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Abstract
Propagation characteristics of electrostatic electron and ion cyclotron waves, ion- and electron-
acoustic waves in a four-component magnetized plasma comprising of protons, doubly
charged Helium ions, beam electrons and superthermal electrons following a kappa
distribution are presented. The model supports 12 plasma modes: two electron cyclotron
(modes 1 and 12), two electron acoustic (modes 2 and 11), two fast ion acoustic (modes 3 and
10), two slow ion acoustic (modes 4 and 9), two proton cyclotron (modes 5 and 8) and two
Helium cyclotron (modes 6 and 7). At parallel propagation, with increase in electron beam
speed, mode 11 first merges with slow ion acoustic mode 4 and then with fast ion acoustic
mode 3 and drives them unstable. For oblique propagation and without the electron streaming,
coupling of various plasma modes occurs and it weakens with increase in the angle of
propagation. Further, for oblique propagation with finite electron beam velocity, merging as
well as coupling of various plasma modes are observed. Growth rates as well as wave numbers
of the excited slow and fast ion acoustic modes are much smaller in magnetized plasma than in
an unmagnetized one. The results are relevant to observations of electrostatic waves in the
lunar wake.

Keywords: plasma waves, Nonthermal distribution, magnetized plasmas, plasma properties

(Some figures may appear in colour only in the online journal)

1. Introduction

The wake region of moon, commonly called as lunar wake, is
an interesting natural laboratory to study various types of
plasma waves and related phenomenon. This wake region is
formed by the interaction of moon with the solar wind
impinging on its surface [1–3]. Early studies of moon were
conducted by Dolginov et al [4, 5] using Luna 1 and Luna 2
satellites. They concluded that either the magnetic field of the
Moon is too weak to be observed, else it is not present at all.
Analysis of data from IMP-1 (Explorer 18) by Ness [6]
showed that the approximate length of lunar wake region can
go up-to 150 lunar radii. For typical solar wind parameters,
Michel [7] deduced that the approximate length may extend
only up-to 5–10 Rm, where Rm=1720 km, is the lunar
radius.

Bosqued et al [8] have reported that a structured lunar
plasma umbra (or plasma cavity) can be seen in the down-
stream of the Moon at ∼6Rm. Electron and ion densities

decrease to a value of 0.5 cm−3 near to the center of the
optical umbra. Bale et al [9] have reported the presence of
ion acoustic waves, Langmuir waves and beam modes in the
wake region of the Moon using the data from Wind satellite.
Farrell et al [10] have demonstrated that ion beam drives the
electrostatic waves unstable and thereby generating broad-
band electrostatic noise[11]. Hashimoto et al [12] have
shown that intense waves in frequency range of 10–20 kHz
are Langmuir waves enhanced at local plasma frequency.
Besides, there have been studies of nonlinear electrostatic
waves in solar wind-lunar wake plasmas [13–16](see
Lakhina et al [17] for an extensive review). Advancement in
technology has revived the interest in investigation of moon
with various satellite missions being planned/underway
[18–22].

With the help of data from spacecraft P1 of the new
ARTEMIS (Acceleration, Reconnection, Turbulence, and
Electrodynamics of the Moons Interaction with the Sun)
mission, Wiehle et al [23] showed the presence of basic
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MHD modes, i.e., fast, Alfvén and slow modes in the lunar
wake region. It also measured the electrostatic oscillations
closely correlated with counter streaming electron beams in
the wake [24]. Halekas et al [24] showed that wake
potential driven by the refilling process filters and accel-
erates both ions and electrons thereby generating numerous
instabilities. In a comprehensive study, Tao et al [25]
reported the existence of electrostatic waves in the lunar
wake. Furthermore, by 1-D Vlasov simulation, they have
speculated that observed electrostatic waves are the electron
beam mode branch, which falls in the frequency range of
(0.1-0.4)fpe, where fpe is the electron plasma frequency.
Through a nonlinear analysis of four component plasma
modeled by hot protons, hot heavier ions (α-particles,
He++), electron beam, and superthermal electrons follow-
ing kappa distribution, Rubia et al [26] have explained the
low frequency part (<0.01fpe) of observed spectrum of
electrostatic waves in lunar wake [25]. Sreeraj et al [27]
have undertaken linear analysis of the model proposed by
Rubia et al [26] and have shown that fast and slow ion
acoustic modes are driven unstable when a finite electron
beam is introduced into the system. These are electron beam
driven fast and slow ion-acoustic modes. The frequency
corresponding to the maximum growth rate of these modes
agree with the observed high and low frequency waves
reported by Tao et al [25].

