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Abstract. Using the reductive perturbation method, we present a theory for dust–
acoustic nonlinear periodic waves, namely dust–acoustic cnoidal waves, in a plasma
containing hot electrons and ions, and warm dust grains with varying charge. It
is found that the frequency of the cnoidal wave is a function of its amplitude. It
is also found that the dust grain charge fluctuation and other plasma parameters
modify the properties of the dust–acoustic cnoidal waves. In the limiting case, these
dust–acoustic cnoidal waves reduce to the well-known dust–acoustic solitons.

1. Introduction
There has been a great deal of interest in the study of dusty plasmas because of
their importance in space environments, such as planetary rings, the interplanetary
medium, cometary tails, the planetary magnetosphere and the lower part of the
Earth’s magnetosphere, the mesosphere, as well as laboratory plasmas (Goertz 1989;
Northrop 1992; Mendis 2000; Verheest 2000; Shukla 2001; Shukla and Mamun 2002;
Shukla and Eliasson 2009 and references therein). The importance of the study of
dusty plasmas is rapidly growing in other areas of applications, such as plasma
processing, thin-film deposition, microelectronics, production of complex materials,
tokamaks and environmental research (Shukla 2001; Tsytovich et al. 2002; Shukla
and Eliasson 2009). The dust grains are usually of micrometer or submicrometer
size, and can be negatively charged by several mechanisms such as plasma currents,
photoelectric emission, etc. In a recent colloquium, Shukla and Eliasson (2009) have
presented an overview of some important features of dust–plasma interactions and
discussed the underlying physics of several novel phenomena in dusty plasmas.
A number of researchers have studied theoretically linear waves and nonlinear
coherent localized structures in dusty plasmas (Rao et al. 1990; Bharuthram and
Shukla 1992a, 1992b; Meuris and Verheest 1996). Several researchers observed a
variety of wave modes in dusty plasmas (Barkan et al. 1995; Prabhakara and
Tanna 1996; Merlino et al. 1998; Nakamura et al. 1999; Thomas and Merlino 2001).
Barkan et al. (1995) and Thomas and Merlino (2001) reported experimental obser-
vations of very low frequency dust–acoustic waves. Nakamura et al. (1999) stud-
ied experimentally the dust-ion–acoustic waves in a dusty double-plasma device.
A number of researchers have investigated experimentally the nonlinear coher-
ent localized structures in dusty plasmas (Nakamura et al. 1999; Nakamura and
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Sarma 2001; Samsonov et al. 2002). Nakamura et al. (1999) observed the dust-
ion–acoustic shocks in a dusty plasma. Nakamura and Sarma (2001) performed
experimental observations of ion–acoustic solitary waves in dusty plasma in a
dusty double-plasma device. Samsonov et al. (2002) reported the experimental
observations of dissipative longitudinal solitons in a monolayer hexagonal dust
lattice which was formed from monodisperse plastic microspheres and levitated in
the sheath of an rf discharge.
In thermal plasmas, the dust grain charge is mainly affected by the plasma

currents. Therefore, the dust grain charge is a variable and must be determined
self-consistently by the electron and ion currents. Varma et al. (1993) studied the
effect of dust charge fluctuations on electrostatic oscillations and found that the
dust acoustic waves suffer a collisionless damping. Melandsø et al. (1993) showed
that dust charge fluctuations lead to the damping of dust–acoustic waves in the
limit when the dust charging frequency is smaller than the dust–acoustic frequency.
Jana et al. (1993) showed that the effect of charge fluctuation leads to dissipative
and instability mechanisms for ion waves in a dusty plasma. Rao and Shukla (1994)
studied the nonlinear dust–acoustic waves in an unmagnetized plasma taking into
consideration the dust grain charge perturbations. They showed that for unidirec-
tional propagation, these waves are governed by the Korteweg–de Vries (KdV)
equation with a source term. For the low-frequency case, they found the usual kind
of KdV equation and discussed the localized soliton solution. Other authors (Popel
et al. 1996; Melandsø 1996; Ma and Liu 1997; Singh and Rao 1998; Xie et al. 1999;
Ghosh et al. 2000; Moolla et al. 2005) have also studied the effect of dust charge
variation on the characteristics of the localized nonlinear structures. It has been
shown by these authors that the dust charge fluctuations affect the properties of
the localized nonlinear structures such as solitons and shock waves (Popel et al.
1996; Singh and Rao 1998; Xie et al. 1999; Ghosh et al. 2000). It must be noted
that above-mentioned studies have been limited to bounded nonlinear structures.
There has been considerable interest in investigating the characteristics of non-

