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A B S T R A C T

Large-amplitude electrostatic solitary waves (ESWs) associated with asymmetric magnetic reconnection at the
Earth’s magnetopause are studied in a four-component plasma composed of a mixture of the magnetosheath
and magnetosphere plasma of a cold, warm and hot electron populations, and background ions. The species are
modeled as adiabatic fluids except for the hot electrons which have a kinetic vortex-like velocity distribution.
The hybrid model uses the Sagdeev pseudopotential technique to study the arbitrary amplitude ion- and
electron-acoustic solitons and double layers. The numerical computations reveal that for the parameters
corresponding to magnetosphere side of the ion diffusion region, only slow electron-acoustic solitons and
double layer can exist. On the magnetosheath side of the ion diffusion region, only the electron-acoustic/beam
solitons can exist. The electric field amplitude of the electrostatic solitary waves (ESWs) predicted by our model
are consistent with the Magnetospheric Multiscale (MMS) observations.
Introduction

Electrostatic solitary waves (ESWs) are the most common inter-
pretations for the broadband plasma turbulence observed in different
regions of the magnetosphere. These structures have generally a large
bipolar electric field component parallel to the background magnetic
field. Recently, Magnetospheric Multiscale (MMS) spacecraft reported
the observation of electrostatic solitary waves (ESWs) associated with
asymmetric magnetic reconnection at the Earth’s magnetopause [1,2].

he magnetic reconnection process generating ESWs occurs between
he low-density plasma in the magnetosphere and the high-density
lasma in the magnetosheath. Such electrostatic structures have been
eported earlier in the auroral region by S3-3 [3], Viking [4], and
AST [5] satellites, in the polar cup boundary layer by POLAR satel-
ite [6], in the plasma sheet boundary layer by GEOTAIL satellite [7],
n the Earth’s magnetosheath [8–10] and magnetopause [11] by Cluster
pacecraft, in the Earth’s radiation belts [12] by the Van Allen Probes.

Theoretically, electrostatic solitary waves (ESWs) with symmetric
lectric field structures were often identified either as kinetic BGK
lectron/ion phase space holes generated by a beam, two-stream, or
inetic Buneman instability [13–18] or electron/ion acoustic solitons
nd double layers having symmetric/asymmetric electric fields which
an be generated by fluid electron/ion beam instability [19–28]. In
pace and astrophysical plasmas, the symmetric ESWs associated with
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electron/ion beam mode have been studied with multi-fluid dynamic
theory by several authors [29–39]. Lakhina et al. [33] studied large-
amplitude ion- and electron-acoustic waves in an unmagnetized multi-
fluid plasma system consisting of a cold background electrons, two
counter-streaming electron beams and ions using the Sagdeev pseudo-
potential technique. Based on the plasma parameters considered, they
found three types of solitary structures, namely, ion acoustic solitons
having positive potentials, slow electron acoustic solitons having neg-
ative potentials and fast electron acoustic solitons and double layers
which can either be positive or negative potentials depending on the
core electron density. In line with the Van Allen Probes observations,
Vasko et al. [40] investigated the nature of the asymmetric ESWs in
terms of electron acoustic solitons and double layers in a suprathermal
hot electron plasma using the Korteweg–de Vries (KdV) technique. In
a later paper, Vasko et al. [41] studied the mechanism of generating
nonlinear electrostatic steepening whistler waves in a classical hydro-
dynamic fluid model composed of two-temperature electron plasma
with 𝜅-distribution electron. In a fluid plasma system consisting of a
two-temperature (cold and hot) electron populations, Dillard et al. [42]
derived the modified KdV equation for the asymmetric electrostatic
solitary waves (ESWs) in terms of electron acoustic solitons and double
layers (shock) in the Earth’s inner magnetosphere.
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Several MMS observations have indicated that the energy distri-
bution of the hot electron species trapped in the phase space holes
deviated from the standard Boltzmann-Maxwell equilibrium to exhibit
vortex-like structures during the magnetic reconnection in the diffu-
sion region of the magnetopause [1,2,43] and magnetotail [44–49].
The established kinetic vortex-like velocity distribution function for
trapped energetic particles derived from the Vlasov equation is given
by Schamel [18,50]