In space plasmas, particle distributions often exhibit
the long tail of high energy particles. These distributions
depart from Maxwellian and are known as nonthermal
distributions. One such distribution is described by kappa
distribution [28]. Vasyliunas [29] used it to fit the electron
number data in the magnetosphere by OGO 1 (Orbiting
Geophysical Observatory) and OGO 3 satellites. In litera-
ture it is also known as superthermal or suprathermal dis-
tribution. Ever since, it has been used by many researchers
to study various phenomena in space and solar plasmas
([30, 31] and references therein). The particles having
kappa distributions have also been observed in lunar wake
plasma and can contribute to lunar wake dynamics [32–35].
Halekas et al [33] have shown that morphology of the lunar
wake is best reproduced only when the kappa distribution
function is used for electrons. Plasma refilling process is
seen to be affected if the electron distribution function is
modeled by kappa rather than Maxwellian[35]. Tao et al
[25] developed a simulation model based on kappa dis-
tribution of electrons to explain the observed electrostatic
waves in the lunar wake plasma.

In this paper, we extend the theoretical model discussed
in Rubia et al [26] and Sreeraj et al [27] to include the
effects of ambient magnetic field. The motivation to consider
superthermal electrons for the study of electrostatic waves in
the lunar wake has come from Tao et al [25]. The purpose of
the present study is to delineate coupling and generation of
electrostatic waves by electron beam. The linear study
allows us to understand the characteristics of normal modes

present in the system. However, one can carry out nonlinear
analysis using small amplitude or Sagdeev pseudo-potential
methods to investigate the quasi-stationary structures. This
is beyond the scope of the present study. In the description
of plasmas by magnetohydrodynamics (MHD) or kinetic
theory, the scale lengths such as Larmor radius or Debye
length play important role. In fluid theory, resonant wave
particle interaction and Landau damping effects are
neglected. The present work deals with non-resonant
instability, which can be studied by using MHD equations.
Further, in magnetized plasmas, fluid approach can be used
when Larmor radius is larger than the Debye length [36]. In
section 2, the theoretical model to describe the Lunar wake
plasma is discussed and general dispersion relation is
derived. The effect of variation of electron beam velocity
and propagation angle on the dispersion characteristics of
the waves is carried out section 3. The results are discussed
and concluded in section 4.

2. Theoretical model

Lunar wake plasma is modeled by a homogeneous, collision-
less, and magnetized four-component plasma comprising of
fluid protons (np, Tp), doubly charged alpha particles, He++

(ni, Ti), electron beam (nb, Tb, Ub) streaming along ambient
magnetic field and superthermal electrons (ne, Te ) following
kappa distribution. The electrostatic waves are propagating
obliquely in the x-z plane making an angle θ to the ambient
magnetic field B0 which is considered to be in z−direction.
The dynamics of electrostatic plasma waves is governed by
the following fluid equations:

¶
¶

+  =
n

t
n v. 0 1s

s s( ) ( )

¶
¶

+ 

= + ´ - 

m n
t

q n P

v
v v

E v B

.

2

s s
s

s s

s s s s0

⎡
⎣⎢

⎤
⎦⎥( )

( ) ( )

Here, ns, vs, ms, qs, Ps, represent respectively, density,
velocity, mass, charge and pressure of the individual species
‘s’, which stands for protons (p), doubly charged Helium ions
(i), and beam electrons (b). The pressure term is ∇Ps=γs
Ts∇ns, where γs is the ratio of specific heats and Ts represent
the temperature of each species.

The superthermal electrons are assumed to follow kappa
distribution [37, 38] given by:
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The number density of the kappa distributed electrons is
found by integrating equation (3) in presence of electrostatic
potential f. This can be obtained by replacing v2/θκ

2 by
q f q-k kv e m2 e

2 2 2 [39, 40]:
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The perturbed number density of each individual fluid
component (np1, ni1, nb1, ne1) is obtained by linearizing the
equation (1), (2) and (4). The general expression for the
perturbed number density of sth species ‘s’and kappa elec-
trons (e) can be written as

and
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Here, Ubs represent velocity of beam. In our model, we
are considering electron beam, hence ºU Ubs b and for all
other species this term goes to zero, i.e., =U 0bp i e, , .