linear periodic waves in ordinary plasmas (Yadav et al. 1995; Tiwari et al. 2007 and
references therein), because of their importance in the nonlinear transport processes
in plasmas (Konno et al. 1979), ionospheric plasma (Gurevich and Stenflo 1988),
explanation of single-mode drift wave spectra (Kauschke and Schlüter 1991), etc.
Yadav et al. (1995) presented a comprehensive study of nonlinear periodic waves
in an ordinary plasma with two electron species, which in the limiting case reduce
to bounded nonlinear structures. The aim of this paper is to present a theory for
nonlinear periodic waves in a dusty plasma with hot electrons and ions, and warm
dust grains, considering the effect of dust charge variation, which in the limiting
case reduce to dust–acoustic solitons. The plan of the paper is as follows. In Sec. 2
we give the basic equations of the system. In Sec. 3 we derive the KdV equation.
In Sec. 4 we discuss the cnoidal wave solution of the KdV equation. Section 5 is
devoted to the discussion of main results. Our main conclusions are summarized in
Sec. 6.

2. Formulation of the problem
We consider a collisionless unmagnetized three-component dusty plasma consisting
of hot electrons and ions, and massive negatively charged warm dust grains. The
dynamics of one-dimensional very low frequency dust–acoustic waves in such a
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plasma is governed by the following basic equations:

∂nd
∂t

+
∂

∂x
(ndud) = 0, (1)

∂ud
∂t

+ ud
∂ud
∂x

=
qd
md

∂φ

∂x
− γdTd

mdnd

∂nd
∂x

, (2)

∂qd
∂t

+ ud
∂qd
∂x

= Ie + Ii, (3)

∂2φ

∂x2 = 4π(ene − eni + qdnd), (4)

where nd, ud, qd, Td and md are, respectively, the number density, fluid velocity,
magnitude of the negative charge, temperature in energy units and mass of the
dust grains. Ie and Ii are, respectively, the electron and ion currents, given by
(Varma et al. 1993; Jana et al. 1993; Rao and Shukla 1994)

Ie = −πeR2
(

8Te
πme

)1/2

ne exp
(

eΨ
Te

)
, (5)

Ii = πeR2
(

8Ti
πmi

)1/2

ni

(
1 − eΨ

Ti

)
, (6)

where me (mi), Te (Ti) and ne (ni) are the mass, temperature in energy units and
number density of electrons (ions), respectively, and Ψ = −qd/R is the dust grain
surface potential relative to the plasma potential φ.
For very low frequency dust-acoustic waves, the electrons and ions are separately

in thermal equilibrium and the electron number density ne and ion number density
ni are described by the Boltzmann distribution

ne = ne0 exp
(

eφ

Te

)
, (7)

ni = ni0 exp
(

−eφ

Ti

)
, (8)

where ne0 (ni0) is the equilibrium number density of electrons (ions).
Equations (1)–(8) constitute a complete set of basic equations governing the

nonlinear dust–acoustic waves, considering the variable dust charge.
For many astrophysical and laboratory dusty plasmas, the dust charging time

scale is much less than the dust hydrodynamical time scale; therefore, on the
hydrodynamical time scale, the dust charge can reach local equilibrium, at which
currents from ions and electrons to the dust grains are balanced (Xie et al. 1999).
In this condition the current balance equation becomes

Ie + Ii ≈ 0. (9)

We normalize all the physical quantities as follows. Densities, time t, space
coordinate x, dust fluid velocity ud, charge qd = eZd and potentials φ and Ψ
are normalized by nd0, ω−1

pd = (md/4πnd0Z
2
d0e

2)1/2 , λDd = (Teff/4πZd0nd0e
2)1/2 ,

Cd = (Zd0Teff/md)1/2 , unperturbed dust grain charge qd0 = eZd0 and Teff/e,
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respectively. The effective temperature Teff is given by

Teff =
(

Zd0nd0TeTi
ne0Ti + ni0Te

)
. (10)

Therefore, we obtain the following dimensionless basic equations from (1)–(4):

∂nd
∂t

+
∂

∂x
(ndud) = 0, (11)

∂ud
∂t

+ ud
∂ud
∂x

= qd
∂φ

∂x
− γdσ2

nd

∂nd
∂x

, (12)

αiμ1(1 − σΨ) exp(−σφ) − exp(σ1σ(Ψ + φ)) = 0, (13)

