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Abstract. A previous analysis of anomalous width variation for a single-ion
rarefactive solitary wave [S. S. Ghosh and A. N. Sekar Iyengar, Phys. Plasmas,
4, 3204 (1997)] has been extended to a multi-ion species, and shows that the cor-
responding width–amplitude characteristics depend crucially on the respective ion
concentrations; for example, with increasing light-ion concentration, an ‘increasing-
width’ rarefactive solitary wave transforms to a ‘decreasing-width’ one for a
constant Mach number exhibiting an overall U-shaped variation profile. The in-
fluence of the second ion species generally decreases with increasing amplitude,
being maximum for the single to multi-ion transition. However, in the neighbour-
hood of double-layer-like solutions, the influence again becomes prominent, which
may be associated with the corresponding energy–amplitude relations for both the
ions.

1. Introduction
In our previous work, we have studied in detail the properties of a rarefactive
solitary wave for a two-electron-temperature plasma containing a single warm ion
species. The corresponding amplitude–width variation has exhibited three distinct
regions: regions I (small amplitude, decreasing width), II (intermediate amplitude,
near constant width) and III (large amplitude, increasing width) (Ghosh et al. 1996;
Ghosh and Iyengar 1997b). It is well known that a rarefactive solitary wave trans-
forms to weak double layers (Böstrom et al. 1988). Böstrom et al. (1989) previously
indicated that such rarefactive solitary waves do not follow the Korteweg–de Vries
(KdV) type of width–amplitude variation. This is further supported by our theoret-
ical investigations of anomalous width variations (region III) (Ghosh and Iyengar
1997b), which in turn transform to double layers. Such a transition thus appears
to be closely correlated with existing space plasma observations (Berthomier et
al. 1998). So far we have confined ourselves to only a single ion species. However,
there are many cases of practical importance where a plasma may contain impuri-
ties (Kadomtsev 1992; Buti 1983). This motivates us to study the influence of the

? Present address: Indian Institute of Geomagnetism, Dr Nanabhai Moos Marg, Colaba,
Mumbai, 400 005 India.

https://doi.org/10.1017/S0022377801001404 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377801001404


224 S. S. Ghosh and A. N. S. Iyengar

presence of multi-ions on the anomalous width variation. It is observed that the re-
spective ion densities have a profound effect on the corresponding width–amplitude
variation profile, and also modify it qualitatively.

In Sec. 2, we derive the exact analytical form of the Sagdeev pseudopotential for
a warm multi-ion plasma containing two-temperature electrons. In Secs 3.1 and
3.2, we investigate the effects of ion concentrations and mass ratio on the width–
amplitude characteristics of the rarefactive solitary wave. In Sec. 3.3, we present the
influence of the multi-ion species on general parametric variations. Finally, Sec. 4
contains our concluding remarks.

2. Analytical methods
We start with the usual warm-ion (adiabatic) fluid equations (Ghosh et al. 1996)
for ions of two different masses for an infinite one-dimensional collisionless unmag-
netized plasma:

∂nih
∂t

+
∂(nihvih)

∂x
= 0, (2.1a)

∂nil
∂t

+
∂(nilvil)
∂x

= 0, (2.1b)

∂vih
∂t

+ vih
∂vih
∂x

+
σeff

nih

∂pih
∂x

= −∂φ
∂x
, (2.1c)

∂vil
∂t

+ vil
∂vil
∂x

+Q
σeff

nil

∂pil
∂x

= −Q∂φ
∂x
, (2.1d)

∂pih
∂t

+ vih
∂pih
∂x

+ 3pih
∂vih
∂x

= 0, (2.1e)

∂pil
∂t

+ vil
∂pil
∂x

+ 3pil
∂vil
∂x

= 0, (2.1f)

with

σeff =
Ti
Teff

= αhσh + αlσl, Ti = αhTih + αlTil, Teff =
TecTew

µTew + νTec
.

