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Magnetic stabilization of transverse plasma instabilitiest

By B.BUTI AnD G.S.LAKHINA
Department of Physics, Indian Institute of Technology, New Delhi

Waves, propagating transverse to the direction of the streaming of a plasma in
the presence of a uniform external magnetic field, are unstable if the streaming
exceeds a certain minimum value. The magnetic field reduces the growth rate of
this instability, and also increases the value of the minimum streaming velocity,
above which the system is unstable. The thermal motions in the plasma, how-
ever, tend to stabilize the system if the magnetic field is weak (i.e. Q?/k2% < 1,
Q being the electron cyclotron frequency, £ the characteristic wave-number, and
v, the thermal veloeity); but, in case of strong magnetic field (i.e. £%23/Q2 < 1),
they increase the growth rate, provided ¢2k?/w}, < % (w,, being the electron plasma
frequency).

1. Introduction

Plasmas streaming with a relative velocity exhibit the well-known two-stream
(TS) instability (Bohm & Gross 1949; Biineman 1959; Jackson 1960; Kellog &
Liemohn 1960; Buti 1963), whenever that velocity exceeds a critical amount.
Biineman (1963) showed that, besides the TS instability, there exists a transverse
instability for waves propagating perpendicular to the direction of relative
streaming. According to him, this instability occurs for all streaming velocities.
Momota (1966) gave the criterion for the existence of these transversal instabilities
in cold as well as warm plasmas, and showed that the thermal effects were
stabilizing. Lee (1969) extended Momota’s work to include a uniform external
magnetic field along the direction of the streaming; but, to avoid mathematical
complications, he used fluid equations for the analysis, and concluded that both
the magnetic field and the thermal effects were stabilizing. Strictly speaking, to
get the correct quantitative behaviour of warm plasmas, we must use the Vlasov
equation if collisions are negligible.§ Here we have followed the latter approach,
and we find that, for counter-streaming non-relativistic electron plasmas, the
minimum streaming velocity required to produce the transverse instability in
the absence of the magnetic field is (ckvi/w,), rather than v,(1+c2%k?/w3)? as
derived by Lee (1969), or zero as concluded by Biineman (1963). The growth rate
of the instability decreases with the increase in the magnetic field. The finite
temperature of the plasma also decreases the growth rate if k2% = Q2, but has

¥ The referece has drawn our attention to Bornatici & Lee (1970), who use the Vlasov
equation to describe the behaviour of an anisotropic-temperature plasma. They find that
the perpendicular temperature 7', is stabilizing, whereas the parallel temperature 7} is
destabilizing, and that hence the conclusion of Lee (1969), that temperature is stabilizing,
is valid only if 7, > T,. However, they do not explore the isotropic case; for this case, we
find that the temperature can be destabilizing in some regions.
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the opposite effect if k%2 < Q2 and c*l?lwy, < L. Section 2 deals with the deri-
vation of the general dispersion relation, and its analysis is given in §3. .

2. Dispersion relation
Let us consider two homogeneous streaming plasmas in which the ions only

form the neutralizing background. Let the streaming v be along the direction
of the uniform external magnetic field By, which we take along the z-axis. Fop
small perturbations in the system, the electrons are governed by the linearized
Vlasov equation, !

of el = 1 ) of, e of

Y g s S s R O, B,).=2 =0

TS El—i—va . mc(vx o) ov . (1)
where f, is the equilibrium distribution function, and f;, E, and B, are the
perturbed distribution function_, electric and magnetic fields, respectively. On
taking the Fourier transforms in space, and Laplace transforms in time, of all
the perturbed quantities, i.e.

Fi= v, 8) = fd3k exp (2k.x) Fi(k, v, t),

and F(k,v,s) = fwdtexp(—st)}f’k(k,v,t),
0
with Res > 0, (1) can be simplified (Bernstein 1958; Buti 1963) to give
3 1 (¢ . & ) 9h6v)
= — G . 2k e il R 2
£k, v, ) Qf_wd¢ [F(k,v, 0)+e (eh = Y B R) P ] | (2)

The integrating factor ¢ in (2) stands for :

InG=— g% [(s +¢kv, cos 0) (p — ¢") + kv, sin @ (sin ¢ —sin @)1, (3)
and Q = (eB,)/(mc) is the cyclotron frequency. In writing (3), we have used
cylindrieal co-ordinates for v, 1.8, -