Substitution of perturbed densities in the following
Poisson’s equation
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and simplification yield the following dispersion relation:
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tively, the plasma frequency, cyclotron frequency and thermal
velocity of sth species with zs being the charge state of the
plasma species and ns0 being the unperturbed number density.
Except for Helium ions, all other plasma species are singly
charged, i.e., zp,b,e=1 and for Helium, zi will be 2. The term
ω−k.Ub plays a central role in the generating the non-
resonant instability in the system. The Landau resonance
occurs at ω∼k.Ub and the term containing ω−k.Ub in the
denominator becomes very large (going to infinity) at exact
resonance. However, in the present work, we avoid the
Landau resonance which requires a kinetic treatment.

In the absence of ambient magnetic field, the dispersion
relation reduces to equation (6) of Sreeraj et al [27] for an
unmagnetized plasma. If the number density of beam electrons
in equation (8) is taken to be zero (nb0=0), one arrives at
dispersion relation for electrostatic waves derived by Sreeraj
et al [41] for oblique propagation (their equation (6)).

For parallel propagation (i.e. for q = 0 ), equation (8)
becomes:
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In this case decoupling of cyclotron and acoustic modes occurs,
i.e., the electron cyclotron w =  WkUb b( ), proton cyclotron
w = Wp( ) and Helium cyclotron modes w = Wi( ) decouple
from the acoustic modes given by the expressions in square
brackets in equation (9) (which are same as represented by Eqn
(6) of Sreeraj et al [27]). It also has to be emphasized that proton
and helium cyclotron modes are non-propagating modes
whereas electron cyclotron mode propagates.

For electrostatic waves propagating perpendicular
(θ=90°) to the ambient magnetic field, dispersion relation

can be written as:
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Further, in the absence of electron beam (nb0=0), one arrive
at dispersion relation for electrostatic waves derived by
Sreeraj et al [41] (cf equation (18)). In the section 3, the
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dispersion relation (equation (8)) is solved numerically for
various plasma modes for relevant plasma parameters.

3. Numerical analysis

In this section, the numerical analysis of dispersion relation
equation (8) is carried out. The relevant plasma parameters
are taken from Tao et al [25] and Mangeney et al [42]. The
various plasma parameters are normalized as follows: the
frequencies are normalized with electron plasma frequency,

w =


;pe
n e

m
e

e

0
2

0
wave number k by Debye length of electron,

l = =
w


De

T

n e

ve

e

te

pe

0

0
2 . The beam velocity is normalized with

ion-acoustic velocity, =cs
T

m
e

p
. The number densities of the

species is bound by the quasi neutrality condition, np0+zi
ni0=nb0+ne0. The values of γs are taken to be the same,
i.e. γb=γi=γp=3=γ. One can use either the exact
plasma parameters or normalized ones. The benefit of using
the normalized parameters for numerical study is that one
does not have to worry about the dimensions and it will ease
the computations. One can easily convert the normalised
parameters to actual values for interpretation of the results.

We have divided the subsections in this order: in
section 3.1, equation (8) is analyzed for parallel propagation,
q = 0 and varying the beam velocity. This will show the
merging of different plasma modes. In section 3.2, the dis-
persion relation equation (8) is investigated numerically for
different angles of propagation with the velocity of electron
beam set to zero, i.e. Ub=0. This will bring out the coupling
of various plasma modes. Finally, in section 3.3, equation (8)
is investigated numerically for different angles of propagation
with the finite beam velocity. Since, we are dealing with the
fluid approach, both Landau and cyclotron dampings will not
have any bearing on our results.

3.1. Effect of electron beam variation

Here, the general dispersion relation is analyzed for different
values of electron beam velocity for the case of parallel
(θ=0°) propagation. In figure 1(a), dispersion curves
corresponding to equation (8) are plotted with kλDe on x-axis
and w