𝑓 (𝑣) = 1
√

2𝜋
𝑒−

1
2 (𝛽(𝑣

2−2𝜙)), |𝑣| ≤
√

2𝜙 (1)

where 𝑣 is the velocity normalized by the hot electron thermal speed
𝑣𝑡ℎ =

√

𝑇ℎ∕𝑚𝑒, 𝜙 is the electric potential normalized by 𝑇ℎ∕𝑒, 𝑇ℎ and
𝑒 are the equilibrium temperature and mass respectively. Further, 𝛽

controls the trapping of electrons and shape of the distribution function.
For 𝛽 = 1(0), Eq. (1) represents a shifted Maxwellian and a flat top
istribution respectively. For 𝛽 < 0, Eq. (1) represents the trapped
lectron distribution with a hole in the phase space. The early theoret-
cal kinetic BGK analysis of Schamel [18] established the fundamental
haracteristics of the trapped parameter 𝛽 on the finite amplitude
lectrostatic structures. Low-frequency ion acoustic waves have been
tudied in superthermal plasmas using the Schamel equation [51,52].
hese analysis were later adopted in fluid dynamic theory by Mamun
t al. [53–55] to study the effects of trapped particles on finite am-
litude dust/electron-acoustic solitary waves using the Korteweg–de
ries (KdV) approach of reductive perturbation technique. Using the
agdeev pseudo-potential technique, Mushtaq et al. [56] studied the
arge amplitude ion-acoustic solitary waves in a multi-fluid ions plasma
ith trapped electrons.

Recently, Mbuli et al. [35,36], studied the characteristics of arbi-
rary amplitude slow and fast electron acoustic solitons and double
ayers in a four-component plasma system consisting of cold, warm
nd hot electrons, and ions, where all species are treated as adiabatic
luid. In this paper, we modified the model of Mbuli et al. [35,36]
o assume a kinetic vortex-like velocity distribution for the hot elec-
ron species while cold and warm electrons, and ions are treated as
diabatic fluids. This model appears capable of simulating the MMS
arge-amplitude electrostatic solitary waves associated with asymmetric
agnetic reconnection at the Earths magnetopause [1] in terms of low-

requency (ion acoustic) and high-frequency (electron acoustic) solitons
nd double layers. More recently, Rufai et al. [57] studied the existence
f nonlinear electron acoustic solitons in the electron diffusion region
ith two temperature electrons composed of a hot trapped electrons
aving vortex-like velocity distribution and a warm fluid adiabatic
lectrons using the MMS parameters. They employed the reductive
erturbation technique which leads to a modified Korteweg–de Vries
mKdV) equation of small but finite amplitude electron acoustic waves.

Moreover, for MMS large amplitude ESWs studies, we extend the
ork of Rufai et al. [57] by introducing additional adiabatic electron

pecies, i.e., a cold electron beam of the magnetosphere plasma com-
onent in the system. In Section ‘‘Theoretical model’’, the theoretical
odel and derivation of the Sagdeev pseudopotential for the localized
onlinear structures are presented. The numerical results are discussed
n Section ‘‘Numerical Results’’. A conclusion of the findings is given in
ection ‘‘Conclusion’’.

heoretical model

Based on the MMS observations reported by Ergun et al. [1], we
onsider a four-component, homogeneous, collisionless and unmagne-
ized magnetopause plasma system composed of a cold magnetospheric
lectrons (𝑁𝑐 , 𝑇𝑐 , 𝑉𝑑𝑐) propagating parallel to the magnetic field with
espect to the warm magnetosheath electrons (𝑁𝑤, 𝑇𝑤, 𝑉𝑑𝑤) streaming
ntiparallel, hot electrons (𝑁ℎ, 𝑇ℎ), and background ions (𝑁𝑖, 𝑇𝑖),
here, 𝑁𝑗 , 𝑇𝑗 , 𝑉𝑑𝑗 represents the equilibrium values of density, tem-
erature and drift velocity of the species 𝑗, and 𝑗 = 𝑐, 𝑤, ℎ and 𝑖 for
2

m

he cold, warm, hot electrons, and ions, respectively. The hot electrons
re assumed to be following the kinetic vortex-like velocity distribution
iven in Eq. (1) and their number density can be expressed as [18,50]

ℎ = 𝑛ℎ0[𝐼(𝜙)] + 𝑛ℎ0|𝛽|
−1∕2

{

exp(𝛽𝜙) erf(
√

𝛽𝜙) 𝛽 ≥ 0
2

√

𝜋
𝑊𝐷(

√

−𝛽𝜙) 𝛽 < 0 (2)

here

(𝜙) = (1 − erf (
√

𝜙))𝑒𝜙,

the error, erf(𝜙) and Dawson, 𝑊𝐷(𝜙) function is defined by

erf(𝜙) = 2
√

𝜋 ∫

𝜙

0
𝑒−𝑡𝑑𝑡, 𝑊𝐷(𝜙) = 𝑒(−𝜙

2)
∫

𝜙

0
𝑒𝑡

2
𝑑𝑡.