∂2φ

∂x2 =
1

Zd0
(ne − ni + Zdnd), (14)

where αi = (σ1me/mi)1/2 , μ1 = ni0/ne0, σ = Teff/Ti, σ1 = Ti/Te and σ2 =
Td/Zd0Teff .
In obtaining (13), we used (5) and (6), with the condition (9).
The dimensionless density of electrons ne and density of ions ni in (14) are given,

using (7) and (8), as

ne = ne0 exp(σ1σφ), (15)

ni = ni0 exp(−σφ). (16)

3. Derivation of the KdV equation
For the study of small but finite-amplitude dust–acoustic waves in the dusty plasma
with variable dust charge, we derive the KdV equation from (11)–(14), using the
reductive perturbation method. We introduce the stretched coordinates

ξ = ε1/2(x − v0t), τ = ε3/2t, (17)

where ε is a small parameter and v0 is the phase velocity of the wave. We expand
the variable quantities about their equilibrium values in powers of ε:

nd = 1 + εn
(1)
d + ε2n

(2)
d + ε3n

(3)
d + · · · ,

ud = εu
(1)
d + ε2u

(2)
d + ε3u

(3)
d + · · · ,

qd = 1 + εq
(1)
d + ε2q

(2)
d + ε3q

(3)
d + · · · ,

φ = εφ(1) + ε2φ(2) + ε3φ(3) + · · · . (18)

Using (17) and (18) in (11)–(14), we find that the lowest order of (13) and (14) gives

αiμ1(1 − σΨ0) − exp(σ1σΨ0) = 0, (19)

ni0 = ne0 + Zd0. (20)

Equations (19) and (20) represent current balance and quasi-neutrality con-
ditions respectively in the equilibrium situation, in normalized form. The
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quasi-neutrality condition (20) in the dimensional form can be represented as eni0 =
ene0 + qd0nd0 or ni0 = ne0 + Zd0nd0.
From the first-order equations, we get

n
(1)
d = −(1 + γ1)φ(1) , (21)

u
(1)
d = −(1 + γ1)1/2 [1 + γdσ2(1 + γ1)]1/2φ(1) + C(1)(τ), (22)

q
(1)
d = γ1φ

(1) , (23)

v0 = (1 + γ1)−1/2 [1 + γdσ2(1 + γ1)]1/2 , (24)

where C(1)(τ) is an integration constant that may depend on τ and

γ1 =
γb
γa

Ψ0 . (25)

γb = −[σ1 exp(σ1σΨ0) + αiμ1(1 − σΨ0)] (26)

and γa = αiμ1(1 + σ1(1 − σΨ0)). (27)

From (24), it is clear that the phase velocity of the dust–acoustic wave increases
as we increase the temperature of the dust grains. It is consistent with Singh and
Rao (1998). Thomas et al. (2007) have reported finite dust temperature effects on
the characteristics of dust–acoustic waves. Their observations show that the phase
velocity of dust–acoustic waves increases due to finite dust temperature effects.
Using the first-order solutions, we find that the second-order equations give

q
(2)
d = γ1φ

(2) + γ2φ
(1)2

, (28)

n
(2)
d =

∂2φ(1)

∂ξ2 − (1 + γ1)φ(2) +
{

(μ1 − σ2
1 )σ2

2(μ1 − 1)
+ γ1(1 + γ1) − γ2

}
φ(1)2

, (29)

u
(2)
d =

(1 + γ1)1/2

2[1 + γdσ2(1 + γ1)]1/2

[
(1 + γ1)−1{1 + 2γdσ2(1 + γ1)}n(2)

d

−
(

1
2

+ γ1 + γdσ2(1 + γ1)2
)

φ(1)2 − φ(2) +
∂C(1)

∂τ
ξ + C(2)(τ)

]
, (30)

where

γ2 =
γc

γaψ0
,

γc = αiμ1σψ0γ1 − σ2
1σ

2
(ψ0γ1 + 1)2 exp(σ1σψ0) +

αiμ1(1 − σψ0)σ
2

.

In (30), C(2)(τ) is the second integration constant that may depend on τ . Im-
posing of a periodic boundary condition implies that

∂C(1)

∂τ
= 0. (31)

Therefore, C(1) is independent of ξ and τ .
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Using (29)–(31), we find that the second-order momentum equation gives the
KdV equation

∂φ

∂τ
+ aφ

∂φ

∂ξ
+ C(1) ∂φ

∂ξ
+ b

∂3φ

∂ξ3 = 0, (32)

where

b =
(1 + γ1)−3/2

2[1 + γdσ2(1 + γ1)]1/2 , (33)

a = b

[
(μ1 − σ2

1 )σ2

(μ1 − 1)
− 3(1 + γ1) − 2γ2 − 2γdσ2(1 + γ1)3

]
(34)

and φ = φ(1) .