w
r

pe
on y-axis. The number densities are normalized with

respect to total number density of electrons and temperature
by temperature of kappa electron. The total number density is
given by the expression N0=ne0+nb0=np0+zi ni0. The
parameters fixed for this set of variation are nb0/N0=0.01,
ni0/N0=0.05, κ=6, Tb/Te=0.002 5, Tp/Te=0.2,
Ti/Te=0.4, γ=3, ωpp/Ωp=1620 and θ=0°. Numerical
analysis of the dispersion relation shows the presence of 12
modes in the plasma which are identified by colored lines in
figures 1(a), (b) and in subsequent figures. These are electron
cyclotron modes (1 [dashed line- green colored] and 12 [long
dashed line- baby blue colored]), electron acoustic modes (2
[solid line- black colored] and 11 [short dashed line- blue
colored]), fast ion acoustic modes (3 [dash dotted line- red

colored] and 10 [medium dashed line- majestic purple
colored]) and slow ion acoustic modes (4 [dash dot dotted
line- magenta colored] and 9 [extra long dashed line- cyan
colored]) (see figure 1(a)). The other four modes are shown in
figure 1(b) due to scaling. They are proton cyclotron mode (5
[dash dot dot dotted line- sea green colored] and 8 [dash dash
dot dot dotted line- yellow colored]) and Helium cyclotron
mode (6 [dash dash dotted line- spring green colored] and 7
[dash dash dot dotted line- pink colored]). In Sreeraj et al
[27], we have outlined the procedure to identify the different
plasma modes. For θ=0° and = 0U

c
b

s
(figures 1(a) and 1b),

proton, Helium and electron cyclotron modes are non-pro-
pagating modes, i. e., they represent oscillations at their
respective cyclotron frequencies. The acoustic and cyclotron
modes de-couple at θ=0°. Modes 1–6 have positive phase
speeds, whereas modes 7–12 have negative phase speeds. All
the acoustic modes start with frequency =w

w
0r

pe
at kλDe=0,

on the other hand, electron, proton and Helium cyclotron modes
start at their respective cyclotron frequencies, i.e., at w w =r pe

´ ´ ´- - -2.647 5 10 , 1.4 10 and 7 102 5 6, respectively as
shown in figures 1(a), (b). This figure is similar to figure 1(a) of
Sreeraj et al [27], except for the fact that here additional modes,
i.e., electron and ion cyclotron modes appear.

It is interesting to note that though the phase speed of all
modes gets affected with the increase in electron beam velocity, it
is the mode 11 which shows appreciable change in its phase
speed and crosses over that of the modes 9 and 10. When the
beam velocity is increased to = 4U

c
b

s
(figure 1(c)), the electron

acoustic mode (mode 11), which had a negative phase speed
initially (see figure 1(a)), starts to become positive at kλDe�2.33
(for variations in between, kindly see Sreeraj et al [27]) and has
large phase speed than modes 9 and 10. The striking feature that
differentiates this figure from figure 1(c) in the Sreeraj et al [27]
is the behavior of modes 1 and 12 (electron cyclotron modes).
For parallel propagation and = 0U

c
b

s
, the electron, proton and

Helium cyclotron modes will have a constant frequency for all
the values of kλDe. However, the introduction of electron beam
velocity brings in (ω−k.Ub) term, which modifies these modes
significantly. The mode 11 gains the free energy from the elec-
tron beam and increases the phase velocity.

The dispersion curves show an interesting pattern at
= 4.4U

c
b

s
. The phase velocity of electron acoustic mode

(mode 11) attains a positive value at kλDe�0.64, and merges
with the slow ion acoustic mode (mode 4) and electron beam
drives slow ion acoustic mode in the kλDe range of 2.97–4.24
(see figure 1(d)). In this region phase velocity of mode 11
(electron acoustic mode) and mode 4 (slow ion acoustic
mode) are the same with finite imaginary part which corre-
sponds to finite growth rate and is shown in the lower panel of
figure 1(d). The maximum growth has a value of

= ´w
w

-1.77 10 3i

pe
which occurs at kλDe=3.59 and

corresponding real frequency, = ´w
w

-4.815 10 2r

pe
. For some

values of kλDe, the solution of equation (8) gives complex
conjugate roots. This implies that those two modes will have
same phase speeds and hence, merge together to form an
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unstable region. With further increase in the beam velocity to
= 4.6U

c
b

s
(see figure 1(e)), it is seen that merging of acoustic

modes happens at two different places: in the lower kλDe
range (between 1.18–2.03), electron acoustic mode (mode 11)
merges with slow ion acoustic mode (mode 4) to form elec-
tron beam driven slow ion acoustic mode and in the higher
kλDe range (between 2.05–6.81) forms electron beam driven
fast ion acoustic mode by merging with fast ion acoustic
mode (mode 3). Electron beam driven slow ion acoustic mode
exists in shorter kλDe range compared to electron beam driven
fast ion acoustic mode. There exist a small kλDe range
wherein mode 11 does not interact with any other mode. The
maximum growth rate of beam driven slow ion acoustic mode

( » ´w
w

-2.68 10 3i

pe
) is smaller than that of fast ion acoustic

mode ( » ´w
w

-6.02 10 3i

pe
). However, fast ion acoustic mode

is unstable for larger wave-number range as compared to slow
ion acoustic mode.