ere, 𝜙 is the electric potential. In the limit 𝛽 → 1, the Boltzmann-
axwell equilibrium of hot electron can be recovered, 𝛽 > 0 (𝛽 < 0)

represents a vortex-like distribution. Thus, the case 𝛽 > 0 in Eq. (2)
atisfied the arbitrary large amplitude perturbation for the trapped hot
lectrons and the normalized density can be expressed as

ℎ = 𝑛ℎ0

(

𝑒𝜙 erf 𝑐(
√

𝜙) + 𝑒𝛽𝜙
√

𝛽
erf(

√

𝛽𝜙)

)

, (3)

where the complementary error function erf 𝑐(𝜙) = 1−erf(𝜙). Whereas,
in small amplitude limit, the normalized hot electron density can be
expressed as

𝑛ℎ = 𝑛ℎ0

(

1 + 𝜙 −
4(1 − 𝛽)
3
√

𝜋
(𝜙)3∕2 +

(𝜙)2

2
+⋯ .

)

. (4)

While, the cold magnetospheric, warm magnetosheath electrons and
ions are assumed to be mobile and they are governed by the following
adiabatic fluid equations [21]: the continuity equation
𝜕𝑛𝑗
𝜕𝑡

+
𝜕(𝑛𝑗𝑣𝑗 )
𝜕𝑥

= 0, (5)

the momentum equation
𝜕𝑣𝑗
𝜕𝑡

+ 𝑣𝑗
𝜕𝑣𝑗
𝜕𝑥

+ 1
𝜇𝑗𝑛𝑗

𝜕𝑃𝑗

𝜕𝑥
+

𝑍𝑗

𝜇𝑗
𝜕𝜙
𝜕𝑥

= 0, (6)

the equation of state
𝜕𝑃𝑗

𝜕𝑡
+ 𝑣𝑗

𝜕𝑃𝑗

𝜕𝑥
+ 3𝑃𝑗

𝜕𝑣𝑗
𝜕𝑥

= 0, (7)

the Poisson equation

𝜕2𝜙
𝜕𝑥2

= −
∑

𝑗
𝑍𝑗𝑛𝑗 . (8)

Here, 𝑛𝑗 , 𝑣𝑗 , 𝑃𝑗 , and 𝜇𝑗 = 𝑚𝑗∕𝑚𝑒, density, velocity, pressure, and
mass ratio of the 𝑗𝑡ℎ species and the ions, 𝑍𝑗 (= −1(+1)) for electrons
ions), respectively. Moreover, the number densities are normalized
y the total equilibrium plasma density 𝑛𝑗0 = 𝑁𝑗∕𝑁0 such that 𝑛𝑐0 +
𝑤0 + 𝑛ℎ0 = 𝑛𝑖0 = 1. Keeping in mind the application to magneto-
pheric observations where hot electrons are observed, Eqs. (1)–(8)
re normalized in the following manner:temperature are normalized
y the hot electron temperature, 𝑇ℎ, time is normalized by the inverse
f total electron plasma frequency 𝜔−1

𝑝𝑒 =
√

𝑚𝑒∕4𝜋𝑁0𝑒2, velocities
by the electron thermal velocity 𝑣𝑡ℎ = (𝑇ℎ∕𝑚𝑒)1∕2, spatial lengths by
𝑑ℎ = (𝑇ℎ∕4𝜋𝑁0𝑒2)1∕2, electrostatic potential 𝜙 is normalized by 𝑇ℎ∕𝑒,
nd the thermal pressures 𝑃𝑗 by 𝑁0𝑇ℎ. For magnetosheath case as
here are no observations of hot electrons, Eqs. (5)–(8) remain valid,
owever, the normalizations used are as follows: the temperatures
re normalized by the ion temperature 𝑇𝑖, time is normalized by the
nverse of ion plasma frequency, 𝜔−1

𝑝𝑖 = (4𝜋𝑁0𝑒2∕𝑚𝑖)−1∕2, velocities
y the ion thermal velocity 𝑣𝑡𝑖 = (𝑇𝑖∕𝑚𝑖)1∕2, spatial lengths by 𝜆𝑑𝑖 =
𝑇𝑖∕4𝜋𝑁0𝑒2)1∕2, electrostatic potential 𝜙 is normalized by 𝑇𝑖∕𝑒, and the
hermal pressures 𝑃𝑗 by 𝑁0𝑇𝑖. Here 𝜇𝑗 = 𝑚𝑗∕𝑚𝑖. For the case of a one
imensional system, the adiabatic index 𝛾 = 3 is justified for all the

obile species (e.g. cold, warm electrons and ions) in the equation of



Results in Physics 35 (2022) 105343O.R. Rufai et al.

i

𝜉

w

c
t
f
e

u
d
t
o
l

l
<
|

s
𝑑

t
𝑑
𝑀

b
c
e
g
c

N

i

e
m
t
a
u
M
1
a
s
i

state given by Eq. (7). Analytically, we present the case of ion diffusion
region on the magnetospheric side.