F ey, O, Y N =il ¢,v,) and k= (£sin 6, 0, k& cos 0).
On following the procedure outlined in Bernstein (1958) and Buti (1963), from
(2), and from Fourier-Laplace-transformed Maxwell’s equations, we get the
relation, R.E’k = A(k,s), (4)
where
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represents simply the initial perturbations. The subscript « denotes the two
electron streams. We may point out that (5) and (6) are a non-relativistic
analogue of (16) and (17) of Buti (1963). If we consider only those perturbations
for which A4 is analytic in the entire complex s-plane, then for the Laplace
inversion of (4), we need to consider only the zeros of R, which are given by

|R|] = 0. (7)

This is the required dispersion relation.

Now, for wave propagation perpendicular to the direction of By, 1.e.for@ = in,
we notice that ¢ is independent of »,, and consequently, for the Maxwellian
distribution

Jou = N (2703, )" exp [ — (V —u,6,)2/20,], (8)
the elements &,_, B, B, and £, vanish if the two plasmas are identical and are
moving with same speed in opposite directions. For such contra-streaming
plasmas, (7) reduces to give the two modes,

B,=0 and (R_R Fdln By =0,

Y
The latter mode is independent of the streaming velocity, and was discussed by
Bernstein (1958). So here we will consider only the ordinary wave characterized
by RB,, = 0. According to (5), for transverse propagation, £, is given by

2 &
Rzz == gl + c2f:2 Frz Z %p?)zfd&vf délaf(]cc(v’)[’gvz(vz = %a) T ikua vV, COs {:ﬁ’], (9)
o I3 T ;
with G = exp [ —é {s(¢p — ") +ikv, (sin ¢ —sin gﬁ’)}] A (10)

Following Bernstein (1958), (9) can be simplified to give

Gl st il 1 A2
s2+4¢ k*—}«—ﬁ dy exp —E{sy-i—iiﬁ(lﬁcosy)} Nl aing 0. (11}
0 vy :

In writing (11), we have taken 2, = —au, = u, N as the density of each
stream, and A = £?0%/Q2. On further using the relation (Watson 1948),

AR s e

exp (Acosy) = § 1L, (A) exp (iny).

T

I, being the Bessel function of first kind and of imaginary argunient (putting

§ = —iw) equation (11) can be rewritten as
Ll o, caly Ly % 1 > < a| (ef2)?
w?+ 2+ wl Ij(A) e [1 A@%'l—mz/ﬂz +2mpn§11n(ﬂ)e (@] D)2 —
e 1—n%—w?/02 :I_‘ 0 (12)
v2 '{1“([cu/ﬂ}—n)z}{l—([w/Q}—l—nP} S

For cold plasma (i.e. A = 0), (12) goes over to
% — 2 — B[ + k22 (w? — Q)] = 0, s
which is identical to the equation derived by Momota (1966) and Lee (1969).
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3. Marginal instability

The dispersion relation given by (12) can be analytically solved only in the -
Limiting cases of strong (k*}/Q* < 1) and weak (£%§/Q2 > 1) magnetic fields,
However, for the general case, we can discuss the case of marginal instability,
l.e. & = 0:in this case, (12) is replaced by

u?

. A3 Tt
5:=_[62k2/wp+1(-& )& . [ (A)'i' +4(A) — Z (nz(—)l)] ] (14)

We may point out that (14) is obtained by taking the analytic continuation of a1y

inthe limit @ — 0 and %, = #(w = 0). Now %,, which defines the boundary between
the stable and the unstable regions, has a meaning only if the system under
consideration has some instability. T'o ensure this, let us consider (12) in the limit
A <€ 1; to the lowest order in A, this yields

W — (502 + ¢?F* + 0} ) + w40 + QAR + QP (5 —A) —wp kPull +y = 0, (15)
where X = Q(4—3A) B2ulw} — 4Q2{c % + wi (1 — A)}. (16)

Equation (15), being a cubic in w?, has at least one negative root (for w2y it
¥ > 0; consequently, w will be pure imaginary if # > «*, where

i edl? B k2l 1k202\ %

Note that, for A < 1, %, given by (14) is identical with «*,

The variation of %, with the magnetic field and the temperature is illustrated
in figures 1 and 2. The magnetic field reduces the region of instability, but
thermal effects are stabilizing only if (C]G/Cz)p)z > & for A < 1; this restriction one
gets immediately from (17). For A 2 1, thermal effects are always stabilizing.
For the given streaming velocity, the inequality ¥ > 0, leads us to a bounded
unstable region in k-space; the boundaries being defined by k_and £ _(k_ < %),
where %% are the roots of the blquadratlc equation y = 0, i.e.