The merging of mode 11 continues with slow and fast ion-
acoustic modes with increase in electron beam velocity until

< 5.5U

c
b

s
with electron beam driven fast ion-acoustic mode

having larger growth rate than the slow ion-acoustic mode. For
<5.5 7.8U

c
b

s
, only electron beam driven fast ion acoustic

mode exist with decreasing growth rate and beyond Ub/cs�7.8,
there are no unstable modes. These results are consistent with
four-component unmagnetized model of Sreeraj et al [27].

Figure 1.Dispersion curves for various values of U

c
b

s
, with fixed plasma parameters: θ=0°, nb0/N0=0.01, ni0/N0=0.05, κ=6, Tb/Te=0.002 5,

Tp/Te=0.2, Ti/Te=0.4. Various lines indicate different plasma modes: in figure 1(a), electron cyclotron modes 1 and 12 (dashed line[green
colored] and long dashed line [baby blue colored] respectively); electron acoustic modes 2 and 11 (solid line [black colored] and short dashed line
[blue colored] respectively); fast ion acoustic modes 3 and 10 (dash dotted line [red colored] and medium dashed line [majestic purple colored]
respectively); slow ion acoustic modes 4 and 9 (dash dot dotted line [magenta colored] and extra long dashed line [cyan colored] respectively) and in
figure 1(b), proton cyclotron modes 5 and 8 (dash dot dot dotted line [sea green colored] and dash dash dot dot dotted line [yellow colored]
respectively); and helium cyclotron modes 6 and 7 (dash dash dotted line [spring green colored] and dash dash dot dotted line [pink colored]
respectively). In figures 1(d)–(f), upper and lower panels show the real frequency (ωr/ωpe) and growth rates (ωi/ωpe), respectively, which arises due
to merging of different modes, whereas, no merging occurs at = 4U

c
b

s
(figure 1(c)).
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3.2. Effect of variation of angle of propagation without electron
beam streaming

In this section, we discuss the effect of obliqueness on the
dispersion relation equation (8) without electron beam
streaming. This is an extension of theoretical analysis carried
out in [41] for the case of coupling of electrostatic ion
cyclotron and acoustic modes in the solar wind plasma,
wherein the magnetized plasma comprised of kappa electron,
fluid proton and doubly charged Helium ions. The numerical
analysis shows that there is no change in the dispersion
characteristic of electron cyclotron mode in the kλDe range
considered, hence we have omitted it in the dispersion rela-
tion plots to represent other modes clearly.

For q = 0 , all the modes are decoupled as shown in
figure 2(a). Modes 5 and 6 represent the proton and Helium
cyclotron modes, respectively. In the case of parallel propa-
gation, these modes are non-propagating modes and the only
physically acceptable solution are that of acoustic modes. It
has to be emphasized that similar kind of plots exist with

negative phase speed, but in-order to show the dispersion
relation plots clearly, we have shown only those with positive
phase speed. When finite angle of propagation is introduced
(θ=5°), the coupling of different modes can be seen clearly
in figure 2(b). Circles indicate the occurrence of coupling
various modes. The mode 2 couples with modes 6 and 5 at
kλDe value of 6×10−5 and 1.3×10−4, respectively. Simi-
larly, mode 3 couples with mode 6 at kλDe≈3.1×10−4.
Mode 4 couples with mode 6 in the kλDe range
5×10−4−6×10−4, mode 3 couples with mode 5 in the
kλDe range 5.5×10−4−6.8×10−4 and mode 4 couples
with mode 5 in the kλDe range 1.03×10−3−1.07×10−3.
Taking into consideration, the couplings between the modes
with negative phase speed, in total the coupling happens at 12
different places (different wave numbers), which is in sharp
contrast to what is shown in Sreeraj et al [41], where coupling
occurred at 8 different places.