We employ the Sagdeev pseudo-potential technique for the arbitrary
amplitude electrostatic solitary waves, which conserve the full com-
plexity of the localized nonlinear structures. The analysis involved the
transformation of all the dependent variables in Eqs. (5)–(7) to a single
ndependent variable in a moving frame of reference, i.e.

= 𝑥 −𝑀𝑡 (9)

here 𝑀 = 𝑉 ∕𝑣𝑡ℎ (𝑉 is the wave phase speed).
Using Eq. (9) in Eq. (5)–(8) and solving for the perturbed densities of

old, warm electrons and ions and substituting these expressions into
he Poisson equation, and assuming appropriate boundary conditions
or the localized structures such as, 𝑛𝑗 → 𝑛𝑗0, 𝑣𝑗 → 𝑣𝑑𝑗 , 𝜙 = 𝑑𝜙∕𝑑𝜉 → 0,
rf (

√

𝛽𝜙) → 0, 𝑒𝜙 erf 𝑐(
√

𝜙) → 1, and 𝑃𝑗 → 𝑃𝑗0 ∼ 𝑛𝑗0𝑇𝑗∕𝑇ℎ at 𝜉 → ±∞,
we obtain the following energy integral

1
2

(

𝑑𝜙
𝑑𝜉

)2
+ 𝑆(𝜙,𝑀) = 0, (10)

where the Sagdeev potential 𝑆(𝜙,𝑀) is written as

𝑆(𝜙,𝑀) =

𝑛ℎ0

(

1 −

(

𝑒𝜙 erf 𝑐(
√

𝜙) +
2
√

𝜙
√

𝜋

(

1 − 1
𝛽

)

+ 𝑒𝛽𝜙

𝛽
√

|𝛽|
erf(

√

𝛽𝜙)

))

+
∑

𝑗

𝑛𝑗0𝜇𝑗
6
√

3𝛿𝑗

[[

(

(𝑀 − 𝑣𝑑𝑗 ) +
√

3𝛿𝑗
)3

−
⎛

⎜

⎜

⎝

√

(

(𝑀 − 𝑣𝑑𝑗 ) +
√

3𝛿𝑗
)2

−
2𝑍𝑗𝜙
𝜇𝑗

⎞

⎟

⎟

⎠

3
⎤

⎥

⎥

⎥

⎦

±

⎡

⎢

⎢

⎢

⎣

(

(𝑀 − 𝑣𝑑𝑗 ) −
√

3𝛿𝑗
)3

−
⎛

⎜

⎜

⎝

√

(

(𝑀 − 𝑣𝑑𝑗 ) −
√

3𝛿𝑗
)2

−
2𝑍𝑗𝜙
𝜇𝑗

⎞

⎟

⎟

⎠

3
⎤

⎥

⎥

⎥

⎦

⎤

⎥

⎥

⎥

⎦

, (11)

where 𝛿𝑗 =
𝑃𝑗0
𝑛𝑗0𝜇𝑗

. Eq. (10) describes the motion of a pseudo-particle of
nit mass in a Sagdeev pseudo-potential 𝑆(𝜙,𝑀) where 𝜙 and 𝜉 are the
isplacement from the equilibrium and time, respectively. Moreover,
he hot electron contribution in Eq. (11) corresponding to a distribution
f trapped electrons is similar to Mushtaq et al. [56] for the case of
ow-frequency ion-acoustic waves in two ions plasma.

The criteria for solitary wave solutions are: 𝑆(𝜙,𝑀) satisfies the fol-
owing conditions: 𝑆(𝜙,𝑀) = 0, 𝑑𝑆(𝜙,𝑀)∕𝑑𝜙 = 0, and 𝑑2𝑆(𝜙,𝑀)∕𝑑𝜙2

0 at 𝜙 = 0; 𝑆(𝜙,𝑀) = 0 at 𝜙 = 𝜙𝑚 and 𝑆(𝜙,𝑀) < 0 for 0 <
𝜙| < |𝜙𝑚|, where 𝜙𝑚 is the maximum potential. For double layer (DL)
olutions, one more additional condition should be satisfied, namely,
𝑆(𝜙,𝑀)∕𝑑𝜙 = 0 at 𝜙 = 𝜙𝑚 [21,32,58].