4. Solution of KdV equation
For the steady-state solution of the KdV equation (32), we consider η = ξ − u1τ ,
where u1 is a constant velocity.
Integrating (32) twice with respect to η, we obtain the so-called energy equation

1
2

(
dφ

dη

)2

+ V (φ) = 0, (35)

where the Sagdeev potential V (φ) is given by

V (φ) =
a

6b
φ3 − u

2b
φ2 + ρ0φ − 1

2
E2

0 , (36)

where ρ0 and E0 are, respectively, the charge density and electric field when φ
vanishes, and u = u1 − C(1) .
A cnoidal wave solution of (35) is given by (Yadav et al. 1995)

φ = α2 + (α1 − α2)cn2{Dη,m}, (37)

where cn is the Jacobi elliptic function. The parameter m, called the modulus, and
D can be expressed in terms of the three real zeros of the Sagdeev potential, α1 ,
α2 and α3 , as

m2 =
α2 − α1

α3 − α1
, (38)

D =

√
(α1 − α3)a

12b
. (39)

For the dusty plasma considered here, we have a < 0 and α1 , α2 and α3 are such
that α1 < α2 � α3 .
The velocity u1 is determined as

u1 = C(1) +
a

3
(α1 + α2 + α3). (40)

The wavelength λ of the cnoidal wave is defined as

Dλ = 2K(m), (41)

where K(m) is the complete elliptic integral of the first kind.
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Using the conservation condition of number density of dust grains
∫ λ

0
(nd − 1) dη = 0, (42)

we can find the three real zeros of the Sagdeev potential in terms of the modulusm.
To evaluate (41), we assume that n

(2)
d and higher-order terms are very much less

than n
(1)
d .

Using (21), (37), (40) and (42), we obtain

u1 = C(1) − Aa

3

{
1

m2 (2 − 3H(m)) − 1
}

, (43)

whereH(m) = E(m)/K(m) andE(m) is the complete elliptic integral of the second
kind. From (43), we get

A = − 3(u1 − C(1))
a{(1/m2)(2 − 3H(m)) − 1} . (44)

The frequency, f = V/λ, of the cnoidal wave can be given by (38), (39), (41) and
(42) as

f =
V

2K(m)m

[
− aA

12b

]1/2

. (45)

The velocity V of the cnoidal wave in the laboratory frame is given by V = v0+u1 .
Using (24) and (43), we have

V = (1 + γ1)−1/2 [1 + γdσ2(1 + γ1)]1/2 + C(1) − Aa

3

{
1

m2 (2 − 3H(m)) − 1
}

. (46)

5. Discussion
The coefficients a and b in the KdV equation (32) are functions of γ1 and γ2 ;
therefore, from (44) and (45), it is clear that the amplitude and the frequency of
the cnoidal wave are modified by the dust grain charge fluctuations. From (45), it
is clear that the frequency of the cnoidal wave increases as the amplitude of the
cnoidal wave increases. From (46), we find that for values of the modulus m below
(above) a critical value mc, the velocity V of the cnoidal wave decreases (increases)
with amplitude. The critical value is found to be mc ≈ 0.949.
In Fig. 1, we have plotted the Sagdeev potential V (φ) versus potential φ us-

ing (36), with a choice of μ1 = 4, σ1 = 0.1, σ2 = 0 and u = 0.015. In Fig. 2, we
have plotted phase curves using (35). The dashed curve in Fig. 1 represents the
general Sagdeev potential for the cnoidal wave solution, where it is seen that the
pseudoparticle bounces back periodically in the potential well. This is also seen
in the dashed phase curve (- - - - - - -) in Fig. 2. The associated periodic nonlinear
potential structure (dashed curve) is shown in Fig. 3. In the dashed phase curve
of Fig. 2, we see that when |E0 |, ρ0�0, the phase curve is repeated on the same
path and one complete cycle corresponds to a wavelength in the physical space. In
the mechanical analogy, whenever the pseudoparticle’s velocity becomes zero (i.e.
dφ/dη = 0), the ‘potential force’ reflects it back since −dV (φ)/dφ does not vanish,
and therefore it oscillates between two ‘points’. Consequently, the potential of the
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Figure 1. Plot of Sagdeev potential V (φ) versus potential φ using (36), with a choice
μ1 = 4, σ1 = 0.1, mi/me = 1846, σ2 = 0 and u = 0.015, with E0 = 0, ρ0 = 0 (———)
and |E0 | = 0.001, ρ0 = 0.001 (- - - - - - - - - - -).