With the angle of propagation increased to 15◦ as shown
in figure 2(c), it is clear from dispersion curve that the

Figure 2. Effect of angle of propagation, θ, on the strength of coupling between different modes for Ub/cs=0. Other plasma parameters are
the same as in figure 1.
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coupling between modes 3 and 5 is much weaker compared to
that in case of figure 2(b). This is indicated by the gap
between the modes. The coupling between modes 2 and 6
remains the strongest one which is happening at kλDe≈
6×10−5. There exist a certain kλDe range in which other
modes couple: mode 4 couples with mode 6 in the range
kλDe≈5×10−4−6.5×10−4; mode 4 couples with mode
5 in kλDe≈9.65×10−4−1.04×10−3; mode 3 couples
with mode 6 in kλDe≈2.9×10−4−3.5×10−4; mode 3
couples with mode 5 in kλDe≈5.3×10−4−7.5×10−4;
mode 2 and mode 5 in kλDe≈9×10−5−1.4×10−4.

The coupling between modes 3 and 5, 4 and 5 and 4 and 6
vanishes when the angle of propagation is increased to 30° (see
figure 2(d)). Here, mode 3 couples with mode 6 in two different
kλDe regime: first in ´ - ´- -3.8 10 4.4 104 4 and then at
7.6×10−4−8.4×10−4. Furthermore, the coupling between
mode 2 and mode 6 still remains intact and occurs at kλDe≈
7×10−5. However, the coupling between modes 2 and 5 is
weak as compared to that in case of θ=15° (see figure 2(c))
and occurs in the kλDe range 9×10−5−1.5×10−4. The slow
ion acoustic mode (mode 4) completely decouples from the rest
of the modes.

For θ=60° and = 0U

c
b

s
, the dispersion relation curves is

shown in figure 2(e). It is seen that the mode 3 (fast ion
acoustic) and mode 4 (slow ion acoustic) do not couple with
any of the cyclotron modes. The only coupling is between
mode 2 and mode 6 at kλDe≈7×10−5 and then between
mode 2 and mode 5 in the kλDe range 1×10−4−1.8×
10−4. Further increasing the angle of propagation weakens the
coupling between mode 2 and mode 5.

The coupling between modes 2 and 5 vanishes when
angle of propagation reaches 80° (not shown here) and the
only coupling that exist is between modes 2 and 6. A notable
thing to mention here is that the frequencies of slow and fast
ion acoustic mode decrease substantially compared to that of
figure 2(e). Finally for θ=90°, the only cyclotron mode exist
in the system as seen in figure 2(f).

It must be emphasized here that coupling of mode 2 with
modes 5 and 6 appears to be much stronger than the coupling
of mode 3 with modes 5 and 6 and coupling of mode 4 with
modes 5 and 6. Among all the modes, the coupling between
modes 2 and 6 is the strongest whereas the weakest coupling
occurs between modes 3 and 5. The coupling between modes
2 and 6 continues to exist for highly oblique angle of
propagation.

3.3. Effect of variation of angle of propagation with finite
electron beam streaming

In this section, dispersion relation equation (8) is analyzed for
various angles of propagation with normalized electron beam
velocity fixed at 4.5. Please note that in figures 4, 5, the left
and right hand panels exclusively show the coupling and
merging of the modes, respectively.

In figure 3(a) for an angle of propagation θ=5°, it can be
seen that the coupling happening at 6 different places between
the modes with positive phase speeds and 4 different places with

Figure 3. Plots showing coupling (figure 3(a)) and merging (figures 3(b),
(c)) of different modes for θ=5° and Ub/cs=4.5 in different kλDe
range. Other plasma parameters are the same as in figure 1.
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Figure 4. Plots showing coupling (figures 4(a), (c), (e)) and merging (figures 4(b), (d), (f)) of different modes for θ=30°, θ=40° and
θ=50°, respectively with Ub/cs=4.5. Other plasma parameters are the same as in figure 1.
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negative phase speeds. This is in sharp contrast to what was
reported for in section 3.2, where equal number of couplings
were observed between the modes with positive and negative
phase speeds. Figure 3(b) shows the same dispersion plot as in
figure 3(a), but in the higher kλDe range. Here, one can clearly
see the merging of mode 11 with mode 6 thereby generating a
unstable region first in the kλDe range 2.64×10−2−2.67×
10−2 (which is electron beam driven Helium cyclotron mode)
with maximum growth rate 1.74×10−8 and then between
mode 11 and 5 in kλDe range 4.85×10−2−4.93×10−2