One can check that both 𝑆(𝜙,𝑀) and its first derivative with respect
o 𝜙 vanish at 𝜙 = 0. For the Mach number domain, the condition
2𝑆(𝜙,𝑀)∕𝑑𝜙2 < 0 at 𝜙 = 0 is satisfied provided 𝑀 > 𝑀0, where
0 (critical Mach number) satisfies the following equation, i.e.,

𝑑2𝑆(𝜙,𝑀)
𝑑𝜙2

|𝜙=0 = 𝑓 (𝑀0) ≡
∑

𝑗

𝑍2
𝑗 𝑛𝑗0

𝜇𝑗
(

(𝑀0 − 𝑣𝑑𝑗 )2 − 3𝛿𝑗
) − 𝑛ℎ0 = 0. (12)

Numerically, Eq. (12) yields 6 roots as the critical Mach numbers (𝑀0)
ut only three are positive roots with physical interpretations, which
orrespond to the three nonlinear modes, namely, ion acoustic, slow
lectron acoustic and fast electron acoustic modes. Moreover, for a
iven set of plasma parameters, any one, two or all the three modes
an satisfy the solitary wave conditions given above.

umerical results

We now apply our results to the MMS spacecraft observations in the
3

on diffusion region of the Earth’s magnetopause using the parameters
Fig. 1. Variation of normalized hot electrons density, 𝑛ℎ vs. normalized electrostatic
potential 𝜙.

from Ergun et al. [1]. On the magnetospheric side of the diffusion
region, the plasma parameters are as follows: Cold electrons; densities,
𝑁𝑐 = 2 cm−3, drift velocity, 𝑉𝑑𝑐 = 0.25 𝑣𝑡ℎ𝑒𝑤, temperatures, 𝑇𝑐 = 1 eV.
Warm electrons; densities, 𝑁𝑤 = 1.5 cm−3, drift velocity, 𝑉𝑑𝑤 = 0.25
𝑣𝑡ℎ𝑒𝑤 (𝑣𝑡ℎ𝑒𝑤 is the warm electron thermal speed), temperatures, 𝑇𝑤 =
100 eV. Hot electrons; densities, 𝑁ℎ = 0.5 cm−3, temperatures, 𝑇ℎ = 1
keV; and Ions: temperatures, 𝑇𝑖 = 1 eV. Based on the above parameters,
the normalized plasma parameters for the computations are as follows:
𝑛𝑐0 = 0.5, 𝑛𝑤0 = 0.375, 𝑛ℎ0 = 0.125, and 𝑣𝑑𝑐 = −𝑣𝑑𝑤 = 0.079. The above
mentioned plasma parameters are used through out the computations
in each figure, otherwise specified wherever variations are carried out.

The characteristics of the normalized trapped hot electrons density
(𝑛ℎ) calculated from Eq. (3) are displayed in Fig. 1 for different values
of 𝛽 for 𝑛ℎ0 = 0.125. It is observed that the arbitrary amplitude
perturbation for the trapped hot electrons density grows with 𝛽 and
the curve 𝛽 = 1.0(0.0) corresponds to Boltzmann (flat top) hot electrons
distribution.

Fig. 2 shows the existence domain as a function of equilibrium hot
lectron density 𝑛ℎ0 for the only possible type of electrostatic solitary
ode, namely, slow electron acoustic mode. It is important to mention

hat the corresponding low-frequency ion acoustic solitary structures
re not found. Moreover, the fast electron acoustic mode appears
nphysical as its velocity exceeds the hot electron thermal speed. These
ach number ranges occur in the highest Mach number domain 𝑀0 >

. The critical Mach numbers 𝑀0 for the slow electron acoustic mode
re found between 0.393 ≤ 𝑀0 ≤ 0.422 for 𝑛ℎ0 = 0.1 − 0.3 and these
oliton velocities lie between cold and warm electron thermal speeds,
.e.,