The corresponding Poisson equation is

∂2φ

∂x2 = nec + new − nih − nil, (2.2)

with

ne = nc + nh = µeφ/(µ+νβ) + νeβφ/(µ+νβ). (2.3)

The subscripts i, e, c, w, h and l refer to ions, electrons, cold and warm electrons,
and heavy and light ions respectively, while σk (= Tik/Teff ; k = h, l), β (= Tec/Tew)
and Q (= mih/mil) are the finite-ion-temperature effect, the cold-to-hot electron
temperature ratio and the heavy-to-light ion mass ratio respectively, with the re-
maining notation having its usual meaning. All the number densities, namely µ, ν,
αh and αl, which are the initial densities for cold and warm electrons and heavy
and light ions respectively, are normalized to the equilibrium plasma density n0

(µ+ ν = αh+αl = 1), the ion pressure pik (k = h, l) is normalized to the ion equilib-
rium pressure p0 (= n0Ti), and the other variables t, x, vi and φ are normalized to
the reciprocal ion plasma frequency ω−1

pi (ωpi =
√

4πn0e2/mih), the effective Debye
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length λeff (=
√
Teff/4πn0e2), the effective ion acoustic velocity veff (=

√
Teff/mih)

and Teff/e respectively. The Mach number M is also normalized by veff . For all the
cases, we have used the heavy-ion mass as the normalization parameter.

We assume the following normalized boundary conditions:

vik → v0,
∑

pik → 1,
∑

nik → 1, φ→ 0 as |x| → ∞, (2.4a)

which also imply that

pik → αk
σk
σeff

, nik → αk as |x| → ∞. (2.4b)

Solving these fluid equations in a stationary-wave frame, we obtain the corre-
sponding warm-ion densities as

nih =
αh

2
√

3σh

{
[(M +

√
3σh)2 − 2φ]1/2 − [(M −√3σh)2 − 2φ]1/2

}
, (2.5a)

nil =
αl

2
√

3σl


[(

M√
Q

+
√

3σl

)2

− 2φ

]1/2

−
[(

M√
Q
−√3σl

)2

− 2φ

]1/2
 .

(2.5b)
Integrating the Poisson equation with these ion densities, we obtain the required
form of the pseudopotential as

ψ
(
φ
)

= −
(µ + νβ)

[
µ(eφ/(µ+νβ) − 1) +

ν

β
(eβφ/(µ+νβ) − 1)

]

+
αh

6
√

3σh

{
[(M +

√
3σh)2 − 2φ]3/2 − (M +

√
3σh)3

−[(M −√3σh)2 − 2φ]3/2 + (M −√3σh)3

}

+
αl

6
√

3σl

{[(
M√
Q

+
√

3σl

)2

− 2φ

]3/2

−
(
M√
Q

+
√

3σl

)3

−
[(

M√
Q
−√3σl

)2

− 2φ

]3/2

+
(
M√
Q
−√3σl

)3
} . (2.6)

For simplicity, unless otherwise specified, we shall consider equal ion tempera-
tures for the two species, i.e. σ = σh = σl.

This Sagdeev pseudopotential, when it satisfies the required boundary conditions
(Ghosh et al. 1996), leads to a solitary-wave solution. These conditions on ψ(φ)
(Ghosh et al. 1996) also predict the limiting value of the Mach number M for
a solitary wave. The existence of a solitary-wave solution is thus implied by the
following inequality:

αh
M 2 − 3σh

+
αl

(M 2/Q)− 3σl
< 1. (2.7)

Equation (2.7) is the boundary condition for M . It also implies that the limiting
value of M depends on the parameters Q, αh and σk (k = h, l). Since it is of fourth
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Figure 1. Variation of amplitude with ion concentration αh for different values of M , with
σ = 1

30 , µ = 0.15, β = 1
40 and Q = 4 (dashed curves) and 10 (solid curves).

order, it is not possible to get any explicit relationship forM . For cold ions (σk = 0),
this condition reduces to that derived by White et al. (1972), and for Q = 1, σ� 0,
it reduces to the modified Bohm criterion for a warm single ion.

3. Anomalous width variation
In order to investigate the effect of the second ion species, we investigate the
solitary-wave solutions for different αh and Q. Unless otherwise specified, the other
parameters µ, β and σ are kept constant. In all the cases, the Mach number is
normalized by the ion acoustic speed of the heavy ions.