(which is electron beam driven proton cyclotron mode) with
maximum growth rate 7.67×10−8. Thus, the proton and
helium cyclotron modes are excited by an electron beam. When

kλDe range is increased further, we see merging of wave modes
first for kλDe≈0.260 5−0.271 8 with maximum growth rate
occurring at kλDe≈0.266 6 with » ´w

w
-3.54 10 3r

pe
and

» ´w
w

-2.8 10 4i

pe
(figure 3(c)). This can be identified as mer-

ging between modes 11 and 4. The second merging happens for
kλDe≈0.274 1−0.302 4 with maximum growth rate occur-
ring at kλDe≈0.288 1 with » ´w

w
-5.48 10 3r

pe
and »w

w
i

pe

´ -6.3 10 4. This is the merging of modes 11 and 3 (see
figure 3(c)). The wavelengths corresponding to slow (mode 4)
and fast (mode 3) ion acoustic modes are found to be ≈1178m
and 1090m, respectively for electron Debye length of 50m [25].
The Larmor radius of proton, Helium, electron and beam

Figure 5. Plots showing coupling (figures 5(a), (c)) and merging (figures 5(b), (d)) of different modes for θ=80° and θ=85° with
Ub/cs=4.5. Other plasma parameters are the same as in figure 1.
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electrons is ≈36229m, 51236m, 1890m, and 94m, respec-
tively. For clarity, we have only shown the merged modes in
figure 3(c) and other modes have been omitted. With further
increase in angle of propagation to 10° (not shown here), mode
11 still merges with mode 6 in kλDe range 2.51×10−2−
2.55× 10−2 with maximum growth rate 3.51×10−8 and then
with mode 5 in the kλDe range 4.29×10−2−4.43×10−2

with maximum growth rate 1.61×10−7.
The dispersion relation curves for θ=30° are shown in

figures 4(a), (b). It is clear from figure 4(a), the mode 4 does
not couple with any other modes. It is noticed that all the
coupling regions for wave modes with negative phase speeds
come closer to each other and shift towards the lower wave
number regime. In figure 4(b), the mode 11 first merges with
mode 4 in the kλDe range 1.95×10−2−2.04×10−2 gen-
erating electron beam driven slow-ion acoustic mode with
maximum growth rate 1.01×10−7 and then with mode 6
generating beam driven proton cyclotron mode in the kλDe
range 2.86×10−2−3.10×10−2 with maximum growth
rate of 4.91×10−7. The growth rate of merged mode of 11
and 6 increases as compared to that of θ=5° (as shown in
figure 3(b)) and those of 10° (not shown here). For θ=40°,
the coupling between all other modes with negative phase
speed disappears except modes 7 and 10 which occurs at two
different wave number ranges. On the other hand coupling
between modes 3 and 6 and the coupling of mode 2 with
modes 5 and 6 still exist (see figure 4(c)). The electron beam
drives the modes 4 and 6 with higher growth rates (see
figure 4(d)).

The coupling of mode 2 with modes 5 and 6 continue to
exist for an angle of propagation 500�θ�800 with
diminishing strength whereas the coupling between modes 7
and 10 disappears for θ>500 (figures 4(e), 5(a)). Further,
there is no coupling between the modes for θ=85° except
between modes 2 and 6 which also vanishes at θ�87° (not
shown here). The modes that now merges with mode 11 are
mode 4 in kλDe range 1.64×10−2−1.74×10−2 gen-
erating electron beam driven slow-ion acoustic mode with
maximum growth rate to be 1.25×10−7 and mode 3 gen-
erating electron beam driven fast-ion acoustic mode in the
kλDe range 2.27×10−2−2.57×10−2 with maximum
growth rate to be 6.16×10−7 (see 4(f)). With further
increase in the angle of propagation (figure 5(b) (θ=800)
and figure 5(d) (θ=850)) mode 11 still merges with mode 4
and then with 3 driving slow and fast ion acoustic modes
respectively with decreasing growth rates and unstable
regions shifting to lower kλDe range. This trend continues
till θ�87°.