Figure 2. Phase curves using (35), with a choice μ1 = 4, σ1 = 0.1, mi/me = 1846, σ2 = 0
and u = 0.015, with E0 = 0, ρ0 = 0 (———) and |E0 | = 0.001, ρ0 = 0.001 (- - - - - - - - - - - ).

cnoidal wave oscillates between the two lower values of the real zeros of the Sagdeev
potential (see Figs 1 and 3).
In the limiting case,m = 1, α2 = α3 and the two right-hand solutions of the Sag-

deev potential (dashed curve) merge at φ = 0, to yield the normal Sagdeev potential
(continuous curve) in Fig. 1 for a soliton structure, for which the corresponding
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Figure 3. Variation of potential φ with space, with a choice μ1 = 4, σ1 = 0.1,
mi/me = 1846, σ2 = 0 and u = 0.015, with E0 = 0, ρ0 = 0 (———) using (37) and
|E0 | = 0.001, ρ0 = 0.001 (- - - - - - - - - - - ) using (47).

curves are the continuous curves in Figs 2 and 3. In this case, α1 = −A = 3u1/a
and cn = sech. This situation happens when ρ0 = E0 = 0. Therefore, in this case,
the cnoidal wave solution (37) is reduced to the dust–acoustic soliton solution

φ = φm sech2(η/δ), (47)

where the amplitude of the soliton φm = 3u1/a and width of the soliton δ =
(4b/u1)1/2 . With σ2 = 0, the dust–acoustic soliton solution (47) is reduced to that
of Xie et al. (1999), for a dusty plasma with single ion species.
It must be emphasized that for the parameters considered here, the maximum

amplitude of the solitary structures increases slightly with the inclusion of the dust
charge variation; however, the width of the soliton decreases. Without the dust
charge variation the maximum normalized amplitude and width come out to be
−0.0393 and 11.55, respectively, whereas with charge fluctuations the normalized
amplitude and width are −0.042 and 8.94, respectively. This is consistent with the
findings of Singh and Rao (1998) for the nonlinear dust–acoustic waves for the case
of the dust–acoustic wave frequency being smaller than the dust charging frequency.
When E0 = 0 and ρ0 = 0, the phase curve (continuous curve in Fig. 2) starts

from the origin, circling clockwise around the negative φ axis, and again stops at the
origin, entering from the upper side. In the ‘particle in a potential well analogy’, the
pseudoparticle starts with zero speed at ‘position’ φ = 0 and gains some speed along
the negative φ axis; after attaining maximum speed, it again obtains zero speed.
However, a ‘potential force’ reflects the pseudoparticle back toward the origin, and
it gains speed in the opposite direction, i.e. along the positive φ axis, and again
comes to rest at φ = 0 (see continuous curves in Figs 1 and 2). In physical space,
the value of the potential decreases from zero (at η = −∞) to a minimum value at
η = 0 and then starts increasing until it becomes zero (at η = ∞), and it represents
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a negative potential soliton (see continuous curve in Fig. 3), which is due to the
compression of negative dust grains.

6. Conclusions
We have presented a theory for dust–acoustic nonlinear periodic waves, viz. dust–
acoustic cnoidal waves, in a plasma consisting of hot electrons and ions, and warm
dust grains with charge fluctuation. It is found that the frequency of the cnoidal
wave depends on its amplitude, as the amplitude of the cnoidal wave increases
its frequency also increases. It is found that the frequency and the amplitude of
the cnoidal wave depend on the dust grain charge variations. In the limiting case,
these dust–acoustic cnoidal waves reduce to dust–acoustic solitons. The maximum
amplitude of the solitary structures increases slightly with the inclusion of the dust
charge variation; however, the width of the soliton decreases. We have explained
the dust–acoustic cnoidal waves and dust–acoustic solitons in terms of physical
parameters depicting the Sagdeev potential curves and phase-space curves. It is
plausible that the periodic signals may appear in astrophysical dusty plasmas. We
infer that the present theory may be useful to explain the periodic signals as well
as localized solitary structures in space environments, where dusty plasmas exist.
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