3kviu®+ 4 = {c"ﬂz (v +w?) w2} B2+ 40t = 0. , (18) =~
p ; -

The necessary criterion for %2, of 18), to be real and positive is that
¥ P
Q2Jwd < (v3+u?)fc?

We may note that the value of ©* given by (17) for the case of a cold plasma
agrees with that of Lee (1969) (cf. (15)), but, for a warm plasma, it differs
from his results. The reason is that his value is derived from the dispersion
relation (cf. (10) of Lee), which seems to be incorrect, as this does not take care
of the well-known thermal correction for the transverse waves in the absence of
streaming.
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4. Growth rate of instability

From figure 1, we also observe that for A > 1, u;/v} approaches the -
c*?jwy, i.e. the minimum value of streaming u,;, below which there
instability is simply ckv,/w,. The analytic expression for w,,, we can obtain
the dispersion relation valid for A > 1, namely,

ve  uwlw? 2232 32 P’ 2
1—-2p2 2211 8 (14 N5 _ou2y| #%% [, %
[ soieg (i) o] - 5E (1+4)

allf'zéw_j
Is no
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Freure 3. Normalized growth rate vs. w?/o? for Q = 0,
v/c* = 0-005 for € = 0-01, 0-05 and O-1.

where p = o/(\/2kv,;), and Z is the dispersion function (Fried & Conte 1961)
defined by =

RERRE exp (—a%) ;
Zig) =7 %f_wdx—(m—, Imp > 0. (20)

Equation (19) is obtained from (9) by using the relation (Bernstein 1958), :
2 7 G . q 87 ; Q Q2 g i 3 r
7 as ﬁg@s)=%@~%[9(¢)]ﬁ+—%[—‘5@]+..., (21)

bl a la ' a o¢dladgp «

with ¢ = (s +¢k.v). In the limit & — 0, from (19). we recover the expression for
“miy Mentioned above. Our expression for u,,,, is in contradiction with that
obtained by Lee (1969), who gets 2, = 2,(1 + c2k? [w})*, which will coincide with
ourresults only when c2k? > w3,i.e. only in the region where transverse instabilities
are unimportant compared with the longitudinal TS instabilities (Biineman o
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1963). This contradiction is pbrobably due to the discrepancy in Lee’s dispersion
relation, mentioned earlier.
For || > 1, (19) reduces to

5 w? Q2 u>
wz=62k2+w323+§5%2i—@(?2v—%)(1+;§—)+---; (22)

which shows immediately that there is no instability. For other values of 7, (19)
is solved numerically; the growth rate of instability thus obtained is shown in
figures 3 and 4. Tt decreases with an increase in the magnetic field.
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Frioure 4. Normalized growth rate vs. w?fe? for e = 0-1, vi/e? = 9-005
and for § = Q%/%k%2 = 0 and 0-2.

For Q = 0, ( 19) goes over to Biineman’s (1963) dispersion relation. However,
Biineman concludes that, in the absence of a magnetic field, instability occurs
for all values of u, i.e. ., = 0. But it is not at-all clear from his paper how he
draws this conclusion, which is in contradiction with our conclusion that u,,,, is

finite.

5. Conclusions

For identical contra-streaming plasmas in the presence of uniform magnetic
field along the direction of streaming the ordinary mode gets modified by the
streaming, whereas the extraordinary mode remains unaffected. The transverse
instability exists only if the streaming exceeds a certain minimum value. The
magnetic field has a stabilizing effect on this instability, but the temperature is
destabilizing if the field is strong and ¢24%/w? < L, otherwise thermal effects are

also stabilizing.
The ion motion, which has been neglected in the present study, may make an
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Important contribution; this ig currently under investigation, and i)
reported in Buti & Lakhing (1971). e
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