For perpendicular propagation, the acoustic modes van-
ish and only proton, Helium and electron cyclotron modes
exist similar to as seen in figure 2(f) (due to scaling electron
cyclotron mode could not be shown) and their counter part
with negative phase speed. At perpendicular propagation
there will not be any unstable region as k.Ub=0, hence,
there is no source of free energy to excite the waves as seen in
equation (8).

4. Conclusion

The propagation characteristics of linear electrostatic waves
in a four-component magnetized plasma comprising of fluid
protons, doubly charged fluid Helium ions, beam electron
streaming along ambient magnetic field and superthermal
electrons with kappa distribution are presented. The numer-
ical analysis of the dispersion relation shows the presence of
electron, proton and Helium cyclotron modes, slow and fast
ion acoustic, and electron acoustic modes. For parallel pro-
pagation without electron streaming, the dispersion relation
curves are perfectly symmetrical about x-axis (i.e., wave-
number axis). With increase in the electron beam velocity for
parallel propagation, phase speed of electron acoustic mode
turns to positive from initially negative value. The merging of
the modes leads to unstable wave number regions with finite
wave growth rate. The electron beam drives the slow ion
acoustic mode in the lower wave-number regime and the fast
ion acoustic mode in the higher wave-number regime.

The dispersion relation is further analysed for non- par-
allel propagation by keeping velocity of beam electron to zero
revealing coupling of various modes in the plasma. It is seen
coupling occurs at 12 different places- 6 among the modes
with positive phase speeds and other 6 among the negative
phase speeds. With increase in the angle of propagation, the
coupling between the fast ion-acoustic (mode 3) and proton
cyclotron (mode 5) is the first one to vanish followed by slow
ion-acoustic (mode 4) and helium cyclotron (mode 6) and
then slow ion-acoustic (mode 4) and proton cyclotron (mode
5) modes. The mode 3 couples with mode 6 at two different
places at θ=30° thereafter, it does not couple with any
mode. Further increase in the angle of propagation decreases
the strength of coupling between mode 2 (electron-acoustic)
and mode 5 (proton cyclotron) compared to mode 2 (electron-
acoustic) and mode 6 (Helium cyclotron). At perpendicular
propagation, only cyclotron modes exist.

For oblique propagation with finite electron beam velo-
city, the coupling and merging of various modes occur. The
coupling of wave modes occur for smaller wave numbers
whereas the merging of wave modes is observed for higher
wave numbers. For small angle of propagation coupling is
seen in among large number of modes as compared to more
oblique propagation. With increase in angle, coupling among
the wave modes with negative phase speeds vanishes first
followed by wave modes with positive phase speed. The
strongest coupling occurs between electron acoustic and
helium cyclotron modes which persist for nearly perpend-
icular propagation (θ∼850). For angle of propagation
50�θ<100, electron beam drives the helium and proton
cyclotron modes, for 300�θ<400, helium cyclotron and
slow ion acoustic modes are driven unstable and for
500�θ<85° slow as well as fast ion acoustic modes are
excited. It is emphasized here that the coupling and merging
of wave modes occur in the lower wave number range as
compared to the cases without electron streaming and parallel
propagation, respectively.

In unmagnetized plasma, only slow and fast ion acoustic
modes were excited [27]. However, in magnetized plasma

10

Phys. Scr. 95 (2020) 045610 T Sreeraj et al



discussed here, the unique feature of the results is that proton
as well as helium cyclotron modes are excited in addition to
slow and fast ion acoustic modes. Further, growth rates as
well as wave numbers of excited slow and fast ion acoustic
modes are much smaller in magnetized plasma than the
unmagnetized one. The wavelengths (growth rates) of slow
and fast ion acoustic modes are smaller (larger) than the
proton and helium cyclotron modes. The estimated fre-
quencies of the ion-acoustic modes for the cases discussed
here are ω�0.01ωpe which corresponds to low-frequency
waves observed by ARTEMIS Tao et al [25].

It is important to mention here that the scale lengths such
as Larmor radius or Debye length play important role in the
description of plasmas by MHD or kinetic theory. Fluid
approach can be used in magnetized plasmas when Larmor
radius is larger than the Debye length [36]. For the parameters
considered here , the ratio of Larmor radius to Debye length
comes out to be ≈1074, 760 and 40 for Helium ions, protons
and electrons, respectively. Therefore, it is justified to use
fluid theory in our model. However, more general kinetic
theory is being developed which is beyond the scope of the
present work.
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