-dependent dynamical variable which is
coupled self-consistently to other dynamical variables like
density, potential, and currents, etc. Without this novel effect,
the dusty plasma is just like a conventional multicomponent
plasma system. The main difference between dust particles
and heavy ions is that the charges on dust particles are not
fixed and the collective waves are waves in dust charges."
The detailed discussions about essential distinguishing fea-
tures of the dusty plasmas from multicomponent plasmas are
included in other publication by Tsytovich.'* In conventional
dusty plasmas, Rao et al.'> have reported the existence of a
dust-acoustic wave with the inertial role played by the heavy
dust grains and that of the restoring force by the combined
effort of the Boltzmann electrons and ions. However, under
the approximations as described later, the dust-acoustic mode
(DAM) and acoustic-like mode (ALM) as discussed by
Dwivedi ef al.'®!” represent the same mode of perturbations
with only a difference of the nomenclature. In essence, the
DAM/ALM is the same collective mode of a three compo-
nent plasma system which is likely to exist as a normal elec-
trostatic mode in dusty plasmas.

Very recently Varma er al.,"® Melandso ez al.,'® Jana
et al.,’® Bhatt and Pandey,”’ and Pandey er al.** have consid-
ered the dynamical behavior of the nonconventional role of
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the electron and ion fluctuations through the dust charge dy-
narnics and analyzed the various low-frequency electrostatic
waves and their stabilities under different possible situations.
For example, Varma ez al.'® conclude that the dust charge
fluctuation causes the damping of the high-frequency re-
sponse of the plasma. Jana ez al.”® and Melandso er al.'®
study the damping of the dust-acoustic mode. Bhatt and
Pandey2' have considered the sink terms in electron and ion
continuity eguations and thus they have developed a set of
self-consistent dynamical equations to reinvestigate the dust-
acoustic mode and streaming instability in nonconventional
dusty plasmas. The dissipative response of the dust to the
plasma perturbations arises due to nonsteady dust charge
fluctuation dynamics. Physically, the dust charge fluctuation
due to collective plasma perturbations modifies the dust
floating potential which in turn self-consistently opposes the
buildup of the plasma currents at the surface of the dust
grains and consequently causes the nonconventional colli-
stonjess damping of the plasma waves.

Acoustic-like mode (ALM) forms a natural mode of the
low-frequency and short wavelength (Ap, 2 N > Ap;;,) plasma
fluctuations with finite but small Landau dampingm’” ina
multicomponent plasma system wherein the electrons are as-
sumed to form a dynamic equilibrium background without
participating in the perturbational dynamics. One of the ion
components (hot ions) is Boltzmann distributed whereas the
other one (cold ions) follows a full inertial dynamical re-
sponse. The validity of these approximations'® restricts the
equilibrium plasma parameter values for the normal mode
behavior of the ALM in multicomponent plasma systems:

T, T, Tin _ Mino
(a) —>»1, —>21, —>» >1
T; Ty, Ty Ao
Zy, My
for —, =1,
Zic Mic‘

where Ty, n,, Z,, and M, denote the temperature, density,
charge multiplicity, and mass, respectively, of the uth species
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of the plasma. In general the normal mode behavior of the
ALM in the dusty plasma model with multiply ionized ions
requires the following conditions:

€ 6?'
(b) nDED >1

al?l

to be satisfied, where ¢€,p,=n;/npy €p=eZ/Qpy,
a,=m/mp. It is remarkable to note that the inequality de-
fined in (b) provides a more general condition for the exist-
ence of the normal mode of ALM in dusty plasmas. In fact,
this condition could have been derived even in an earlier
paper.16 However, the practical feasibility of the plasma sys-
tem with wide range variability of mass ratio «,, and charge
ratio €, was doubtful and hence the analysis was restricted to
these ratios ~1. Later, in another paper,'’ this point was
addressed. The essential point to bring to the notice of the
readers is that within the validity of the restriction (b), the
dispersion relation of the low-frequency electrostatic modes
in dusty plasma is that of the acoustic-like mode derived in a
previous publication'® and it is the same as reported later by
Rao et al.'® '

This type of three component theoretical plasma model
is very likely to be realized in dusty plasmas. Here the
charged dust grains and the plasma ions represent the cold
and hot ion components of the proposed plasma model.!%!
The charged dust grains being heavier than the other plasma
components, rmaintain the nonisothermal behavior of the pro-
posed plasma system. The stationary state response of the
electrons limits the size and charge of the dust grains. For
example, based on the simple charging model® of the dust
grains due to differential thermal motions of the electrons
and ions in hydrogen plasma, a rough estimation shows that
the above conditions may be produced by dispersing the
moderately charged dust grains (Qpo=>10e) of the size
a=10 nm in a hydrogen plasma with e (T;/Tp)=10,
T,~100 eV, T;=~1 eV, T,=0.1 ¢V and €,,>10. Further re-
striction on the dust-plasma parameters arises due to collec~
tive dust behavior which appears when the intergrain dis-
tance ag’**[(3/4'n')ng(§]1/3 becomes smaller or comparable
to the plasma Debye lengths. This is to highlight that a few
more interesting modes in dusty plasma have been discussed
by other workers with®?* and without (m—®)* grain dy-
namics within fluid and kinetic®® models.