√

3𝑣𝑡𝑐 < 𝑀0 <
√

3𝑣𝑡𝑤. The critical Mach number, 𝑀0 for slow
electron acoustic solitons increases with increase in number density of
hot electrons. The upper 𝑀𝑚𝑎𝑥(𝑀𝐷𝐿) and critical 𝑀0 Mach number
range can be found to exist only at the positive potential region for
the slow electron-acoustic modes of the nonlinear electrostatic solitary
structures which are plotted in Fig. 2(a). In Fig. 2(a), positive potential
slow electron acoustic solitons which have upper bound due to the
formation of a double layer (𝑀𝐷𝐿) are found to exist in RI (𝑛ℎ0 ∶ 0.1 −
0.19). In Region II (𝑛ℎ0 ∶ 0.2 − 0.3) also shows the presence of positive
potential solitons, no double layers are found. Beyond 𝑛ℎ0 = 0.19, we
noted that the slow electron acoustic solitons exhibit a constant upper
Mach number value, (𝑀𝑚𝑎𝑥) of 𝑀 = 0.468 in RII. Fig. 2(b) shows the
plot for the upper Mach number against the trapped parameter 𝛽. The
increase of the trapped parameter 𝛽 decrease the upper Mach numbers

and 𝛽 = 1.0 corresponding to the Boltzmann-Maxwellian equilibrium.
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Fig. 2. (a) Existence domain for the electrostatic structures represented by a plot of the range of Mach number against the normalized hot electron number density 𝑛ℎ0 for 𝛽 = 0.5
nd other fixed parameters are 𝑛𝑐0 = 0.5, 𝑣𝑑𝑐 = −𝑣𝑑𝑤 = 0.079, 𝑚𝑖∕𝑚𝑒 = 1836, 𝑇𝑐 = 𝑇𝑖 = 1 eV, 𝑇𝑤 = 100 eV, 𝑇ℎ = 1 keV. There are two distinct existence regions for the slow electron
coustic waves: RI has positive potential solitons which are bounded above by the formation of a double layer (𝑀𝐷𝐿); Region II has positive potential solitons with an upper limit
𝑚𝑎𝑥. (b) The plot for the upper Mach number against the trapped parameter, 𝛽 for the same fixed parameters of Fig. 2(a).
Table 1
Properties of slow electron acoustic solitons (S) and double layers (DL) such as the velocity (V), electric field
(𝐸), width (𝑊 ) and pulse duration (𝜏) in the magnetospheric side of the diffusion region as functions of the cold
electron density 𝑛𝑐0 = 0.5, 𝛽 = 0.5, 𝑣𝑑𝑐 = −𝑣𝑑𝑤 = 0.079, 𝑚𝑖∕𝑚𝑒 = 1836, 𝑇𝑐 = 𝑇𝑖 = 1 eV, 𝑇𝑤 = 100 eV, 𝑇ℎ = 1 keV.
The corresponding magnetosphere total electron density, 𝑁0 = 4.0 cm−3 [1] yields Debye length, 𝜆𝑑ℎ = 117.54 m.
𝑛ℎ0 , 𝑛𝑤0 Polarity 𝑉 (102 km s−1) 𝐸 (mV m−1) 𝑊 (m) 𝜏 (ms)

0.1, 0.4 +𝑣𝑒(𝑆∕𝐷𝐿) 52.11–57.42 0.11–100 1916–911 0.37–0.16
0.125, 0.375 +𝑣𝑒(𝑆∕𝐷𝐿) 52.64–58.54 0.50–120 1200–832 0.23–0.14
0.15, 0.35 +𝑣𝑒(𝑆∕𝐷𝐿) 53.31–59.76 1.53–123 811–893 0.15–0.14
0.2, 0.3 +𝑣𝑒(𝑆) 54.50–62.06 2.72–110 654–733 0.12–0.12
0.25, 0.25 +𝑣𝑒(𝑆) 55.82–62.06 3.94–77 552–449 0.1–0.07
0.3, 0.2 +𝑣𝑒(𝑆) 57.28–62.06 5.00–47 477–383 0.08–0.06
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In addition, the nonlinear structures can exist only in the positive
potential region. It is important to note that the trapped parameter 𝛽
does not have any effect on the critical Mach number as is obvious from
the expression (12).

We further show the Sagdeev potential profiles 𝑆(𝜙,𝑀) and the
corresponding normalized electrostatic potential 𝜙 of the slow electron
acoustic structures, which are all having positive polarities for the fixed
plasma parameters, 𝑛𝑐0 = 0.5, 𝑛𝑤0 = 0.375, 𝑛ℎ0 = 0.125, 𝛽 = 0.5,
𝑑𝑐 = −𝑣𝑑𝑤 = 0.079, 𝑚𝑖∕𝑚𝑒 = 1836, 𝑇𝑐 = 𝑇𝑖 = 1 eV, 𝑇𝑤 = 100 eV, 𝑇ℎ = 1
eV. For these fixed plasma parameters, the Sagdeev potential (Figs. 3a
nd 3c) and normalized electrostatic soliton profiles (Fig. 3b) for the
low electron acoustic structures which are limited by the formation of
double layers are shown in Fig. 3. In Fig. 3a, the double layer solution