3.1. Effect of αh
In Fig. 1, we have plotted the variation of the amplitude for a rarefactive solitary
wave for different M assuming two different mass ratios Q = 4 and 10. It shows
that an increase in the light-ion concentration (decrease in αh) produces a sharp
decrease in the rarefactive solitary-wave amplitude; for example, for Q = 10, even
a 10% light-ion impurity is enough to inhibit the solitary-wave formation owing to
the rapid decrease in amplitude, provided that the Mach number is kept constant.
However, as Q is decreased, this restriction is relaxed to a great extent; for exam-
ple, rarefactive solitary waves with light-ion concentration as large as 30% have
been obtained for Q = 4 and M = 1.5. On the other hand, in a light-ion-dominated
plasma, the heavy-ion impurity produces a rapid increase in amplitude, and the
rarefactive solitary-wave terminates in a double-layer solution; for example, for
Q = 4 and M = 3 (M∗ = M/

√
Q = 1.5), only 8% of heavy-ion impurity is sufficient

to terminate the solitary-wave solution. This effect is expected to increase with in-
creasing mass ratio. Rarefactive solitary waves in an intermediate plasma, having
a comparable amount of both light and heavy ions, are bounded by both lower and
upper limits of heavy-ion concentrations; for example, for Q = 10 and M = 2.6, the
rarefactive solitary wave is bounded between 0.45 > αh > 0.6. This αh variation
further indicates that a rarefactive solitary wave may have different characteris-
tics for different ranges of heavy-ion concentrations, namely heavy-ion-dominated
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(αh > 0.8), intermediate (0.4 6 αh 6 0.8) and light-ion-dominated (αh 6 0.4)
plasmas.

The crucial dependence of the amplitude and the domain of existence on the
impurity concentration is also found to influence the process of anomalous width
variation. Figures 2(a) and (b) show the variation of W 2 with αh for different
M for the overall spectrum of the heavy-ion concentration. They indicate that
for a heavy-ion-dominated plasma, the width generally decreases with αh, while
for a light-ion-dominated one, it increases. For an intermediate plasma, the width
is minimum, and may show a minimum variation for an appreciable range of αh,
depending upon the choice of Mach number. The overall variation thus appears as a
U-shaped profile, which is most prominent for an intermediate range of αh, whereas
its left or right arm diminishes and disappears as αh approaches 0 or 1 respectively.
Recalling that the amplitude always increases with αh, we may conclude that the
left arm of the ‘U’ profile corresponds to a ‘decreasing-width’ solitary wave (region
I; small-amplitude solutions), while the right arm is the ‘increasing-width’ or the
anomalous region (region III; large-amplitude solutions), the base of the profile
with the minimum width being the ‘near-constant-width’ region (region II) for a
solitary wave with intermediate amplitude. The shape of these ‘U’ profiles may
be quite narrow (e.g. M = 2.2, Q = 10) or appreciably extended (e.g. M = 1.7,
Q = 4), depending upon the particular combination of M , Q and αh, and generally
becomes broadened with increasingM ; for example, in Fig. 2(b) (Q = 10), the extent
of the profile broadens as M increases from 2.2 to 3.0. These profiles reveal that the
anomaly in the width variation for a rarefactive solitary wave depends crucially on
the heavy-ion concentration. Increase in αh beyond some threshold limit, particular
for that parametric combination, will transform a ‘decreasing-width’ solitary wave
to an ‘increasing-width’ one, or vice versa, which also indicates a qualitative change
in the solitary-wave solution due to variation in the impurity ion concentration.

In Ghosh and Iyengar (1997b), we observed that the ion energy–amplitude re-
lationship has some interesting consequences on the anomalous width variation.
Analogously to the single-ion case, inclusion of finite ion temperature produces two
energy components for each species of ions (Ghosh and Iyengar 1997a), namely

Hh = 1
2 (M +

√
3σ)2, Lh = 1

2 (M −
√

3σ)2

and

Hl =
1
2

(
M√
Q

+
√

3σ
)2

, Ll =
1
2

(
M√
Q
−
√

3σ
)2

,

thus producing two extra components compared with the single-ion case. The sub-
scripts h (l) denote the heavy (light) ions for both the high-energy (H) and low-
energy (L) components respectively. The role of all these four energy components
regarding the energy–amplitude relations associated with the anomalous width
variation is summarized in Table 1 for different values of αh, describing a heavy-
ion-dominated, intermediate or light-ion-dominated plasma. The mass ratio is as-
sumed to be a constant (Q = 10).

Table 1 clearly indicates the association of the energy–amplitude relationship
with a large-amplitude solution. Both the L (H) components of heavy (light) ions,
namely Lh (Hl) respectively, show ‘trapping’-like conditions (kinetic energy >
potential energy), associated with the large-amplitude solutions, while the other
two components, namely the H (L) components of the heavy (light) ions (Hh and
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Figure 2. Parametric variation of width with αh for different values of M , with σ = 1
30 ,

µ = 0.15, β = 1
40 and Q = 4 (dashed curve) and 10 (solid curves).