The present paper deals with the possible effect of the
dynamics of the dust charge fluctuation on the linear and
nonlinear wave propagation of the ALM/DAM. It forms a
new effort to look into the possibility of nonlinear coherent
structures in nonconventional dusty plasmas. The well-
known reductive perturbation method (RPM) has been ap-
plied for the analytical analysis. Section II deals with the
basic equations and derives the linear dispersion relations of
the desired electrostatic modes. In Sec. III, a nonlinear per-
turbational analysis has been carried out to derive the Bur-
gers equation which describes the properties of a weak shock
profile. Section IV involves the results and discussions along
with concluding remarks.

Phys. Plasmas, Vol. 2, No. 11, November 1995

Il. BASIC EQUATIONS AND LINEAR ANALYSIS

Let us consider monodisperse spherical charged dust
grains of the same size and charge with surface potential ¢,
distributed in a plasma reservoir at an average plasma poten-
tial V. The difference (¢;— V) determines the ion and the
electron currents to the grain surface. We assume that an
overall charge neutrality of the equilibrium dust plasma
holds good. The charge neutrality means that each grain is
surrounded by an equal and opposite space charge and the
total average charge on the grains npoQpo equals the net
average plasma space charge arising due to deviation from
the  plasma  neutrality [(Zen;p—en,y)#0), ie.,
npoQpotZienp=eng. '

Electrons and ions are assumed to follow Boltzmann dis-
tributions:

n,=n.y expled/T,), (1
n;=n; exp(—eZ,-qS/T,—), (2)

where 1, and n;, are the average equilibrium density of the
electron and ion fluids, respectively, well beyond the grain
vicinity. Dust grains being heavier than both the electrons
and ions, their dynamical response is governed by the full
inertial cold fluid equations:

dJ _ Op
E“{'VD‘V Yp— ;1"D‘V¢, (3)
c?nD
—(‘9?+V'(HDVD)=O. (4)
The Poisson’s equatioﬁ reads
V2¢=4frre(ne—zini—nDeQD). (5)

Finally the dust charge equation® as given below closes the
set of equations for investigating the effect of the dust charge
fluctuation dynamics on the plasma waves and oscillations,

d
(E+VD'V)QD=[e+1i’ (6)
where Q,, is dust charge and /, and I; are the electron and ion
currents collected by the dust grains. The dust charging
model neglects the photoemission and other charging pro-
cesses such as secondary emission, etc., and this may be
justified in laboratory plasmas. However, in general these
processes should be included to deal with physical phenom-
ena in dusty plasmas especially in the space plasmas.?’?®
These dust grains act as a plasma source and/or sink chang-
ing thereby the density, temperature, and the flow field of the
plasma environment.” The real dusty plasmas consist of dust
grains with size and charge distributions which introduce dif-
ferent charging times for the grains of different sizes®® and
thus may lead to a significant alteration in the Maxwellian
distribution of the plasma. Consequently the validity of the
dust charging equation (6) becomes questionable. To avoid
these complications, the dust grains have been modeled as a
collection of equal radius spherical grains carrying identical
charges. Their effect on the plasma distribution has also been
neglected for the mathematical convenience. However, the
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analysis of the dusty plasmas is incomplete without incorpo-
rating the above-mentioned effects which is beyond the
scope of the present work.

For the cold dust grains, the expressions for the electron
and ion currents are given by!

8T, \!/? e(p—V ))
2 e L Vp
I,=—ma e( Wme) n, exp(————Te , (7)
8T\ eZ( P~V
1,»=7Taze(—) Z,rni(l-”—(?f—'ﬁl , (8)
T T;

where « is the dust grain radivs, T, ; the electron (ion) tem-
perature, (¢,— Vp) the potential difference between the dust
grain surface potential, ¢, and the ambient plasma potential,
Vp. These expressions for the eleciron and ion currents at
the grain surface are useful only when the dust is at rest or,
otherwise, if the dust grains are moving with speed w, it is
smaller than the thermal speeds of the electrons and ions.
The effect of the moving dust grains on their charging pro-
cess has been discussed in detail by Al’pert in Ref. 31 and
also by Whipple.>? However, our interest lies in the former.