orresponds to mach number, 𝑀 = 0.44145. In this case both the
lectrostatic potential amplitude and width increases with an increase
n 𝑀 as can be seen from soliton potential profiles in Fig. 3b. In Fig. 3c,
agdeev potential is plotted for different values of 𝛽 for M=0.441 and
ther plasma parameters being the same as in Figs. 3a and 3b. From
ig. 3c, it is seen that soliton amplitude increases with increase in 𝛽 till
double layer (DL) is reached at 𝛽 = 0.75. Beyond this value of 𝛽, the

olitons/DLs solutions do not exist as evident from the curve for 𝛽 = 1
orresponding to Maxwell–Boltzmann equilibrium of hot electrons.

In Table 1, the properties of the nonlinear electrostatic solitons and
ouble layers in terms of unnormalized electric field amplitude, 𝐸,
elocities, 𝑉 , width, 𝑊 , and time duration, 𝜏 = 𝑊 ∕𝑉 are presented.
or the magnetosphere plasma component, Table 1, shows the property
f the slow electron acoustic solitons and double layers as a function
f hot and warm electron number density, 𝑛ℎ0 and 𝑛𝑤0 respectively.

It is seen from Table 1 that with 𝑛ℎ0 increasing, the width and pulse
4

uration of the slow electron acoustic waves decreases whereas soliton p
elocity increases along with lower values of the electric field. The
aximum soliton velocity reaches a plateau for 𝑛ℎ0 > 0.2. Further, max-

mum amplitude increase upto 𝑛ℎ0 = 0.15 and thereafter it decreases.
or the observed value of 𝑛ℎ0 = 0.125, the model predicts a maximum
lectric field of 120 mV/m for the slow electron acoustic waves. The am-
litude of the electrostatic solitary waves observed by MMS spacecraft
t the Earth’s magnetopause associated with the asymmetric parallel
lectric field structures is of the order of ≥100 mV/m [1]. Thus, electric
mplitude predicted by our model matches well with the observations.

We shall now discuss the case corresponding to the magnetosheath
ide of the ion diffusion region where the hot electrons population
s absent, i.e., 𝑛ℎ0 = 0, and the cold magnetospheric electron beam
enetrates into the magnetosheath. On the magnetosheath side of
he diffusion region [1], the plasma parameters are as follows: Cold
lectrons; densities, 𝑁𝑐 = 0.2 cm−3, drift velocity, 𝑉𝑑𝑐 = 2.36 𝑣𝑡ℎ𝑒𝑤,
emperatures, 𝑇𝑐 = 0.5 eV. Warm electrons; densities, 𝑁𝑤 = 30 cm−3,
rift velocity, 𝑉𝑑𝑤 = 0, temperatures, 𝑇𝑤 = 100 eV, and Ions: tempera-
ures, 𝑇𝑖 = 100 eV. In this case, as there are only two electron species,
.e., warm magnetosheath electrons and cold electron beam from the
agnetosphere, only the electron acoustic/beam modes are generated

s found by Ergun et al. [1]. Following normalized plasma parameters
re obtained from the above mentioned parameters, i.e., 𝑛𝑐0 = 0.007,
𝑤0 = 0.993, 𝑣𝑑𝑐 = 101, 𝑣𝑑𝑤 = 0, 𝑚𝑒∕𝑚𝑖 = 1∕1836. Once again, low-
requency ion acoustic mode does not exist. The Sagdeev potential
urves plotted in Fig. 4a represents the electron-acoustic/beam mode
ith 𝑀𝑚𝑎𝑥 = 2.75 as the upper bound of the soliton structures. The
ositive potential soliton amplitude increases with the Mach number
, but its width decreases as can be seen from the normalized electro-

tatic soliton potential profiles in Fig. 4b. Their corresponding bipolar

arallel electric field profiles are present in Fig. 4c. Here the Mach
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Fig. 3. (a) Sagdeev potential profiles for the slow electron-acoustic waves for 𝑛𝑐0 = 0.5, 𝑛𝑤0 = 0.375, 𝑛ℎ0 = 0.125, 𝛽 = 0.5, 𝑣𝑑𝑐 = −𝑣𝑑𝑤 = 0.079, 𝑚𝑖∕𝑚𝑒 = 1836, 𝑇𝑐 = 𝑇𝑖 = 1 eV,
𝑇𝑤 = 100 eV, 𝑇ℎ = 1 keV, (b) The corresponding solitons and double layer profiles, (c) Sagdeev potential profiles for different values of 𝛽 for 𝑀 = 0.441.
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Table 2
Properties of beam/electron acoustic solitons (S) such as the velocity (V), electric field
(𝐸), width (𝑊 ) and pulse duration (𝜏) in the magnetosheath side of the diffusion region
as functions of the Mach number 𝑀 for 𝑣𝑑𝑐 = 101, 𝑚𝑒∕𝑚𝑖 = 1∕1836, 𝑇𝑐 = 0.5 eV, 𝑇𝑤 =
𝑖 = 100 eV. The corresponding magnetosheath total electron density, 𝑁0 = 30.2 cm−3