Ll respectively) remain unchanged because of their too large (small) kinetic en-
ergy compared to the amplitude. For a heavy-ion-dominated plasma, light ions
have comparatively much smaller energies, i.e. Hl < Lh. With increasing mass
ratio, their energies become even smaller, and the transition of the solitary wave
solutions from the ‘decreasing’ to the ‘increasing’ width region is mainly associ-
ated with the heavy-ion energy (Lh). However, for a moderately large mass ratio
(Q = 10), both Lh and Hl have comparable energies and participate in the width
variation in a similar way. On the other hand, in a light-ion-dominated plasma,
both the energy components of the heavy ions (i.e. Hh and Lh respectively) have
much larger energies, and the anomalous width variation almost entirely depends
upon the light ions. This is also consistent with our study of potential and density
profiles (Ghosh and Iyengar 1997b) for different multi-ion plasmas. It shows that
in a light-ion-dominated plasma, the heavy-ion impurities make little contribution
to the overall density perturbations, while both species play significant roles in a
small-amplitude solution for a heavy-ion-dominated plasma. However, the heavy
ions seem to play a more dominating role, especially for large-amplitude solutions.
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Table 1. The ion energy–amplitude relationships for different αh.

αh Energy relations

Region I Region III

Heavy-ion-dominated plasma 0.98 Hh > φ0 Hh > φ0

Lh > φ0, Hl ≈ φ0 Lh < φ0, Hl < φ0

Ll < φ0 Ll < φ0

Intermediate plasma 0.6 Hh > φ0 Hh > φ0

Lh > φ0, Hl > φ0 Lh > φ0, Hl < φ0

Ll < φ0 Ll < φ0

Light-ion-dominated plasma 0.15 Hh� φ0 Hh� φ0

Lh > φ0, Hl > φ0 Lh > φ0, Hl > φ0

Ll > φ0 Ll < φ0
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Figure 3. Variation of amplitude with mass ratio Q for different values of M , with
αh = 0.98, σ = 1

30 , µ = 0.15 and β = 1
40 .

3.2. Effect of Q

All the above analyses indicate a significant quantitative effect of mass ratio Q on
the solitary-wave solution. Figure 3 shows the variation of the amplitude with the
mass ratio Q for different M for a heavy-ion-dominated plasma (αh = 0.98), which
reveals the expected decrease in amplitude in the presence of multi-ions. The rate
of decrease is quite appreciable initially (i.e. when Q is close to 1), but reduces for
a large mass ratio (e.g. Q > 20). The effect also depends on the parameter space
(Mach number), being largest for a large Mach number (e.g. M > 1.5) and lowest
for an intermediate range (e.g. M ≈ 1.3). However, compared with the effect of the
ion concentration (Fig. 1), the effect of the mass ratio on the amplitude variation
is much less predominant.

Figure 4 shows the variation ofW 2 with the mass ratioQ for differentM . It shows
that, for a small-amplitude solution (M 6 1.2), the width increases for a multi-ion
plasma (increasing mass ratio), while for a large-amplitude solution (M > 1.58),
it decreases. For an intermediate amplitude (1.3 > M > 1.5), the width remains
almost constant. The dependence of the width on the mass ratio is analogous to
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Figure 4. Parametric variation of W 2 with Q for different values of M , with αh = 0.98,
σ = 1

30 , µ = 0.15 and β = 1
40 .

that on the ion temperature, as observed in Ghosh and Iyengar (1997b), which
probably indicates that the parameters σ and Q play similar roles in the width
behaviour of the rarefactive solitary-wave solution. However, the effect of αh on a
rarefactive solitary wave remain distinctly different, both quantitatively (e.g. the
amplitude variation; Fig. 1) and qualitatively (e.g. the width variation; Fig. 2),
which contradicts the previously existing idea (Baboolal et al. 1990) that Q and
αh play similar roles analogous to that of the ion temperature σ for rarefactive
solitary-wave solutions. Further comparisons with the single-ion case (Ghosh and
Iyengar 1997b) reveal that both electron and ion concentrations determine the
width–amplitude variation pattern qualitatively, while both the ion temperature
and the ion mass ratio produce small quantitative changes by reducing the wave
amplitude.