Let us linearize Eqgs. (1)—(8) around the equilibrium val-
ues of the physical variables: n,=n.,o+7,, n;=n+n;,
np=npotip, Vp=Vp, ¢=¢  Qp=0po+0p.
&p= b+ & with @,=0Qp/C, C being the capacitance of
the dust grain defined as C=a(l+a/ip) (Ref. 33) with \p
the plasma Debye length, and ¢=Qpo/C is the equilib-
rium floating potential of the grain surface. Now the linear
perturbed equations are given as

A _ed et o

oo T, iy T,

avp  Opo -

e —m—D‘V¢5, (10)

an

——2+n00v'§D=0, (11)

at

QD ( ~ nl)

=2 = £

9t 77QD ,IeOI M, Mo (12)
~ npaOp+ A

V2¢=4we(ﬁe—z,ﬁ,~— —-—-———”OQ”BQ’” D). (13)

Here 7=(e|l,o|/C)Y(1/T,+1/wy) with 1, the equilibrium
electron current and wo=T,~Z;e( gy~ Vp).

Now assuming the fluctuations to vary as exp (—iwt
+kx) and carrying out the Fourier analysis of the linearized
equations, one can derive (under the approximation |d/dz|
<) the following dispersion relation:

W= B k22, for modified ALM (m-ALM),

(14)

w? = kZC , for modified DAM (m-DAM),

where

4138 Phys. Plasmas, Vol. 2, No. 11, November 1995

A2 )( A2 )”1 n
Q0 ““De De eQ
[+ 220 1+ ~B —,
S 5| G
11 ol Rpo
Blz( 2 T,
e0
2 QDO "po
ALM™ eZ; | ny
and
T n,o 1

Coam™ T; g oo (1+ N5, /NE) Chu

This is to emphasize that the interdependence of the dis-
persion property of the m-ALM/m-DAM and the nonconven-
tional role of the electrons and ions is reflected through #
and B,. It is a typical behavior of the real dusty plasma. We
notice from the above dispersion relation that for 7,>7;,
Ape 2 Ap; and hence the dispersion relation of the m-DAM is
exactly reduced to that of the m-ALM. Further, an additional
comment deserves to highlight that for A, > Ap;, both the
shorter wavelength (Ap, > A 2 Ap;) and the longer wave-
length (A > Ap,,Ap;) electrostatic modes are characterized
by the same dispersion relation as described elsewhere,'®!”
Since these approximations are more likely in dusty plasmas,
ALM appears to be a more natural mode of the dusty plas-
mas. Thus it appears the acoustic-like mode is a more appro-
priate nomenclature for the natural electrostatic mode of the
vnmagnetized dusty plasma until the above approximation is
violated which seems less likely in dust—plasma system.

The modification in the linear dispersion relation of the
ALM/DAM is a consequence of the approximation |/dt|< .
This approximation is an essential requirement to find out a
self-consistent stretched coordinate system for carrying out
the nonlinear perturbational analysis. This, in the lowest or-
der of the fluctuation level, enforces an equality of the elec-
tron and ion currents at the surface of the dust grains to obey
the approximation and the steady-state charge fluctuation
helps to maintain it. However, in the higher order of the
fluctuation level (nonlinear regime of the fluctuation ampli-
tude), this equality is violated, thereby leading to a nonsteady
dust charge fluctuation which then provides an effective
damping mechanism to oppose the continuous buildup of the
higher harmonics due to nonlinear steepening, Under certain
conditions, these two may balance each other to form a co-
herent shock structure. Analytical exploration of the possibil-
ity of such a structure in real dusty plasma is the focal point
of the subsequent sections.

lil. NONLINEAR ANALYSIS: SHOCK SOLUTION

Based on the above background, let us develop a math-
ematical framework for the nonlinear shock wave propaga-
tion of the m-ALM/m-DAM in dusty plasmas. Assuming the
Boltzmann distributed electrons and ions with inestial
charged dust grains, the basic set of nonlinear equations (1)—
(8) are normalized and rewritten as:

C. B. Dwivedi and B. P. Pandey
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N.=ay, exp(¥),

) (15
N;=expl — a7 Z($)]; )
dust dynamical equations:
aVp
_a—,r—'*'a(VD'V)VD:’_BQDV‘ﬁ, (16)
INp
'—‘+O!V‘(NDVD)=0, (17)
o7
30p Lo x ~ ,
e = a Ne xp(X0p) + LoNi(1=¥0p); . (18)
Poisson’s equation:
V2¢=[Ne—ZiNi_(QDOle)QDND]/ane’ (19)

where
Too=—Aay., exp(Yr0— ¥p),
Lo=AZ{ ol ap)*[1 = axZi(po— )],

8T, ) o,

Qpowpp’