1] yields Debye length, 𝜆𝑑𝑖 = 13.5 m.
𝑀 Polarity 𝑉 (102 km s−1) 𝐸 (m Vm−1) 𝑊 (m) 𝜏 (μs)

2.46 +𝑣𝑒(𝑆) 2.36 0.81 1000 4.23
2.60 +𝑣𝑒(𝑆) 2.50 157.60 167 0.67
2.70 +𝑣𝑒(𝑆) 2.60 356.70 123 0.47
2.75 +𝑣𝑒(𝑆) 2.64 468.40 111 0.42

number is defined with respect to ion thermal speed, i.e., 𝑀 = 𝑉 ∕𝑣𝑡𝑖.
he properties of electron acoustic/beam mode are given in Table 2.

Table 2 shows the properties of the positive potential beam/electron
coustic soliton structures generated in the magnetosheath side of the
iffusion region where the hot electron population is absent. For the
ixed plasma parameters as in Fig. 4, the electric amplitude and wave
elocity increase with the increase in the Mach number 𝑀 . The soliton
idth, as well as pulse duration, decreases with the Mach number
. Here in the magnetosheath side of the ion diffusion region, the
odel predicts a maximum electric field of ∼470 mV/m for the electron-

coustic/beam mode. This model also agrees with the observed electric
ield amplitude of the order of ≥100 mV/m reported by Ergun et al. [1]
t the Earth’s magnetopause.

onclusion

Theoretically, we have explored the existence of electrostatic soli-
ary waves (ESWs) associated with asymmetric magnetic reconnection
5

w

t the Earth’s magnetopause using a hybrid of fluid dynamic model and
inetic vortex-like velocity distribution. The results of the findings are
pplied to the magnetospheric as well as magnetosheath sides of the
on diffusion region. The plasma parameters are determined from the
bservations of ESWs by MMS spacecraft [1]. For the plasma param-
ters on the magnetospheric side of the diffusion region, the model
upports the existence of slow electron acoustic solitons and double
ayers in the presence of hot magnetosheath electrons having vortex-
ike distribution. These nonlinear structures have positive polarities.
owever, on the magnetosheath side of the diffusion region where the
ot electrons are absent and cold magnetospheric beam electrons are
resent in the magnetosheath, only beam/electron acoustic solitons are
ound to exist. The theoretical model for the electrostatic solitary waves
ESWs) presented here is for arbitrary large amplitude fluctuations
sing the Sagdeev pseudopotential technique. So, the characteristics
nd properties of the nonlinear soliton and double layer structures
enerated will depend on the plasma parameters considered.

The properties of the soliton and double layer structures predicted
y our plasma model are in good agreement with the properties of
he large-amplitude electrostatic solitary waves (ESWs) associated with
symmetric electric field structures observed by Magnetospheric Mul-
iscale (MMS) at the Earth’s magnetopause. The electric field ampli-
ude obtained from our model (slow electron-acoustic and electron-
coustic/beam modes) agrees with the MMS observations. We are
nable to compare our predictions of the polarity, pulse duration and
idths with the observations as these are not provided in [1].



Results in Physics 35 (2022) 105343O.R. Rufai et al.
Fig. 4. (a) Sagdeev potential profiles for the electron-acoustic solitons in the absence of hot electron population in the magnetosheath, and for 𝑛𝑐0 = 0.007, 𝑛𝑤0 = 0.993, 𝑣𝑑𝑐 = 101,
𝑣𝑑𝑤 = 0, 𝑚𝑒∕𝑚𝑖 = 1∕1836, 𝑇𝑐 = 0.5 eV, 𝑇𝑤 = 𝑇𝑖 = 100 eV, (b) the corresponding compressive electrostatic solitons, and (c) corresponding bipolar parallel electric field structures. It
should be noted that the Mach number is defined with respect to thermal speed, 𝑀 = 𝑉 ∕𝑣𝑡𝑖.
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