The inclusion of the second ion species also influences the existence domain of the
corresponding rarefactive solitary-wave solutions. Figure 5 shows the variations of
both Mmin and Mmax with αh for two different mass ratios, Q = 10 and 4. The
shaded regions are the corresponding domains of existence, while αh = 1 shows the
allowed Mach number range for a single-ion (Ar) plasma. In a light-ion-dominated
plasma, the large increase in the lower bound of the Mach number (i.e. M > 3) is
mainly due to our particular choice of normalization (i.e. heavy-ion normalization).

3.3. Effect of σ, β and µ

To complete our discussion, we have plotted φr (= φ0multi/φ0single) with respect to
different parameters, σ, µ and β in Figs. 6, 7 and 8 respectively. In all the cases, αh
(= 0.98) and Q (= 10) are kept constant. The variation of φr measures the deviation
due to the presence of multi-ions, φr = 1 being the single-ion case. In all the cases,
the effect of the multi-ion species is maximum for a small-amplitude solution, and
decreases with increasing amplitude (i.e. increasing M , µ and β and decreasing σ).
However, in the neighbourhood of the double-layer-like solutions, the effect starts
to increase. Figure 6 shows an increase in the deviation of φr for large M (= 1.5),
while Fig. 7 shows the same beyond a certain threshold value of µ. Figure 8 shows
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Figure 6. Variation of amplitude ratio φr with σ for different values of M , with αh = 0.98,
Q = 10, µ = 0.15 and β = 1

40 .

that for low β (e.g. β < 1
50 ), the effect of Q decreases with increasing M , but for

large β, the variation is not regular and depends upon the particular combination
of M and βmax (i.e. terminating β) combination. In all the cases, the intermediate
amplitude shows the least variation.

It seems that the presence of multi-ions produces only a small quantitative devi-
ation in the parametric variations of a rarefactive solitary wave. Hence the effect
remains quite small for a wide range of amplitudes, except for a sufficiently small-
amplitude solution. However, for an appreciably large-amplitude (increasing-width)
rarefactive solitary waves, the deviation starts to increase. From Table 1, we may
recall that both Lh and Hl in these regions show trapping-like energy conditions,
and may indicate an active participation of both species in the process of transi-
tion of rarefactive solitary waves into double layers. This may in turn enhance the
deviation due to the presence of multi-ions.
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30 and µ = 0.15.

4. Conclusions
We have investigated in detail the effect of the multi-ion species on the parametric
variation of a rarefactive solitary wave. The emphasis has been on the effect of the
second ion species on the corresponding amplitude–width variations. It is found
that the width variation depends crucially on the ion concentration αh, and gives U-
shaped profiles for changing concentrations. Hence, with increasing αh (decreasing
light-ion concentration), rarefactive solitary waves transform from region I to III,
exhibiting anomalous width variation. Unlike αh, the ion mass ratio Q produces
only small quantitative changes, which is similar to what is observed due to ion
temperature σ.

The energy–amplitude relations for ions (Table 1) indicate an enhancement in
trapping-like processes for large-amplitude (‘increasing-width’; region III) solutions
involving ions with intermediate energies (i.e. low-energy heavy ions and high-
energy light ions, represented byLh andHl respectively). This results in a transition
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of the large-amplitude solution to a double layer. This also seems to account for
the observed increase in the multi-ion effect in the neighbourhood of double layers.
Interestingly, the influence of the second ion species becomes most prominent for
a single-to-multi-ion transition (small amplitude) and in the vicinity of double-
layer-like solutions. In between these two extrema, it produces small quantitative
deviations, which decrease with increasing amplitude.

It is well known that the amplitude of a compressive solitary wave is bounded
by light-ion reflection (White et al. 1972; Tran 1979). Analogously, the trapping-
like process seems to explain the reduction in amplitude in the case of rarefactive
solitary waves. However, the latter is also bounded by the heavy-ion impurity for
a large-amplitude solution.

Our analysis shows that the presence of a second ion species influences the
rarefactive solitary-wave solution quite effectively. A more elaborate and complete
investigation of the width–amplitude variation profile seems to be necessary for
the understanding of the different nonlinear structures, namely rarefactive soli-
tary waves and double layers, observed in the auroral plasma (Reddy et al. 1992).
The phenomena of the increase in width with increasing amplitude for rarefactive
solitary waves is quite likely to be observed in space plasmas, which we have already
indicated in our previous work (Ghosh et al. 1996; Ghosh and Iyengar 1997b). A
comparison of our theoretical investigations with experimental observations will be
communicated elsewhere.
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