A=mwa’e
T,

1
«= J(1+b)’
B=(eZ;/Qpo)a,pV(1+b),

nole ar
p=—e

- )
neOTi Qpe

24 i Te/Ti »

Qne=Nen/nig, @pp=ngo/npy,

X=Qpee/T.C,
ye- arX
[1- alTZi(f/’fO_ vp)l’

Yro and i, are the normalized steady-state equilibrium dust
floating potential and plasma potential, respectively. Normal-
izations are defined as follows: y=ed/T,, N,=n,/n;, @
denoting the electrons, ions and dust grains, V,=v,/Cp,
Cp=C,J/N(1+b), C=w,p/Ap,, T=w,pt, &=x/Ap,,
Qp=0p/0po> wpp=4TnpeQbolmp, Yy, p=edsplT, .

For the validity of the dynamic electromagnetic equa-
tions to describe the macroscopic phenomena in dusty plas-
mas, the mathematical idealization of the dust grains as the
point charged particles should be-obeyed. This limits the
scale length A of the mode to be larger than the intergrain
distance a, and the grain size a. Transforming the basic set
of governing equations (15)—(19) into a stretched coordinate
system defined by (=e(f—aM 1), T=€&r with M (Mach
number)=V/Cp, V being the phase velocity of the m-ALM/
m-DAM and then carrying out the usual perturbational
analysis, the nonlinear evolution of the lowest-order fluctua-
tion can be described by the Burgers equation as given be-
low:

Phys. Plasmas, Vol. 2, No. 11, November 1995

i gg 250
d ,p(l)_‘l’_:T d

a7 S ar A (20)
where
V(1+b € Y
S=-0.5¢p" (—M-—) 2 (ape— 3Z2)

_, Y1 +aq)? o
+X 1W M*+3[X lED(l+a’7~)

X(1+b)/(1+y)IM?—3[ep(1 +b)]2},

1 (1+ar)M*
anDIeO [(1 + aT/ane)( 1 +-7)]2 ’

T=-X "¢y’

N -—X.— . . .
... While deriving Eq. (20), all the variables have been ex-
panded perturbatively around their equilibrium values like:

N.=a,,+eNP+ ND - |

N=1+eN "+ &NP+--- |

Nup=anp+eN G+ NP+,
VD=e'17<,;>+e2&7§,2>+~- ,
l/,=6;p<1>+€'z(;(2>+... )

— T( T2
b= ot <+ S
0p=1+e0f)+ 0P+ -

It would be desirable to add a few words regarding the
choice of the stretched coordinate transformation for the
nonlinear perturbational analysis of the shock. The assump-
tion that the nonsteady response of the dust charge tluctua-
tion dynamics and wave dispersions are nonlinear effects and
arise, respectively, at second and third order of nonlinearity
is related with the existence of a self-consistent choice of an
appropriate stretching transformation to carry out the nonlin-
ear perturbational analysis. This in turn facilitates finding out
a self~consistent choice of the index values of the space and
time scalings in the stretched coordinate system, i.e., the val-
ues of p and ¢ in (=€’ (é—aM ), 7=€ 7 which come out to
be p=1, ¢=2. Under these approximations, the linear fre-
quencies of ALM and DAM are modified due to the noncon-
ventional role of the electrons and ions through the steady
dust charge fluctuation. As a consequence undamped electro-
static modes namely; m-AI.M and m-DAM are found to ex-
ist in lowest order of their fluctuation levels.

It is well known that the Burgers equation describes a
weak shock wave profile. The basic criterion for the forma-
tion of the shock is that the coefficient of the dissipative term
(T in our case) should be positive otherwise an unstable so-
lution would be obtained which is: beyond the scope of the
present analysis. Accordingly, let us look for a steady-state
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solution of Eq. (20). Transforming this equation into a mov-
ing frame defined by %' ={—UT, U being the velocity of the
frame, its solution can be derived as

S0+ 3 expl(S12T)IE - ) 7'
1+expl (/2T) (44"~ §") ']

In deriving the above expression, the boundary conditions

for a shock wave profile; JfV'— AP (J4") at 7' —+a(—o0)

and difV/d p—0 at 5’ — =+ have been used. Implementa-

tion of these conditions leads to the derivation of self-
consistent shock velocity U and shock width L; as

U=0.5S[4{"+ "],
= T 1
S =T
Description of the discontinuous shock structure within
the continuum model of the charged dust grains is limited to
larger shock widths such that L >a,, a. This in turn restricts

the required Mach number values for given plasma param-
eters or vice versa.

T =

(21)

(22)

L (23)

V. RESULTS AND DISCUSSIONS

The conditions for the existence of steady-state shock
solution are satisfied for both the positive and negative dust
grains. However, the present analysis holds good only for the
negative dust particles. The nature of the shock profile either
with monotonically decreasing amplitude or the opposite is
decided by the value of M through the nonlinear coefficient
S for given plasma parameters. For the positive potential
shocks with !> gAD, §>0 whereas with g§"< gV, $<0
and the reverse is true for the negative potential shocks.
These inequalities coupled with other approximations decide
the range of the Mach number and plasma parameters for the
existence of the m-ALM/m-DAM shock wave profiles in real
dusty plasmas.

Analytical investigation of the shock formation in dusty
plasmas signifies the physical effect of the nonsteady dust
charge fluctuation dynamics which provides a nonlinear dis-
sipative mechanism to counteract the nonlinear compression
of the m-ALM/m-DAM electrostatic modes. This is purely a
dust induced physical effect to be addressed at least at theo-
retical level. As the experimental work in dusty plasmas has
just started,”®'? it is at the moment difficult to provide ob-
servational support for our findings. However, numerical es-
timates of physical parameters have been carried out to sug-
gest a model experiment for nonlinear wave propagation in
dusty plasmas. Graphical presentations of the shock solution
given by Eq. (21) exhibit the possible potential profiles for a
typical sets of RF dust—plasma parameters.

Figures 1(a) and 1(b) depict, respectively, the compres-
sive and rarefactive shock profiles with potential jump
[ = §V=1073 for n,g~n,u=10" ecm™3, npe=10% cm™,
T,~100 eV, 2=10"> cm, m=~10"'% g for dust grain mass
density ~1 g/em® and Qp,= 10e. Here the y axis represents
a potential defined by ¢, =(J/"—1)X10°. This range of
parameters may be attended in laboratory plasmas. It is em-
phasized to reveal that for this set of dust—plasma param-

4138 Phys. Plasmas, Vol. 2, No. 11, November 1995

(a)

[o] L
~15 -0

(b)

FIG. 1. Spatial potential profiles for compressive (#,) (a) and rarefactive
(—,) (b) shocks for typical RF dust—plasma parameters; ng=~n,,=10'®
em™?, npe=10% em™}, T,=100 eV, ¢=10"° cm, mp~10""" gm and
Qpo= 10e with potential jump } 5" — #P)~1073.

eters, the dust charging frequency w, defined by
v,~w,a/\p (Ref. 13) comes out to be ~5x107* s} and
dust plasma oscillation frequency w,y ~107* 57! with
ag~ 1072 em and Ap, ~ 1072 cm. These numerical estimates
justify the simultaneous consideration of the grain dynamics
and charge fluctuation dynamics. In the absence of the latter
the system behaves as a multicomponent plasma and the
likely nonlinear structures are solitons and double layers as
discussed by other workers.***® In the case of unmovable
heavy dust grains (mp—), the effect of the dust charge
fluctuation dynamics on the nonlinear characteristics of the
electrostatic modes in unmagnetized dusty plasmas has not
been discussed earlier and hence forms an interesting prob-
lem to look into. Here the coupling of the dust charge fluc-
tuation with the other plasma dynamic variables arises
through the quasineutrality as discussed by Tsytovich."
However, this is beyond the scope of the present analysis.

In brief it is concluded that the dust charge fluctuation
coupled with other dynamic variables of the plasma fluctua-
tions leads to the nonlinear shock wave formation for
m-ALM/m-DAM in dusty plasmas. Validity of the shock
conditions and those of the continuum model for the dust
grains restrict the range of the Mach number for the given
plasma parameters or vice versa for positive/negative poten-
tial shocks.

C. B. Dwivedi and B. P. Pandey
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Further study of the higher-order solutions (in 1-D and
multidimensional wave propagation) including both the dis-
sipative and dispersive effects are warranted for a complete
understanding of all possible nonlinear coherent structures®®
which will have implications in laboratory and possibly in
some astrophysical plasmas. The present study is a beginning
toward it and proposes analytical and numerical investiga-
tions of the problems like the following: (a) What happens
when the dust grain dynamics is ignored and the dust charge
fluctuation is retained in the nonlinear analysis?; and (b)
‘What happens to the stability behavior of the nonlinear co-
herent structures in the higher dimensional case? Further
analysis is needed to answer these questions.
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